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Abstract

The Klein 4-group, denoted by V, is an abelian group of order 4. It has elements V4 = {0, a, b, ¢},
witha+a=b+b=c+c=0anda+b=cb+c=a,c+a=>. Agraph G = (V(G), E(G)), with
vertex set V(G) and edge set E(G), is said to be V4 magic if there exists a labeling ¢ : E(G) —
Vi \ {0} such that the induced vertex labeling £* : V(G) — Vi defined by

0t (u) = Z{f(uv) cuwv € B(G)}

is a constant map. If this constant is equal to a, we say that £ is an a-sum V, magic labeling of
G. Any graph that admits an a- sum V4, magic labeling is called an a- magic V4 graph. When this
constant is 0 we call G a zero-sum V;-magic graph. We divide the class of V4 magic graphs into
the following three categories:

(i) 7, the class of a-sum V4 magic graphs,
(ii) 7o, the class of zero-sum V; magic graphs,
(iii) 74,0, the class of graphs which are both a-sum and zero -sum V4 magic.

In this paper, we identify some cycle related graphs which belong to the above categories.
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1 Introduction

In this paper all graphs are connected, finite, simple, and undirected. For graph theory notations and
terminology not directly defined in this paper, we refer readers to [1]. For an abelian group A, written
additively, any mapping ¢ : E(G) — A\ {0} is called a labeling, where 0 denote the identity element
in A.

For any abelian group A, a graph G = (V, E) is said to be A-magic if there exists a labeling
¢: E(G) — A\ {0} such that the induced vertex set labeling £* : V(G) — A defined by

() = Z{Z(uv) cuv € E(G)}

is a constant map [2]. If £ : E(G) — A\ {0}( |A| > 2) is a magic labeling of G with sum ¢, then
—{: E(G) — A\ {0}, defined by (—¢)(u) = —¢(u) is another A- magic labeling of G with sum —c.
The labeling —¢ is called the inverse of ¢. This implies that A- magic labeling of a graph need not be
unique. A graph G = (V, E) is called non-magic if for every abelian group A, the graph is not A-magic
[2]. The most obvious example of a non-magic graph is P,(n > 3), the path of order n. As a result,
any graph with a path pendant of length at least two would be non-magic.

The Klein 4-group, denoted by V; is an abelian group of order 4. It has elements V, = {0, a, b, ¢},
witha+a=b+b=c+c=0anda+b=cb+c=a,c+ a=b. Note that Vj is not cyclic, since
every element has order 2 (except for the identity, of course) and V; is isomorphic to Zs x Z,. The V;
magic graphs was introduced by S. M. Lee et al. in 2002 [2]. There has been increased interest in
the study of V4 magic graphs since the publication of [2]. We define, a graph G is an a-sum V; magic
if there exists a labeling £ : E(G) — V4 \ {0} such that the induced vertex set labeling £* : V(G) — A
satisfies £ (v) = aforallv € V(G)(a # 0). If £7(v) = 0, for all v € V(G), we say that the graph is
zero-sum V; magic. We divide the class of V; magic graphs into the following three categories:

(i) 7, the class of a-sum V; magic graphs,
(i) 7o, the class of zero-sum V; magic graphs,
(ii) 4,0, the class of graphs which are both a-sum and zero -sum V4 magic.

Note that K3 € %, but K3 ¢ ¥, and, Cs € %,,0. In this paper, we identify some cycle related graphs
which belong to the above three categories.

2 Cycle Related Graphs

Definition 2.1. A path is an ordered list of distinct vertices w1, us, . . ., u, such that u;_qu; is an edge
for all 4, 2 < i < n. The ordered list of vertices u1, us, ..., u, is a cycle if u,u; is also an edge. Paths
and cycles of n vertices are often denoted by P, and C,,, respectively. Throughout this paper the
suffices of the vertices u; in the cycle C,, are taken modulo n.

We start with the following lemma.

Lemma 2.1. /f¢: E(C,) — V4 \ {0} is a labeling of C.,, then

n
> 0 (w) =0,
=1
where ui,us, ... ,uy are the vertices of C,,.

Proof. Let ¢ be a labeling of C,,. Then we have, £ (u;) = £(ui—1u;) + £(u;u;+1). This implies that
So» €% (w;) = 0. This completes the proof. O

Using lemma 2.1, we prove the following result:
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Theorem 2.1. C, € ¥, ifand only ifn is even.

Proof. Assume that C,, € ¥,. Then by lemma 2.1, we have na = 0. This implies that n is even.
Conversely, assume that n is even. Define ¢ : E(C,) — V4 \ {0} by

Z(uiuiﬂ):b for i=1,3,...,n—1,
lusuig1) =c for i=2,4,...,n

Obviously, ¢*(u;) = b+c = a, fori = 1,2,...,n. Thus £ is an a-sum V; magic labeling of C,,. This
completes the proof. O

Theorem 2.2. C,, € ¥ foralln > 3.

Proof. If we label all the edges of C,, by a, then we obtain ¢ (u;) =0fori =1,2,...,n. O
Theorem 2.3. /fn is even, then C,, € ¥40.

Proof. Proof follows from theorems 2.1 and 2.2. O

Definition 2.2. We denote by C(n, k1, k2, ..., k:) the set of all graphs obtained by identifying the
N———

vertices of C,. Observe that

t
apex vertices of ¢ stars K1, (1 = 1,2,...,t) with ¢t (1 < t < n)
6,7,7,7,7) are shown in figures 1and 2.

C(n,k,k,...,k) is a unique graph Four members of C(1
%/—’

Also two members of C(15,7,7,7) are shown in figure 3.
Theorem 2.4. IfC(n,ki,ka,..., k) C Vo, thenn + k1 + ko + --- + k¢ is even.

Proof. Observe that each member of C(n, k1, k2, ..., k:) has n+ k1 + ks + - - - + k¢ vertices. One can
verify that (n + k1 + k2 + - - - + kt)a = 0. This implies that n + k1 + k2 + - - - + k¢ is even. O

Conjecture 2.5. Ifn+ ki + k2 +--- + k¢ is even, then C(n, k1, ko, ..., k) C Ya.
We prove some special cases of conjecture 2.5.

Theorem 2.6. Ifn + tk is even, then C(n,k,k, ..., k) C V4.
N——

Proof. Consider a graph G in the set C(n, k, k, ..., k). We consider 4 cases:
N———

t

Case 1: Suppose n, k and ¢ are even. In this case, we label all edges of C,, as described in the proof
of theorem 2.1 and label all pendant edges by a. Then obviously this is an a-sum V4 magic
labeling of G.

Case 2: Suppose n, k are even and ¢ is odd. In this case, the labeling is exactly similar to case 1.
Case 3: Suppose n and ¢ are even and k is odd. Without loss of generality assume that apex vertices

of the ¢ stars are at w1, wi,, wig, ..., usy, 1 < i1 < i2 < ... < i Of the cycle C,. First, label all
pendant edges by a. We label the edges of C,, as follows:
Consider the vertex u;, . If i1 is even, we label the edges unu1, uius, .. ., ui, iy +1 as follows
Hunur) =
(u1u1+1): ori:l 3 .,1171
(U1U1+1): fori=2,4,...,11 —2
)

(ull y Wiy +1
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If i1 is odd, we label the edges w,u1, w1z, ..., u;; ui, +1 as follows
L(unu1) =0,
Lusuir1) =b, fori=1,3,...,41 — 2
Luiuir1) =c¢, fori=2,4,...,41 — 1
(ullvun-‘rl)
So, we have
b ifi; even
C(uiy —1usy ) = £(uiy us = .
(ul 1u1) (u1u1+1) {c if i1 odd
Therefore,
b+b+ta= if i1 even
0 (ugy) = thtte=a . Z,l
c+c+ta=a ifi; 0dd,
Furthermore,

b+b+ka=a ifi=1,

b+c=a ifi=2,3,...,41—1,

b+b+ka=a ifi=1, andi, iseven,
c+c+ka=a ifi=1 andi; is odd.

(w;) =

Next, consider the vertex u;,, . Here we consider the following cases:

i1 and i, are even: In this case we label the edges wi, +1%i; +2, Uiy 42U +3, - - - » Wig Uig+1
consecutively by ¢, b,¢,b,...,¢,b,¢,c.

71 is even and is is odd : In this case we label the edgeS WUiq+1Uiq +25 Uiq +2Uiq +35 -+« 5 Uip Uig+1
consecutively by ¢, b,¢,b,...,¢,b,b.

i1 is odd and i is even : Inthis case we label the edges w;, +1uwi, +2, Wi, 4+2Uii 43, - -« Ui Win+1
consecutively by b, ¢, b,¢,...,b,¢c,c.

i1 and 32 are odd : In this case we label the edges wi, +1ui, +2, Ui, +2Ui; +3, - - -, Uig Uin+1
consecutively by b, ¢, b, ¢, ..., ¢, b,b.

Proceeding like this, we eventually arrive at u;,. If i; is even, then obviously ¢(u;,u:,—1) =

£(ui, ui,+1) = c. Then label the edges wi, +1Us,+2, Ui +2Ui,+3, - - . , Un—2Un—1 CONSECUtively by
b,c,b,c,...,b,c. If iy is odd, then obviously #(u;,u;,—1) = €(us,ui,+1) = b. Then label the
edges wi, +1Ui,+2, Wi+2Wi +3, - - -, Un—2Un—1 CONSecutively by ¢, b,¢,b,...,c. Obviously this

labeling is an a-sum v4 magic labeling of G.

case 4: n, k and ¢ are odd. In this case, the labeling is similar to case 3. Some members of
c(16,7,7,7,7), C(15,7,7,7) and its labelings are shown in figures 1,2 and 3.

This completes the proof. O

Definition 2.3. The corona G; ® G2 of graphs G and G- is the graph obtained by taking one copy
of G4, which has p, vertices, and p; copies of G, and then joining the i vertex of G, by an edge to
every vertex in the i copy of Ga [3].

Definition 2.4. The sun on 2n vertices is a corona of the form C,, © K1 wheren > 3. The sun C,, ® K1
is denoted by Sun,,. A broken sun is a connected unicyclic subgraph of a sun. We denote by BS(p, q)
the set of broken suns with n = p + ¢ vertices and with a p-cycle, note that BS(p;p) = C, ® K. For
p > 2and 0 < g < p, a consecutive broken sun, denoted by CBSun, 4 is the graph belonging to
BS(p, q) such that the subgraph induced by the vertices of degree 2 is a path on p — ¢ vertices. A
broken sun (or a sun) is odd (resp. even) if p is odd (resp.even)[3]. Some examples are depicted in
Figure 4.
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Figure 1: Figure showing members of C'(16,7,7,7,7) and its labelings

Figure 2: Figure showing members of C'(16,7,7,7,7) and its labelings
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Figure 3: Figure showing some members of C(15,7,7,7) and its labelings

Figure 4: (a)Sung, (b)BSun(6,3), (c) CBSun(6,4)

Theorem 2.7. Sun,, € ¥, for alln.

Proof. Observe that Sun,, = C(n,1,1,...,1). So, the proof of the theorem follows from theorem
N——

n

2.6. O
Theorem 2.8. Sun, ¢ ¥ for alln.

Proof. Since Sun, has pendant edges, Sun,, ¢ 7. O

Theorem 2.9. BSun(p,q) C Yaifand only ifp + q is even.

Proof. Observe that any memeber in BSun(p, q) has p + ¢ number of vertices. If BSun(p,q) € 74,
then (p + ¢)a = 0. This implies that p + ¢ is even. Converse part follows from theorem 2.6. O

Theorem 2.10. C'BSun(p, q) C ¥.if and only if p + q is even.
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Proof. Proof follows from theorem 2.6. O

Theorem 2.11. C,, ® K> € ¥, if and only ifn is even.

Proof. Note that C,, ® K> has 3n vertices. If C,, ® K5 € ¥, then 3na = 0. This implies that na = 0.
Consequently, n is even. Converse part is trivial. O

Theorem 2.12. C,, ® K3 € ¥ foralln > 3.

Proof. Obvious. O

Theorem 2.13. Ifn is even, then C,, ® K> € ¥,0.

Proof. Proof follows from theorems 2.11 and 2.12. O

Theorem 2.14. C,, ® C,, € ¥, ifand only ifn(m + 1) is even.

Proof. Suppose C,, ® C,, € ¥,. Then, n(m + 1)a = 0. This implies that n(m + 1) is even.
Conversely assume that n(m + 1) is even. Let the vertices of C,, be (u1,u2,...,un,u1) and let
the vertices of C,,, be v1,v2, ..., v.,. We consider the following cases

Case 1: Assume that n is even and m is odd. Define £ : E(C,, ® Cy,) — Va \ {0} by

Lusuir1) =a for i=1,2,...,n,
L(vivit1) =a for i=1,2,....,m
for j=1,2,...,n:

Lujv;) =a for i=1,2,...,m.
end for

Obviously ¢ is an a-sum V; magic labeling of C,, ® C,,.
Case 2: Suppose m and n are odd. In this case the labeling is exactly similar to case 1.
Case 3: Suppose both m and n are even. Define £ : E(C,, ® Cy,) — Vi \ {0} by
Z(uiui+1) =b for i= 1,3,...,n—1,
Lusuit1) =c for i=2,4,...,n,
L(vvit1) =a for i=1,2,...,n.
for j=1,2,...,n:
Lujvi)=a for i=1,2,...,m.
end for

This completes the proof. The graph Ci2 ® Cs is shown in figure 5. O

Theorem 2.15. C\, © C\, € ¥ forallm > 3 andn > 3.

Proof. Let V(C,) = {ui,us2,...,un}t and V(Cp,) = {v1,v2,...,vm}. We consider the following
cases:
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Figure 5: The graph: C12 ® Cs

Case 1: Suppose n and m are even. Define ¢ : E(C,, ® Cy,) — Vi \ {0} by

E(uiuzq.l) =a for = 1,2,...,71,
E(vivi.,_l) =b for i=1,3,...,m—1,
Z(viviH) =c for i=24...,m,

for j=1,2,...,n:
lujv;) =a for i=1,2,...,m.
end for
Obviously ¢ is a zero sum V4 magic labeling of C,, ® C,.
Case 2: Suppose n is even and m is odd: Define ¢ : E(C,, ® Cy,) — Vi \ {0} by

E(uiui+1) =a for i= 1,2,...,n,
6(1}1"[}1‘.;_1) =b for t=1,3,...,m—2,
e(’l)ﬂ)u,l) =c for i=24,....,m—1,

L(vmu1) = a,
for j=1,2,...,n:
Lujvs)=a for i=1,2,...,m—1,

end for

Then we have

lu;))=a+a+(m—2)a+b+c=0, fori=1,2,...,n,
L(vi)=a+b+c=0, fori=1,2,...,m.

Case 3: Suppose m and n are odd. In this case the labeling is exactly similar to case 2.
Case 4: Suppose n is odd and m is even. In this case label all edges of C,, ® C.,, by a.

196



Vandana & Kumar; BJMCS, 8(3), 189-219, 2015; Article no.BJMCS.2015.155

This completes the proof. O

Theorem 2.16. Ifn(m + 1) is even, then C,, ® Cp, € Ya0-

Proof. Proof follows from theorems 2.14 and 2.15. O

Theorem 2.17. C,, ® K,,, € ¥, ifand only ifn(m + 1) is even.

Proof. Observe that C, ® K, has n + mn vertices. If C,, © K, € ¥,, then we have (m + 1)na = 0.
This implies that n(m + 1) is even. We consider 3 cases:

Let the vertices of C,, be u1,us, ..., u,. We denote the 5 copy of K., by K7,. Let the vertices of
K,jn be {’Uj{yl,’l)jg, c. ,’U]'ym}.

Case 1: Suppose n is even and m is odd. In this case, first we label all edges of K7, by a, j =
1,2,...,n. Next, label all edges of C,, by a. Finally, labell all edges w;u;, by a for i =
1,2,...,n;7=1,2,...,n;r = 1,2,...,m. Obviously, this is an a-sum V, magic labeling of
Crn © K.

Case 2: Suppose n is even and m is even. In this case, first we label all edges of K7, by b, j =
1,2,...,n. Next, label all edges of C,, by b,c,b,c, ... consecutively. Finally, labell all edges
uiujr by bfori =1,2,...,n;5 =1,2,...,n;r = 1,2,...,m. Obviously, this is an a-sum V,
magic labeling of C), ® K.

Case 3: Suppose n and m are odd. In this case, first we label all edges of K7, by b, j = 1,2,...,n.
Next, label all edges of C,, by a. Finally, label all edges w;v;,» by a fori = 1,2,...,n; 5 =
1,2,...,n;7r=1,2,...,m. Obviously, this is an a-sum V, magic labeling of C,, ® K,.

This completes the proof. O

Theorem 2.18. C,, ® K, € ¥, if and only if n(m + 1) is even, where K,, is the complement of the
complete graph with m vertices.

Proof. Note that the graph C, © K., has n(m +1) vertices. If C,, © K., € ¥4, then we have n(m + 1)

is even. Conversely, assume that n(m + 1) is even. Consider n copies of K,,. Let K,,," denotes the
4" copy of K. Let

V(Cn) = {ul,uQ, ey u"},
V(m]) = {’Uj’l, Vj,2y. .. ,U‘j7m}, j = 1, 2, ceey .
We consider 3 cases:

Case 1: Suppose n is even and m is odd. Define £: V(C,, ® K.) — Vi \ {0} by

fori=1,2,...,n:
Luvjr) =a, j=1,2,...,mr=1,2,...,m
Lusuis1) = a

end for

Then, we have

(Y(u))=a+a+ma=a

i) =a,j=12,....,mr=12,...,m.
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Case 2: Suppose n and m are even. Define £: V(C,, ® K,»,) — Va \ {0} by
Z(uiuiﬂ) =0, fori=1,3,...,n—1,
Lusuis1) =c¢, fori=2,4,....n
fori=1,2,...,n:
Luvjr)=a, j=1,2,....n5r=1,2,...;m
end for
Then, we have

["(ui):b—i—c—&—maza

i) =a,j=12,....,mr=12,...,m.

Case 3: Suppose n and m are odd. In this case, the labeling is exactly similar to case 1.
This completes the proof. O

Theorem 2.19. C,, © K, ¢ % for all m and n.

Proof. Obvious. O
Theorem 2.20. /fn(m + 1) is even, then C,, ® Km € Yao.

Proof. Proof follows from 2.18 and 2.19. O

A graph G with a fixed vertex v € V(G) will be denoted by the ordered pair (G, u). Given two
ordered pairs (G, u) and (H, v), one can construct another graph by linking these two graphs through
identifying the vertices « and v. We will use the notation (G, u) ¢ (H, v) for this construction or simply
G ¢ H if there is no ambiguity regarding the choices of v and v [4].

Definition 2.5. Given n graphs G;(i = 1,2,...,n), the chain G1 ¢ G2 ¢ ... G, is the graph in which
one of the vertices of G; is identified with one of the vertices of Gi+1. If G; = G, we use the notation
oG, for the n -link chain all of whose links are G[4].

Theorem 2.21. C,, o C,, € ¥, ifand only if m + n is odd.

Proof. Let the vertices of C,,, and C,, be respectively, u1,us, ..., un and v, ve, . .., v,. Assume that
u1 and vy are identified with a new vertex w. Then we have, Y"1, 01 (w;) + 37, €1 (v;) +£7 (w) = 0.
This implies that (m + n) is odd.

Conversely, assume that m + n is odd. Then we consider two cases:

Case 1: Suppose m is even and n is odd. Define a mapping ¢ : E(C,, ¢ Cp) — Va \ {0} by

b for i=1,3,...,m—1,
c for i=24,...,m,

Huguipr) = {

oy _J e for i=1,3,...,n,
Z(vzvz+1)—{ b for i=2,4,....,n—1.

Clearly ¢ is an a-sum magic labeling of C,,, ¢ C,,.
Case 2: Suppose m is odd and n is even. The remaining part is exactly similar to case 1.
This completes the proof. O

Theorem 2.22. o[C)].. € ¥, if and only if m is odd and n is even.
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Figure 6: An a-sum V; magic labeling of o[Cg],
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Proof. Observe that ¢[C,,]» has mn—m+1 vertices. If o[Cy]m € ¥4, then we have [m(n—1)+1]a = 0.
This implies that m(n — 1) is odd. Consequently, m is odd and » even.

Conversely, assume that n is even ans m is odd. Consider m copies of C,. Let the vertices of
the i cycle C% be (ul,ub,...,ul, ui). First, consider the pairs (C},u}l) and (C2,u?) and construct
G1 = (C},ul)o(C2,u?). Next consider the pairs (G1,u3) and (C3,43) and construct Go = (G1,u3) ¢
(C3,43). Proceeding like this, we finally arrive at G—1 = (G2, uy ") o (CT*,uT"). We need to
show that G = G1 ¢ G20 --- o Gm—1 € ¥,. We label the edges of G by the following table:

i\edge | wiuy whui wiui  wiul  wiul  owbui o ... wlh_jul whud
1 b c b c b c b c
2 b b c b c b c b
3 b c b c b c b c
4 b b c b c b c b
m b c b c b c - b c

One can easily verify that this is a a-sum V4 magic labeling of G. This completes the proof. An a-sum
Vi magic labeling of ¢[Cs], is shown in figure 6. O

Theorem 2.23. C), ¢ C, € % for allm and n.

Proof. Label all edges by a, we obtain ¢+ = 0. O
Theorem 2.24. Ifm + n is odd, then C,, © Cy, € ¥40.

Proof. Proof follows from 2.21 and 2.23. O
Theorem 2.25. <C,, € ¥%.

Proof. If we label all edges of «C,, by a, we obtain a zero sum V4 magic labeling of ¢C,,. O

Definition 2.6. A wheel graph denoted by W, is defined as W,, ~ C,, + K1, where C), forn > 3is a
cycle of length n [4].

Here we need the following lemma.

Lemma 2.2. /f¢: E(W1) — Vi \ {0} is a labeling of W,,, then

> e (w) = 0 (u) (2.1)
i=1
where u1,us, ... ,uy, are the vertices of the cycle C,, and u is the central vertex of W,
Proof. Observe that
CHu) = (uu), (2.2)
=1
and
€+ (uz) = K(ui_lui) =+ é(uiui+1) + K(uw) (23)
Therefore

Z[”(ul) =2 Z((uLuLH) + Zf(uuz)
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That is,
>0 () = 0 (w) =2 L(usuig). (2.4)
i=1 i=1
Note that "7, £(usuit+1) € Va. Therefore, 237, £(usuiv1) = 0. Hence equation (2.4) reduces to
> 0 (us) = £ (u).
i=1
This completes the proof. O
Theorem 2.26. W,, € ¥, if and only if n is odd.
Proof. Suppose W,, admits an a- sum V; magic labeling. Then by lemma, we have

na =a, a # 0.

This implies that » is odd.

Conversely, assume that n is odd. We will prove that W,, admits an a-sum V; magic labeling.
Let ¢ : E(W,) — Vi \ {0} be a labeling of W,, such that ¢(uu;) = a for all ¢ . Since n is odd,
S €(uw;) = a. Thus £ (u) = a. Note that £(u;ui1) € Vi fori =1,2,...,n, where u,q1 = ui.
Therefore, 237" | ¢(usuiy1) = 0. This implies that 37 | £(usuir1) = 0,a,b or c. Without loss of
generality assume that >~ | ¢(u;ui+1) = 0. The other cases are similar. Note that >~ | £(usuit1) =

0 can be written as: .
g(’uﬂlz) =+ Z f(uiui.,.l) =0. (25)

=2
Let us take ¢(uiuz2) = a. One can assign b or ¢ to ¢(uiu2) instead of a. If £(ui1u2) = a, the second

term in equation (2.5) can be taken as a. That is,

Zé(uiui.,.l) = a. (26)
=2
Note that equation (2.6) can be written as:
K(UQUB) —+ Zf(ulul_H) =aqa. (27)
1=3

For an a-sum V4 magic graph, we need
L(uruz) + L(u2us) + L(uuz) = a.

This equation implies that £(uzu3) = a. Hence ¢* (u2) = a. From equation (2.7), we have "7, £(ujuit1) =
0. That is,

=3
Again, equation (2.8) can be written as:
g(U3U4) + Z é(uiui“) =0. (29)
=4

For an a-sum V4 magic graph, we need
L(usua) + L(uuz) + L(uzuz) = a

This implies that £(usus) = a. Hence £*(u3) = a, If we continue this process we finally arrive at
l(unu1) = aand £* (u1) = a. Thus £ is an a-sum V, magic labeling of W,,. O
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A step by step procedure for finding an a-sum magic map for W,,, when n is odd is given below:

1.

Fori=1,2,..., setting
l(uu;) =aorborec.

2. Consider the equation >-7"_, £(uiuiy1) = 0. Assume that £(uu;) = a.

Split 0 into two parts. We have the following possibilities:

a+a=0, b+b=0, c+c=0
Consider the first sum a + a = 0 and take ¢(uiuz) as a. Then > , ¢(ususy1) = a. One can
consider the other two cases also.
Split the summation "7 , ¢(usuit1) = a in the following form

n

K(UQu:g) + Zé(uiuwrl) = a.

=3
Find the value to £(usus) from the following equation:
Luruz) + L(uusz) + L(u2us) = a.

Continue this processes up to the (n — 1)!" step. Finally the value of £(u,u,) is determined by
the equation:
L(tun—1un) + L(uun) + L(urun) = a

Observe that a-sum V; magic labeling of W, is not unique. The following is another procedure for
obtaining an a-sum Vi magic labeling of W,,.

1.

Consider the equation
Zé(uiuiﬂ) =0,a,borc. (2.10)
=1

Without loss of generality assume that

> l(uiuigr) =0. (2.11)
1=1
The equation (2.11) can be written as:
é(uﬂtz) + ZE(U1U1+1) = 0. (212)
=2

Assign a or b or cto £(uiuz2). Let us assign a to £(uiu2). Then from equation (2.12) one obtain,

> l(usuit) = a. (2.13)
1=2
Equation (2.13) can be written as:
L(uguz) + Zf(uiui_‘_l) =a. (2.14)
1=3

Assign any value to £(usus3) from the set {a,b,c}. Let us assume that ¢(uzuz) = b. Choose
£(uuz) such that
L(uruz) + L(uug) + L(u2us) = a. (2.15)

Hence we have
0 (uz) = a.
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Uilz—» @

UzUs—» b

UsUs— b

Uls—» b
UsUs — b
UslU7—» b
Uls — b
Usls —» D
UsUio — b
UtoU11 —m b

Uiili — b

Figure 7: An a-sum V,; magic labeling of W1,

2. From equation (2.13), we have
Zé(uiulq_l) =C (216)
=3
Applying the same procedure as explained above, one obtain:
A (u3) = a.
3. Continue the above processes. Finally, we obtain
0 (w) = a.
4. Since { is a labeling of W,,, by lemma 2.2, we have
0t (u) = Z€+(ui) =na
=1
Since n is odd, we have na = a. Therefore, we have ¢* (u) = a.
Several a-sum magic labelings of 11, are shown in figure 7 and 8.
Theorem 2.27. W,, € ¥, ifn is odd.

Proof. Suppose n is odd. Define ¢ : E(W,) — V4 \ {0} by

luu;) =afori=1,2,...,n—2,

)
—~
<
£
I
o
—
o
=
N
I
S
[
l—‘
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Uilz—» g

U2U3 —»

UsUs — A

Uals —» a

U7Us — a

UsUs —» A

UsUio — a

Ut — a

Uit —— a a
Figure 8: An a-sum V,; magic labeling of W7,
lusuig1) =cfori=2,4,...,n—3
L(Un—1un) = a
L(unui) = c.
Obviously ¢ is a zero sum V; magic labeling of W/,. O

A zero sum magic labeling of W7 and W3 are shown in figure 9. Further, two different zero sum
V4 magic labeling of Wi, is shown in figure 10 and figure 11.

Theorem 2.28. W,, € %, ifn is even

Proof. Let?: E(W,) — V4 \ {0} be alabeling of W,,. Then 23" | ¢(uisuiy1) = 0. This implies that
> lusuig1) = 0,a,b or c. Without loss of generality assume that

Rest of the proof is exactly similar to the algorithm for finding the a-sum V4 magic labeling of W,
explained above subject to the condition that no element will repeat consecutively on the outer circle
of W,. O

Theorem 2.29. Ifn = 0(mod 3), then W,, admits a zero sum V, magic labeling.
Proof. Define ¢: E(W,) — V4 \ {0} as follows:
L(uuitr) = b, l(uu;) =c fori=1,4,7,...,n— 2,
Lusujs1) = ¢, b(uu;) =a forj=2,58,...,n—1,
L(Uithit1(mod ny) = @, £(uu;) =b fori=3,6,9,...,n.

Obviously ¢ is a zero sum magic labeling of W,. O
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Figure 9: A Zero-sum V4 magic labeling of W7 and W3

U7Us —» ¢

UslUs ——»

UsUio —»
UioUit —» C

Uiili ——»

Figure 10: A zero-sum V; magic labeling of Wy,
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UsU7 —»

b

U7l —»

UsUy ——»

Cc

UsUio —»

U1t ——m

Uit —

Figure 11: A 0-sum V; magic labeling of 17/

Theorem 2.30. If W, is a- sum Vs magic and if k is odd, then W, is a-sum V4 magic.

Proof. Assume that W,, is a- sum V; magic. Then by theorem 2.26, we have n is odd. Since k is odd
this implies that nk is odd. Hence theorem 2.26 tells us that W, is a-sum V4 magic. O

Next, we will explain a procedure for obtaining an a-sum V4 magic labeling W, if an a-sum V4
magic labeling of W, is known.
Let Cy,1 : v1,v2,v3,...,v,,v1 and v be the center vertex of W,,. Let Cri 1 : w1, uz,. .., Ugn, w1 and
u be the center vertex of W,;1. Let ¢ : E(W,) — Vi \ {0} be an a-sum V4 magic labeling of W,,.
Whenever m = i(mod n), define a function ¢ : E(W,x) — Vi \ {0} by

0 (uum) = £(vv;), for m = i(mod n)
Z’(umumﬂ) = l(v;vi41), for m =i(mod n).

If ¢/ is the induced vertex labeling of W,.x, then £'* (u) = k¢* (v) = ka = a and

Z'Jr(ui) = Z'(umflum) + E'(uum) + é’(umumH)

= L(U(m—1) mod nUm (mod n)) + £(Ulm(mod n)) + £(Um(mod n)U(m+1)(mod n)) = G-

Hence ¢’ is an a-sum V; magic labeling of W,... An a-sum V, magic labeling of W3 and W5 is shown
in figure12.

Theorem 2.31. IfW,, is zero-sum V, magic, so is Wy, for every k > 2.

Definition 2.7. A double-wheel graph W,, » can be obtained as join of 2C,, + K, and inductively we
can construct an m-level wheel graph denoted by W, ,,, as follows W, ,,, ~ mC,, + K1 [4].

Let Cyn1,...,Ch m represent the cycles of W, ., at levels 1,...,m, respectively, as shown in
figure 13.
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Figure 12: An a-sum V; magic labeling of W3 and W5

Figure 13: An m- level Wheel: W, ,,,
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Lemma 2.3. /f¢: E(W,,m) — Va\ {0} is a labeling of W, .., then
iiz*(ui,j) =0 (u) (2.18)
j=1i=1
where uy j,uz2,j, ..., un,j, u1,; are the vertices of the cycle C., ; and u is the central vertex of Wi, .
Theorem 2.32. W, ., € ¥, if and only if both m andn are odd.
Proof. If W, . € ¥, then by lemma 2.3, we have
(mn)a = a.

This implies that mn is odd or equivalently m and n are both odd.
Conversely, assume that both m and n are odd. If we label all the edges of W, ., by a, then
obviously £ (u) = a and £* (us;) = a. O

Theorem 2.33. W, ., € % for allm and n.
Proof. Obvious. g
Theorem 2.34. IfW,, ., € Y4, then Wiy,m € Yo ifk is odd.

Proof. W, m € ¥, implies that mn is odd. This implies that both m and » are odd. Now, Wi, . € ¥4
if mnk is odd. This implies that & is odd. O

Theorem 2.35. IfW,, ., € %, then Wyy,m € ¥ forany k > 1.

Definition 2.8. A subdivided wheel graph denoted by SW,, is obtained by dividing each spoke uu;.
Similarly, we can define the subdivided m-level graph SW, ;..

Lemma 2.4. If¢: E(SW,) — Vi \ {0} is a labeling of SW.,,, then

et (w) + > 6 (vi) =4 (u). (2.19)
i=1 i=1
where u1,us, ..., u, are the vertices of the cycle Cy 1, vi,vs,...,v, are the vertices corresponding

the subdivision of the spokes uu,; and u is the central vertex of W,,.

Theorem 2.36. SW,, ¢ ¥, foranyn > 3.

Proof. Assume that SW,, admits an a-sum V,; magic labeling. Then by lemma 2.4, we have
na+na=a

This implies that a = 0. O

Theorem 2.37. SW,, € %, forany n > 3.

Proof. We consider two cases:
Case 1: If nis even, define £: E(SW,) — V4 \ {0} as follows:

l(uv;) = a, fori=1,2,3,...,n,
L(viu;) = a, fori=1,2,3,...,n,
Luiugery) =b, fori=1,3,...,n—1,
L(UiU(ig1) (mod n)) = ¢, fori =2,4,... n.

Obviously £ (u) = €1 (u;) = £ (v;) = 0. Hence SW,, € % if n is even.
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Case 2: If nis odd, define ¢ : E(SW,) — V4 \ {0} as follows:

luv;) =a, fori=1,2,3,...,n—2,
Luv;) =b, fori=n—1,
L(uv;) = ¢, fori=mn,
L(viu) =a, fori=1,2,...,n— 2,
L(viu;) = b, fori =n —1,
L(viu;) = ¢, fori =mn,
L uiugqry) = b, fori=2,4,...,n—3,
Luiugqry) =¢, fori=1,3,...,n -2,
Lup—1un) = a,
L(unu1) = 0.

Observe that £+ (u) = £ (u;) = £ (v;) = 0. Hence SW,, € % if n is odd.

Lemma 2.5. If¢: E(SW, ) — Vi \ {0} is a labeling of SW,, .., then
DD (i) + DD (i) = (w). (2.20)
Jj=11=1 Jj=11=1

whereu j,uz,j,. .., un j, u1,; are the vertices of the cycle Cy, ;, v1,5,v2,5, . . ., vn,; are the subdivisions
corresponding to the edges uu; ; and v is the central vertex.

Theorem 2.38. SW, .., ¢ ¥, foranyn andm.
Proof. Obvious. O
Theorem 2.39. SW,, .., € ¥ for any n. and m.

Proof. We consider two cases:
Case 1: Ifniseven,forj=1,2,...,m,define £: E(SW, m) — Vi \ {0} as follows:

luv; ;) =afori=1,2,3,...,n
L(vijus ) =afori=1,2,3,...,n
(uijuit1,;) =bfori=1,3,...,n—1,
L(uijuiv1;) =cfori=2,4,....n

Obviously ¢ is a zero-sum magic labeling of SW,, ..
Case 2: Ifnisodd, for j =1,2,...,m, define £ : E(SWy,m) — V4 \ {0} as follows:

luvi ;) =a, fori =1,2,3,...,n—2,

luvi ;) =b, fori=n—1
=c, fori=n

)

)

£(uvi,;)

L(vijui ;) =a, fori=1,2,3,...,n—2,
)=
)=

L(u; jv;5) =b,fori=n—1,

L(u; jv;,5) = ¢,fori =mn,
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Figure 14: The helm: H,, (left) and the closed helm :H (2, n)(right)

é(uiyjuiﬂ,j) =c, fori = 1,3,.
l =b,fori =24,.
=a,fori=n—-1

(Wi, jWit1,5)
)

€(ui,ju1,j) = b, fori = n.

L(ui,jun,

Obviously ¢ is a zero-sum magic labeling of SW,, ..

o,n—2

.,n—3

O

Definition 2.9. The helm H,, is the graph obtained from the wheel W,, by attaching a pendant edge

at each vertex of the cycle C,, (see figure 14)[5].

Lemma 2.6. /f¢: E(H,) — V4 \ {0} is a labeling of H,,, then

i:£+(ui) + EH:KJF(UJ = £+
i=1 i=1

whereu., us, . . ., u, are the vertices of the cycle Cy, 1, v1, v, . ..

to the spokes uu; and u is the central vertex of W,
Theorem 2.40. H, ¢ ¥, for any n.
Proof. Proof follows from lemma 2.6.

Theorem 2.41. H, ¢ ¥ for any n.

(u). (2.21)

, vy, are the pendant vertices corresponding
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Figure 15: Web graph : W (2,n)

Proof. Obvious. O

Definition 2.10. The web graph W(2,n) is the graph obtained by joining the pendant points of a
helm H,, to form a cycle and then adding a single pendant edge to each vertex of the outer cycle (
see figure 15)[5].

Lemma 2.7. If¢: E(W(2,n)) — Vi \ {0} is a labeling of W (2,n), then

D) + > () + >0 (w) = £ (w). (2.22)
=1 =1 i=1
whereuy, us, . . ., u, are the vertices of the cycle Cy, 1, vi,va, ..., v, are the vertices of Cy, 2, w1, w2, . . .

are the pendant vertices and u is the hub of W (2,n).

Theorem 2.42. W(2,n) € ¥, if and only if n is odd.

Proof. Assume that W (2,n) € #,. Then from lemma 2.7, we have
na + na +na =a

This implies that na = a. This equation holds if and only if n is odd.
Conversely, assume that n is odd. Define a mapping ¢ : E(W (2,n)) — Vi \ {0} by

L(uu;) =a for i=1,2,...,n,
E('LLZ'U7;+1) =b for i = 1,3,...,n,

Lunui) =a
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for i =2,4,...,n—1,

for i =1,3,...,n,

~
=
[~
&
[~
S
¥
=
I
2 o o

Obviously, £ (u) = a and £1 (u;) = £1(v;) = l(w;) = afori=1,2,...,n. A a-sum V; magic labeling
is shown in figure 16.

O
Theorem 2.43. W(2,n) ¢ ¥ for any n.
Proof. Obvious. O
Definition 2.11. The generalized web graph W (¢, n) is the graph obtained by iterating the processes

of constructing web graph W (2,n) from the helm H,,, so that the web has ¢ n-cycles ( See figure
17)[5].

Lemma 2.8. If¢: E(W(t,n)) — Vi \ {0} is a labeling of W (t, n), then

SN (uiy) + Zﬁ(m =0 (u). (2.23)

i=1 i=1
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Figure 17: Generalised Web graph : W (¢, n),

where ui j,us j,...,un,; are the vertices of the cycle Cy ;, 5 = 1,2,...,t and vy, ve,...,v, are the
pendant vertices and v is the hub of W (2, n).

Proof. Obvious. g
Theorem 2.44. W (t,n) € ¥, ifand only ifn is odd and t is even.
Proof. Assume that W (¢t,n) € ¥,. Then by lemma 2.8, we have

nt+1a=a

This implies that » is odd and ¢ is even. Conversely, if n is odd and ¢ is even one can easily prove that
W(t,n) € Y. O

Theorem 2.45. W (t,n) ¢ ¥, foranyn and anyt.
Proof. Obvious. O

Definition 2.12. The generalized web graph without center, Wy (¢, n) is the graph obtained by removing
the central vertex of W (¢,n) [5]. The graph of Wy (¢, n) is shown in figure 18.

Lemma 2.9. If¢: E(Wy(t,n)) — Va \ {0} is a labeling of Wy (¢, n), then

Ziﬁ(ui,j) + i€+(vi) =0. (2.24)

j=1i=1 i=1

whereu j,uz,j,. .., un,; are the vertices of the cycle Cy, ;, andvi, v, . . ., v, are the pendant vertices.
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Figure 18: Generalised Web graph without centre: Wy (¢, n)

Proof. Obvious. O
Theorem 2.46. IfWy(t,n) € ¥, ifand only ifn(t + 1) is even.

Proof. First, assume that Wy(t,n) € ¥,. Then by lemma 2.9, we have nta + na = 0. This implies
that n(t + 1) is even.
Conversely, assume that n(t + 1) is even. we consider the following cases:

Case 1: If nand ¢ are even, define £ : E(Wy(t,n)) — Vi \ {0} as follows:

f(ui,1U(i+1)(mod n),l) =afori= 1,2,3,...,n
for 7=2,3,...,t:

Luijuiyr,;) =cfori=1,3,...,n—1

L(Wi jU(i+1)(mod ny,j) = bfori=2,4,....n
end for
for j=1,2,...,n:

(uijuijp1) =afori=1,2,...,¢—1
end for

luiv;) =afori=1,2,3,4,...,n.

Case 2: Assume that n is even and ¢ is odd. In this case the labeling is exactly similar to Case 1.
Case 3: Ifnis odd and ¢ is odd, define ¢ : E(Wy(t,n)) — Vi \ {0} as follows:

E(ui71u<i+1)(mod n),l) =afori= 17 2, 3, ..,n
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for j7=2,3,...,t:
U(uijuitr,;) =bfori=1,3,...,n—2
L(wi jU(i+1)(mod ny,j) = cfori=2,4,....,n—1
end for
L Un,iu, ;) =afori=1,2,3,4,...,n,
Luiv;) =afori=1,2,3,4,...,n,
for k=2,3,...,n—1:
L(ug iuk,i+1) = a, fori =1,2,3,...,t — 1,

end for
Uun,jur;) =a, forj=1,2,3,...,t -1,
l(u1,u1,41) =a, fori=1,3,...,t —2,

lur,u1,41) =¢, fori=2,4,... ¢t —1,
L(Un,iUn,it1) = a, fori=1,3,...,t — 2,
E(unyiun7i+1) = b, fori = 2,4, oyt — 1.

Obviously £* (u; ;) = a and £1 (v;) = a.

Theorem 2.47. Wy(t,n) ¢ ¥, forany n andt.
Proof. Obvious. O

Definition 2.13. A closed helm H(2,n) is the graph obtained from a helm by joining each pendant
vertex to form a cycle [6]. A closed helm H(2,n) is shown in figure 14.

Lemma 2.10. If¢: E(H(2,n)) — V4 \ {0} is a labeling of H(2,n), then

>0 () + Y (vi) = £ (w) (2.25)
=1 1=1
where ui,us, . .., u, are the vertices of the cycle Cy, 1, v1,va, . . ., v, are the vertices of the cycle C., »
and w is the central vertex.
Proof. Obvious. O

Theorem 2.48. H(2,n) ¢ ¥, for any n.

Proof. Assume that H(2,n) € ¥,. Then by lemma 2.10, we have na + na = a. This implies that
a = 0. This is a contradiction. O

Theorem 2.49. H(2,n) € ¥ for alln.

Proof. Case 1 Assume that n is even. Define a labeling ¢ : E(H(2,n)) — Vi \ {0} as follows:

luw)=a for i=1,2,...,n,
Lusuit1) =a for i=1,2,...,n,

Lusv;) =a for i=1,2,...,n,
L(vivig1) =b for i=1,3,...,n—1,
L(vivig1) = ¢ for i=2,4,...,n.

Obviously, ¢ is a zero- sum V, magic labeling of H(2,n).
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Case 2: Assume that n is odd. Define a labeling ¢ : E(H(2,n)) — Vi \ {0} as follows:

Lurw) = a, L(ugw) = b, L(usw) = ¢,
Lusw) = for i=4,5,...,n
(ululﬂ):a for i=1,2,...,n
L(urv1) = a, L(ugve) = b, £(usvs) = ¢,
(ulvl): for i=4,5,...,n
L(v1iv2) = ¢, L(vav3) = a, L(vzvs) = b,
L(vivig1) =c for 1 =4,6,...,n—1,
L(vivi+1) =b for 1=5,7,....n

One can easily verify that ¢ is a zero sum magic labeling of H(2,n).
O

Definition 2.14. Closed generalized helms H(t,n) are obtained by taking a generalized web and
joining pendent vertices to form a cycle [6].

Lemma 2.11. If¢: E(H(t,n)) — Vi \ {0} is a labeling of H(t,n), then

t n
SN 0 (uig) = £ (w). (2.26)
j=1i=1
where ui j,u2 j, ..., un,; are the vertices of the cycle C,, ;, and w is the central vertex.
Proof. Obvious. g

Theorem 2.50. H(t,n) € ¥, ifand only if both n andt are odd.

Proof. First, assume that H(t,n) € ¥,. Then by lemma 2.11, we have (nt+1)a = 0. This implies that
both n and t are odd. Conversely, assume that both n and ¢ are odd. Define ¢ : E(H (t,n)) — Va\ {0}
by:

L(u1,1w) = a,

é(uiﬁlw) =b, for 1=2,3,...,n

forj=1,2,...,t—1:

Uuijuitr,;) =¢, for i=1,3,...,n—2,
L(uijuipr,;) =b, for i=2,4,... . n—1,n
end for
L(uspuip1,e) =b, for i=1,3,...,n,
L(ustuiv1e) =a, for i=2,4,...,n—1,

forj=1,2,...;t—1:

l(urju1,541) = a,

(i jusj+1) =b, for i=23,...,n—1,
end for
UUn,junj+1) =c, for j=1,3,...,t—2,
L(Un,junj+1) =b, for j=2/4 ... t—1.

Obviously ¢ is an a-sum magic labeling of H (¢, n). O
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Theorem 2.51. H(t,n) € ¥ foralln andt.
Proof. Case 1: Assume that n is even. Define ¢ : E(H(t,n)) — Vi \ {0} by:

luiyw) =a, for i=1,2,...,n.
for j=1,2,...,t—1:
Uuijuijy1) =a, for i=1,2,...,n,
Luijuiv1,;) =a, for i=1,2,...,n,
end for
Luiuiy1e) =b, for i=1,3,...,n—1,
Luipuiyie) =¢, for i=2/4,... n,

Obviously, ¢ is a zero sum V,; magic labeling of E(H (t,n).
Case 2: Assume that n is odd. Define £ : E(H(t,n)) — V4 \ {0} by:
Lur,1w) =a, Lluzaw)=0b L(usw)=c
Lujw) =a, for i=4,5,...,n,
for j=1,2,...,t—1:

Lu;juipr;) =a, for i=1,2,...,n,

E(ur jur i) = a,

(uz,juz, j+1) = b,

(us jus j+1) = ¢,

Luijusj+1) =a, for i=4,5,,...,n,
end for

L(u1,1u2,t) = ¢,
L(uz,1us,t) = a,
£(us,tua,t) = b,
(
(

/ Ui, ¢ Wit1,t for i:476,,...,n—17

)=c
4 uiytui+1,t) = b7 for &= 577, yee e, T

Obviously ¢ is a zero sum magic labeling of E(H (¢, n).

Theorem 2.52. H(t,n) € ¥, if and only if bothn and t are odd.

Proof. Proof follows from 2.50 amd 2.51. O

Definition 2.15. The flower graph Fi,, is the graph obtained from a helm H,, by joining each pendant
vertex to a central vertex of the helm [6]( see figure 19).

Lemma 2.12. If¢: E(Fl,)) — V4 \ {0} is a labeling of Fl,, then
S et (w) + > e (vi) = (w) (2.27)
i=1 i=1

Proof. Obvious. O
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Figure 19: The flower graph: Fi,

Theorem 2.53. Fi, ¢ ¥, forany n.

Proof. Suppose Fli,, € 7,. Then by lemma 2.12, we hvae na + na = a. This implies that a = 0. This
is a contradiction. O

Theorem 2.54. Fi, € ¥ for alln.
Proof. If we label all the edges by a, we obtain that, ¢t (u;) =0, ¢"(v;)=0 and ¢t (w)=0. O

3 Conclusion

Let Vi = {0, a,b, c} be the Klein 4-group. In this paper, we identified a class of wheel related graphs
in the following categories:

(i) 7, the class of a-sum V4 magic graphs,
(i) 7o, the class of zero-sum V; magic graphs,
(iii) 7.0, the class of graphs which are both a-sum and zero -sum V4 magic.
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