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Abstract

Let R be aring and I an ideal of R . We define and study I-pure submodules , I-F P-injective
modules, I-flat modules , I-coherent rings and I-semihereditary rings. Using the concepts of I-
F P-injectivity and I-flatness of modules, we also present some characterizations of I-coherent
rings and I-semihereditary rings.
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1 Introduction

Throughout this paper, m, n are positive integers, R is an associative ring with identity, I is an ideal
of R, J = J(R) is the Jacobson radical of R and all modules considered are unitary. For any
module M, M denotes Homz(M,Q/Z), where Q is the set of rational numbers, and Z is the set
of integers. In general, for a set S, we write S™*™ for the set of all formal m x n matrices whose
entries are elements of S, and S,, (resp., S™) for the set of all formal n x 1 (resp., 1 x n) matrices
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whose entries are elements of S. Let N be a left R-module, X C N,, and A C R™. Then we definite
rn,(A) ={u € Ny :au=0,Va € A},and1z»(X) ={a € R" : ax = 0,Vx € X }.

Recall that a left R-module M is called FP-injective [1] or absolutely pure [2] if Extk(A, M) =0
for every finitely presented left R-module A; a right R-module M is flat if and only if Torf (M, A) = 0
for every finitely presented left R-module A; a ring R is left coherent [3] if every finitely generated left
ideal of R is finitely presented, or equivalently, if every finitely generated submodule of a projective left
R-module is finitely presented ; a ring R is left semihereditary [4] if every finitely generated left ideal
of R is projective, or equivalently, if every finitely generated submodule of a projective left R-module
is projective. We recall also that: given a right R-module U with submodule U’, then U’ is called a
pure submodule of U if the canonical map U’ ®r V — U ®r V is @ monomorphism for every finitely
presented left R-module V. Pure submodules, FP-injective modules, flat modules, coherent rings,
semihereditary rings , and their generalizations have been studied extensively by many authors (see,
for example, [1, 3, 5, 6, 7, 8]).

In this article, we wish to introduce a new generalization for pure submodules, F P-injective
modules, flat modules, coherent rings, semihereditary rings respectively.

Let I be an ideal of R. In section 2 of this paper, we introduce the concept of I-pure submodules.
Given a right R-module U with submodule U’, then U’ is called an I-pure submodule of U if the
canonical map U’ ® g V. — U ®r V is @ monomorphism for every I-finitely presented left R-module
V, where a left R-module V is said to be I-finitely presented, if there is a positive integer m and an
exact sequence of left R-modules 0 - K — R™ — V — 0 with K a finitely generated submodule of
I™. We give some characterizations and properties of I-pure submodules.

In section 3 and section 4, we introduce the concepts of I-FP-injective modules and I-flat modules.
A left R-module M is called I-F P-injective, if Extk(V, M) = 0 for every I-finitely presented left R-
module V; a right R-module M is called I-flat, if Torf*(M, V) = 0 for every I-finitely presented left
R-module V. We give some characterizations and properties of I-F P-injective modules and I-flat
modules. For instance, we prove that a left R-module M is I-F P-injective if and only if it is I-pure in
every module containing it.

In section 5, we introduce the concepst of I-coherent rings and I-semihereditary rings. The ring R
is called I-coherent if every finitely generated left ideal in I is finitely presented. The ring R is called I-
semihereditary if every finitely generated left ideal in I is projective. We give some characterizations
and properties of I-coherent rings and I-semihereditary rings, especially, I-coherent rings and I-
semihereditary rings are characterized by I- F P-injective modules and 7-flat modules, some interesting
results are obtained. For instance, we prove that R is a left I-coherent ring < any direct product of
I-flat right R-modules is I-flat < any direct limit of I-F P-injective left R-modules is I-F P-injective
< every right R-module has an I-flat preenvelope; R is a left I-semihereditary ring < R is left I-
coherent and every submodule of an I-flat right R-module is I-flat < every quotient module of an
I-F P-injective left R-module is I-F P-injective < every left R-module has a monic I-F P-injective
cover < every right R-module has an epic I-flat envelope.

2 [-pure Submodules

Recall that a left R-module V is said to be (m,n)-presented [8], if there is an exact sequence of left k-
modules 0 -+ K — R™ — V — 0 with K n-generated. We extend the definitions of (m, n)-presented
modules and finitely presented modules respectively as follows.

Definition 2.1. A left R-module V is said to be I-(m,n)-presented, if there is an exact sequence
of left R-modules 0 — K — R™ — V — 0 with K an n-generated submodule of I'"*. A left R-module
V' is said to be I-finitely presented if it is I-(m,n)-presented for a pair of positive integers m, n.
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Clearly, a left R-module V' is (m,n)-presented if and only if it is R-(m,n)-presented, a left R-
module V' is finitely presented if and only if it is R-finitely presented.

Definition 2.2.  Given a right R-module U with submodule U’. Then:

(1) U’ is called I-(m,n)-pure in U if the canonical map U’ @ r V. — U ®r V is a monomorphism
for every I-(m,n)-presented left R-module V. U’ is said to be I-(m, co-pure (resp., I-(co,n)-pure in U
in case U’ is I-(m,n)-pure in U for all positive integers n (resp., m).

(2) U’ is called I-pure in U if the canonical map U’ @r V. — U ®r V is a monomorphism for
every I- finitely presented left R-module V.

Example 2.3. (1) Itis easy to see that U’ is (m,n)-pure in U if and only if U’ is R-(m,n)-pure in
U.U'ispureinU ifand only if U’ is R-pure inU.

(2) LetI, and I be two ideals with Iy C I>. If U’ is Is-(m,n)-pure in U, then U’ is I -(m,n)-pure
in U. m|

Theorem 2.4 LetU, < Ug. Then the following statements are equivalent:
(1) U is I-(m,n)-pure inU.
(1) ForallC € I"*™, the canonical mapU'®@r(R™/R"C) — U®gr(R™/R"C) is a monomorphism.
(2) Forevery I-(m,n)-presented left R-module V', the canonical map Tori*(U, V) — Tor{(U/U’, V)
is surjective.
(8) ForallC e ™™, (U"Y™NnU"C = (U")"C.
(4) For every n-generated submodule T of gI™, (U NUT =U'T .
(5) For every I-(n, m)-presented right R-module A, the canonical map Hompg(A,U) — Hompg(A,U/U’)
is surjective.
(5) ForallC € "™, the canonical map

Hompg(Rn/CRy,U) — Homg(R,/CRy,U/U")

is surjective.
(6) Forevery I-(n, m)-presented right R-module A, the canonical map Ext*(A,U’) — Ext'(A,U)
is @ monomorphism.

Proof. (1)<(1) and (5)<(5)" are obvious.
(1)<(2). This follows from the exact sequence

Tor{ (U, V) — Tori (U/U', V) - U' @V - U®V.

(1)=(3). Let C = (cij)nxm € I"*™ and z € (U')™ NU™C. Then there exist a1,as, -+ ,am €
U', ui,uz, - ,un € Usuchthatz = (a1, az, -+, am) and a; = >y uicji, i =1,2, .-+, m. Let
V =R™/L, where

L:Ra1+...+Ran,a]- :(le,C]'Q,"' ,ij),j:172,"' N

. Then V' is I-(m, n)-presented and we have 37" a; @ & = > (307, ujcsi) @& = >0 (u; @
Yoty ciier) = 30 (u; @) = 0inU®V. Since U’ is I-(m,n)-pure inU, 331, a;®@e = 0inU'®@V.

177 ®¢ 1,/ ®@m
So from the exactness of the sequence U’ @ L 2" U’ @ R™ V5" U’ @V — 0, we have ST ®

ei =y @) uj®a;) =377 uwy @ay =30 uj @ (3L cjies) = 3570, (3071, ujcii) ® e
for some u}, ub, -- -, u,, € U'. This follows that a; = > wjicji, i =1,2,---, m,thusz € (U)"C.
But (U)"C C (U)™ nU™C, so (U™ NU™C = (U')"C.

(3)=(4). Let T = Rb1 + --- + Rb,, where b; = (Clj, C2j, ", ij) elI™ j=1,2,---,n.
Itz = (a1, -, am) = 37_, u;b; € (U)" NUT , where each a; € U’ and each u; € U, then
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x = (u1, uz, -+, up)C € UC' N (U')™, where C is the n x m matrix with row vectors by, -- - , by,.
Clearly, C € 1"*™. By (3), x = (u}, us, --- , us,)C for some uy, uh, --- ,ul, € U’. It follows that
xeUT,andso (U)"NUT =U'T.

(4)=-(5). Consider the following diagram with exact rows

) Vs
0 - K —%» g —+ 4 - 0
|
e84 ™
0 - U Yy — > U — 0
where f € Hompg(A4,U/U’) and K is an m-generated submodule of I", with generators y; =
(i1, ci2y ==+ ycin), © = 1,2,---, m. Since R" is projective, there exist ¢ € Homg(R",U) and
h € Homg(K,U’) such that the diagram commutes. Now let b; = (cij, c2j, -+*, Cmj) € I™,
j=1,2---,n,T=Rby +---+ Rb, and u; = Z?zlg(ej)cij, where e; = (0,~~~ ,0,1,0,--- ,0)
(with 1 in the jth position and 0’s in all other positions), i = 1,2,--- ,m, 57 = 1,2,--- ,n. Then u; =
9>y ejeis) = g(yi) = h(yi) € U',i=1, 2, ---, m. Note that (u1, uz, -+, um) = 3.1, g(e;)b; €
UT, by (4), (u1, uz, -+, um) = 327_, ujbj forsome ui, uj, -+, uj, € U'. Therefore, u; = 37, ujcij,
i=1,2,---, m. Define o € Homg(R",U’) such that o(e;) = v}, j = 1,2, -+, n. Then gix = h.

Finally, we define 7 : A — U by 7(z + K) = g(z2) — o(z), then 7 is a well-defined right R-
homomorphism and w7 = f. Whence Hompg (A, U) — Homg(A, U/U’) is surjective.

(5)=(3). Suppose that C' = (cij)nxm € I"*™andz € (U)™NU"C. Thenz = (a1, az, -+ , am) =
(u1, u2, -+, u,)C forsome ai,as, -+ ,am € U and uy,us, -+ ,u, € U. Take y; = (c1i, c2iy =+, Cni) (i =
1,2,---,m), K=y1R+y2R+---+ynRand A = R"/K. Then A is I-(n, m)-presented and we
have the following commutative diagram with exact rows

0 e -0
| |2
oLl ™
0 - U > U —— U/ U — 0

where f; is defined by fa(e;) = uj, j = 1,2,---,n and fi = f2|x. Define f5 : A — U/U’ by
fa(z + K) = m1f2(z). Then it is easy to see that f3 is well defined and f3m2 = 1 f2. By hypothesis,
f3s = mi7 for some 7 € Homg (A4, U). Now we define o : R™ — U’ by o(z) = f2(z) — 7m2(z). Then
o € Homg(R™,U’) and iyro = fao. Hence a; = fa(yi) = o(y:) = > o(ej)eji, i=1,2,--+ ,m, and
x = (o(e1),0(e2), -+ ,0(en))C € (U)*C. Therefore (U™ NU"C = (U')"C.

(3)=(1). Let rV be I-(m,n)-presented. Without loss of generality, write V.= R™ /L , where

L:Ral+"'+Ran7 aj :(leyc]?y"' 7ij) €[m7]:1727 y 1.

35—, ax®b =0inURV,where ax € U', by = 37", rije; € V, then 3570 (305, awrk;) ®e; =0
in U @ V. Consider the exact sequence of U ® L '“$* U @ R™ '“S™ U ® R™/L — 0, we have

MmO arrkj) ®e; € Ker(ly ® m) = Im(1ly ® ¢), so there exists ui,--- ,u, € U such that
7= 1 k=1 J
Dl akry) ® e = 3w @ i = 30w @ (0L cigeg) = 300, (000, uici;) ® e,
and so Y7, akrkj = p o, wici;. By (3), there exist uy,us, -+ ,u;, € U’ such that >;_, arre; =

i uici, =1, ,m. Thus 377 ar ®@bx =300 u; ® (Z;n:1 cij)& =0inU' @ V.
(5)«<(6). It follows from the exact sequence
Hompg(A,U) — Homg(A,U/U’) — Extp(A,U’) — Extk(A,U). ]

Corollary 2.5. LetUj < Ug. Then U’ is I-(1,00)-pure in U if and only if UT N U’ = U'T for all
finitely generated left ideals T C 1. m]
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Proposition 2.6 LetU, < Ur. Then

(1) IfU is n-generated, then U’ is I-(m,n)-pure in U if and only if U’ is I-(m, oo)-pure in U.

(2) If each finitely generated left ideal in I is n-generated, then U’ is I-(1,n)-pure in U if and only
ifU" is I-(1,00)-pure in U.

(8) If each finitely generated right ideal in I is m-generated, then U’ is I-(m,1)-pure in U if and
only if U’ is I-(co, 1)-pure in U.

Proof. (2) can be proved by Theorem 2.4(4), and (3) can be proved by Theorem 2.4(5). Now we
prove only the necessity of (1).

Let uy,us, - - ,u, be a generating set of U. For every positive integer k and each C' € 1**™  if
x € (UY™NU*C, then z = (u1,uz, - ,un)AC for some A € R"**. Since U’ is I — (m,n)-pure
in U, by Theorem 2.4(3), = = (u}, ub, - - ,ul,)AC for some u},uh,--- ,ul, € U. Soz € (U')*C, and
thus (U")™ nU*C = (U")*C. Therefore U’ is (m, k)-pure in U. o

Corollary 2.7 LetU}j < Ug. Then the following statements are equivalent:

(1) U’ islpureinU.

(2) Forevery I-finitely presented left R-module V', the canonical map Tori (U, V) — Torf(U/U’, V)
is surjective.

(8) For any positive integers m, n and any C € ["*™, (U')™" NnU"C = (U")"C.

(4) For any positive integers m, n and any n-generated submodule T of gI™, (U')"NUT = U'T

(5) For every I-finitely presented right R-module A, the canonical map Homg (A, U) — Homg(A,U/U")
is surjective.

(6) For every I-finitely presented right R-module A, the canonical map Ext*(A,U’) — Ext'(A,U)
is a monomorphism. O

Proposition 2.8 Suppose E, F and G are right R-modules such that E C F C G. Then:
(1) IfE isI-(m,n)-purein F and F is I-(m,n)-pure in G, then E is I-(m,n)-pure in G.

)
(2) IfE isI-(m,n)-pureinG, then E is I-(m,n)-pure in F.
(8) IfF is I-(m,n)-pure in G, then F/E is I-(m,n)-pure in G/E.
(4) IfE isI-(m,n)-pureinG and F/E is I-(m,n)-pure in G/E, then F' is I-(m,n)-pure in G.

Proof. (1) and (2) follows from the definition of I-(m,n)-pure submodules or Theorem 2.4(3).

(3). Let A be an I-(n, m)-presented right R-module. Since F'is I-(m,n)-pure in G, by Theorem
2.4(5), the canonical map Homg(A4,G) = Homg (A, G/F) is surjective. Considering the following
commutative diagram

Homg(A4,G) —2— Hompg(A,G/F)

Homg(A,G/E) —~— Homg(A, (G/E)/(F/E))
, where ¢ is an isomorphism and hence a epimorphism, we have that the canonical map  is epic. By
Theorem 2.4(5), F/E is I-(m,n)-pure in G/E.
(4). Let V be an I-(n,m)-presented left R-module. Since E is I-(m,n)-pure in G, E is also
I-(m,n)-pure in F, and so we have a commutative diagram with exact rows

0 —— EQV —— FQV —— F/EQV —— 0

b s L

0 — EQV —— GV —— G/EQV —— 0
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. Since F/E is I-(m,n)-pure in G/E, g is monic. By five Lemma [9, 7.18], f is also monic, and thus
Fis I-(m,n)-pure in G. |
Corollary 2.9 Suppose E, F and G are right R-modules such that E C F C G. Then:

(1) IfE isI-purein F and F is I-pure in G, then E is I-pure in G.

(2) IfE isI-pureinG, then E is I-pure in F.

(3) IfF isI-pureinG,then F/E is I-purein G/E.

(4) IfEisI-pureinG and F/E is I-pure in G/E, then F is I-pure in G. m]

3 I-FP-injective Modules

Recall that a left R-module M is F P-injective if and only if every R-homomorphism from a finitely
generated submodule of a free left R-module F' to M extends to a homomorphism of F to M [1,
Proposition 2.6] . F'P-injective modules and their generalizations have been studied by many authors,
for example, see [6, 7, 10, 11, 12, 13, 14]. Following [11], a left R-module M is called (m, n)-injective if
every R-homomorphism from an n-generated submodule 7" of R™ to M extends to a homomorphism
of R™ to M. It is easy to see that a left R-module M is F P-injective if and only if M is (m,n)-
injective for each pair of positive integers m, n. Following [7], a left R-module M is called F-injective if
every R-homomorphism from a finitely generated left ideal to M extends to a homomorphism of R to
M. Following [10, 12], a left R-module M is called n-injective if every R-homomorphism from an n-
generated left ideal to M extends to a homomorphism of R to M. Following [6], a left R-module M is
called J-injective if every R-homomorphism from a finitely generated left ideal in J(R) to M extends
to a homomorphism of R to M. We extends the concepts of (m, n)-injective modules, F P-injective
modules and J-injective modules as follows.

Definition 3.1. A left R-module M is called I-(m,n)-injective, if every R-homomorphism from an
n-generated submodule T of I'* to M extends to a homomorphism of R™ to M. A left R-module M is
called I-FP-injective if M is I-(m,n)-injective for every pair of positive integers m, n. A left R-module M
is called I-F-injective if M is I-(1,n)-injective for every positive integer n.

It is easy to see that direct sums and direct summands of I-(m, n)-injective modules are I-(m,n)-
injective. A left R-module M is (m,n)-injective if and only if M is R-(m, n)-injective, a left R-module
M is F P-injective if and only if M is R-F P-injective, a left R-module M is J-injective if and only if M
is J-F-injective. According to [15], a ring R is said to be left Soc-injective if every R-homomorphism
from a semisimple submodule of r R to R extends to R. Clearly, if Soc(rR) is finitely generated, then
R is left Soc-injective if and only if rR is Soc(rR)-F-injective. Following [14], a left R-module M
is called N-injective if Ext'(R/T, M) = 0 for every finitely generated left ideal T in Nil.(R), where
Nil.(R) is the prime radical of R, it is equal to the intersection of all the prime ideals in R [16]. Itis
clear that a left R-module M is N-injective if and only if M is N(R)-F-injective.

Theorem 3.2. Let M be a left R-module. Then the following statements are equivalent:

(1) M is I-(m,n)-injective.

(2) Ext*(V, M) = 0 for every I-(m,n)-presented left R-module V.

(3) rar,lpn{ca, . ...,am} = a1 M + --- + am M for any m elements aa, ..., am € I.

(4) Ifx = (ml,mg,...,mn)' € M, and A € mxm SaﬁSfy an(A) C an(l'), hen x = Ay for
somey € M,y,.

(5) rar, (R*BNlgn{a,....,am}) =rm, (B)+o1M+- -+ o M for any m elements o, ..., am €
I, and B € R™".

(6) M is I-(m,1)-injective and rs,, (KNL) = 7, (K)+7rum,, (L), Where K and L are submodules
of the left R-module I such that K + L is n-generated.

175



Zhu; BIMCS, 8(3), 170-188, 2015; Article no.BJMCS.2015.154

(7) M is I-(m,1)-injective and ras,,, (KNL) = 7, (K)+7rMm,, (L), Where K and L are submodules
of the left R-module I™ such that K is cyclic and L is (n — 1)-generated.

(8) For each n-generated submodule T of I and any f € Hom(T, M), if (o, g) is the pushout of
(f,4) in the following diagram

T — R™

il Js

M —— P
where i is the inclusion map, there exists a homomorphism h : P — M such that ha = 1.
(9) M is absolutely I-(n,m)-pure, that is, M is I-(n,m)-pure in each module containing M.
(10) M is I-(n,m)-pure in E(M).
(11) M is an I-(n,m)-pure submodule of an I-(m, n)-injective module.

Proof. (1) < (2);(8) = (1) and (9) = (10), (11) are clear.

(1) = (3). Aways aexM + -+ + amM C ruy,lre{oa, ..;am}. If z € rag lrn{ai, ..., am}.
Let A be the matrix with column vectors au, ..., a,,. Then the mapping f : R"A — M;BA — px
is a well-defined left R-homomorphism. Since M is I-(m,n)-injective and R™A is an n-generated
submodule of I, f can be extended to a homomorphism g of R™ to M. Now, for any § € R",
we have f(arg(er) + -+ + amg(em)) = g(BA) = f(BA) = Bz, 50 & = angler) + -+ + amg(em) €
artM+---+anM. Thusrar, 1 {a1,...,am} C a1 M +---+anM. Therefore, ras, lpn{ca, ..., am} =
oM+ -+ amM.

(3) = (1). LetT = """ | RB: be an n-generated submodule of I™ and f be a homomorphism
from T to M. Write uw; = f(8:),i = 1,2,...,n,u = (u1,us2, -+ ,u,)" and let A be the matrix with
row vectors i, ..., Bn. Then u € rag, 1rn(A). By (3), there exists some z1,...,z,» € M such that
u = a1x1 + -+ + AmTm, Where aa, ..., a,, are column vectors of A. Now we define g : R™ —
M;(r1, - ,Tm) — r121 + -+ + "mTm, then g is a left R-homomorphism, and it is easy to check that
f(Bi) =u; = Bi(w1, 22, ,om) = g(Bi),i = 1,...,n, and so g extends f.

(3) = (4) If an(A) C an(:r), where A € Inxm,m € M,,thenx € I‘juann(I) C I‘Mann(A) =
a1rM + -+ + am M by (3), where au, ..., am are columns of A. Thus (4) is proved.

(4) = (5). Letz € ry, (R"B N 1lge{as,...;am}). Then 1gn(BA) C 1g»(Bzx), where A is
the matrix whose column vectors are au,...,an. By (4), Bx = BAy for some y € M,,. Hence
x — Ay € ry, (B), and so z = z + Ay for some z € ra, (B), proving that ras, (R"B(1r»(a)) C
ra, (B) + a1 M + - -- 4+ o M. The other inclusion always holds.

(5) = (3). By taking B = E'in (5).

(1) = (6). Clearly, M is I-(m, 1)-injective and

TI\/ITVL (K) + rrlunl (L) g lenL (K m L)

Conversely, let x € 7, (K N L). Then f: K + L — M is well defined by f(k + 1) = kz for all
k€ K and! € L. Since M is I-(m,n)-injective, f = -y for some y € M,,. Hence, for all k € K and
le L, wehave ky = f(k) = kzandly = f(I) =0. Thusz —y € ra,, (K) and y € rar,, (L), SO
= (r—y)+y€rm,(K)+ru, (L)

(6) = (7) is trivial.

(7) = (1). We proceed by induction on n. If n = 1, then (1) is clearly holds by hypothesis.
Suppose n > 1. Let T = RfB1 + RB2 + - - - + R, be an n-generated submodule of the left R-module
I™, Ty = Rgyand To = RB32 + -+ + RB,. Suppose f : T — M is a left R-homomorphism. Then
flr, = -y1 for some y1 € M,, by hypothesis and f|r, = -y» for some y» € M,, by induction hypothesis
. Thus Y1 — Y2 € TA{m(Tl ﬁTQ) =TMp, (T1)+T]\1(T2). So Y1—Y2 = 21+ 22 for some z; € TM,, (T1) and
22 € ru,, (T2). Lety =y1 — 21 = y2 + 22. Thenforany g € T, let 8 = 51 + B2, 51 € 11, B2 € Ta, Wwe
have B121 = 0, 8222 = 0. Hence f(8) = f(B1) + f(B2) = Biy1 + Bay2 = B1(y1 — 21) + Ba(y2 + 22) =
By + B2y = By. So (1) follows.
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(1) = (8). Without loss of generality, we may assume that P = (M & R™)/W, where W =
{f(a),—i(a)la € T}, g9(y) = (0,y) + W,a(z) = (z,0) + W forz € M and y € R™. Since M is
I-(m, n)-injective, there is ¢ € Homgr(R™, M) such that pi = f. Define h[(z,y) + W] =z + ¢(y) for
all (z,y) + W € P. Then it is easy to check that h is well-defined and ha = 1.

(2) < (10). It follows from the exact sequence

Hompz(V, E(M)) — Homg(V, E(M)/M) — Exty(V, M) — 0

and Theorem 2.4(5).

(10) = (9). Suppose M < M’, then M < E(M) < E(M'). Since M is I-(n,m)-pure in
E(M) and E(M) is pure in E(M"), M is I-(n,m)-pure in E(M") by Proposition 2.8(1). Note that
M < M' < E(M'"), by Proposition 2.8(2), M is I-(n, m)-pure is M’.

(11) = (10). Suppose that M is I-(n, m)-pure in M’ and M" is I-(m, n)-injective. Then for every
I-(n, m)-presented module rV, since M is I-(n,m)-pure in M’ and M’ is I-(n, m)-pure in E(M’),
M@V - M e@Vand M'®V — E(M')®V are monomorphisms. Thus the following commutative
diagram

MoV MoV
EM)®V EM) eV

gives thatthe map M ® V. — E(M) ® V is a monomorphism, and so M is I-(n, m)-pure in E(M). O

Corollary 3.3. Let M be a left R-module. Then the following statements are equivalent:

(1) M is (m,n)-injective.

(2) Ext'(V, M) = 0 for every (m,n)-presented left R-module V.

(B) raslen{a1, ..,am}t = a1 M + -+ + am M for any m elements a1, ..., am € R

(4) If z = (m1,ma,...,mn) € M, and A € R™*™ satisfy 1gn(A) C 1z~ (z), then x = Ay for
somey € My,.

(5) ra, (R"BN1gn{ai,...,am}) =rum, (B)+a1M +- - -+ a.n M for any m elements o, ..., am €
R, and B € R™*™.

(6) M is (m,1)-injective and ras,,, (K N L) = ru,, (K) +7um,, (L), Where K and L are submodules
of the left R-modules R™ such that K + L is n-generated.

(7) M is (m,1)-injective and rr,,, (K N L) = rur,, (K) +rum,, (L), Where K and L are submodules
of the left R-modules R™ such that K is cyclic and L is (n — 1)-generated.

(8) For each n-generated submodule T of R™ and any f € Hom(T, M), if («, g) is the pushout
of (f,1) in the following diagram

T — R™

i |s

M 2 P
where i is the inclusion map, there exists a homomorphism h : P — M such that ha. = 1.
(9) M is absolutely (n,m)-pure, that is, M is (n,m)-pure in each module containing M.
(10) M is (n,m)-pure in E(M).
(11) M is an (n,m)-pure submodule of an (m, n)-injective module. |

We note that the equivalence of (1), (3), (6), (7) in Corollary 3.3 appears in [11, Corollary 2.5 and
Corollary 2.10].
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Corollary 3.4. Let M be a left R-module. Then the following statements are equivalent:

(1) M is I-FP-injective.

(2) Ext'(V, M) = 0 for every I-finitely presented left R-module V.

(3) Every R-homomorphism from a finitely generated submodule of I™ to M extends to a
homomorphism of R™ to M, where N is the set of all positive integers.

(4) For any positive integers m, n, vy, 1gn{a1, ...,am} = aa M + - - - + a M for any m elements
Qlyeeey Oy € Iy

(5) For any positive integers m, n, if x = (mi,ma,---,my) € M, and A € I™*™ satisfy
1grn (A) C 1gn(z), then z = Ay for some y € M,,.

(6) For any positive integers m, n, rar,, (R"B N1gn{ai,....,am}) =rp,(B) + oM + - - + a M
for any m elements aa, ..., am € I, and B € R™*".

(7) For any positive integer m, M is I-(m,1)-injective and ru,, (K N L) = ru,, (K) + ru,, (L),
Where K and L are submodules of the left R-module I™ such that K + L is finitely generated.

(8) For any positive integer m, M is I-(m,1)-injective and r,, (K N L) = ru,, (K) + rum,, (L),
Where K and L are submodules of the left R-modules I™ such that K is cyclic and L is finitely
generated.

(9) For each finitely generated submodule T of I'Y) and any f € Hom(T, M), if (a,g) is the
pushout of (f,1) in the following diagram

fl lg

M —— P
where i is the inclusion map, there exists a homomorphism h : P — M such that ha = 1.
(10) M is absolutely I-pure, that is, M is I-pure in each module containing M.
(11) M is I-pure in E(M).
(12) M is an I-pure submodule of an I-FP-injective module.

Proof. Since M is I-F P-injective if and only if M is I-(m, n)-injective for every pair of positive
integers m, n, the equivalence of (1), (2),(4), (5), (6), (7), (8), (10), (11), (12) follows from Theorem
3.2.

(1) & (3), and (9) = (3) are obvious.

(3) = (9) is similar to the proof of (8) = (1) in Theorem 3.2. O

Proposition 3.5. Let{M,}.ca be afamily of left R-modules. Then the following statements are
equivalent:
(1). Each M,, is I-(m,n)-injective.
(2) TI Ma is I-(m,n)-injective .
acA
(3) ®aca My is I-(m,n)-injective .

Proof. ltis trivial. O

Corollary 3.6. Let {M,}aca be a family of left R-modules. Then the following statements are
equivalent:

(1). Each M., is I-FP-injective.

(2) TI Ma is I-FP-injective .

a€cA
(8) ®acaM, is I-FP-injective . O
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Recall that a submodule K of an R-module M is called small in M [9, 19.1], written K << M, if,
for every submodule L C M, the equality K + L = M implies L = M. Aring R is called semiregular
[17]if for any @ € R, R/Ra has a projective cover. A left R-module M is called semiregular [17] if for
any m € M, we have M = P & K, where P is projective, P C Rm, and Rm N K << K. By [17,
Lemma B.40, Lemma B.48], aring R is semiregular if and only if the left R-module r R is semiregular.

Proposition 3.7. If R is a semiregular ring, then a left R-module M is FP-injective if and only if it
is J-FP-injective.

Proof. Necessity is clear. To prove sufficiency, let N be a finitely generated submodule of a finitely
generated free left R-module F' and f : N — M be a left R-homomorphism. Since R is semiregular,
by [17, Lemma B.54], F' is semiregular. So, by [17, Lemma B.51], F = P @ K, where P is projective,
PC Nand NNnK issmallin K. Hence F = N+ K, N = P®(NNK),andso NN K is
finitely generated. Since M is J-FP—injective, there exists a homomorphism ¢ : F — M such that
g(z) = f(z)forallz € NNK.Nowleth: FF — M;z — f(n)+g(k), wherez =n+k,n € N,k € K.
Then h is a well-defined left R-homomorphism and h extends f. m]

4 [-flat Modules

Recall that a right R-module B is said to be flat if the functor B®r is exact, it is well-known that a
right R-module B is flat if and only if the canonical map B ® T' — B ® R is monic for every finitely
generated left ideal 7', if and only if Tor (B, V) = 0 for every finitely presented left R-module V. A
right R-module B is said to be n-flat [10, 18], if for every n-generated left ideal T, the canonical map
V®T — V ® Ris monic. 1-flat modules are also called P-flat by some authors [19, 20]. Following
Zhang and Chen, a right R-module B is said to be (m, n)-flat [8] , if for every n-generated submodule
T of the left R-module R™, the canonical map B® T' — B ® R™ is monic. It is easy to see that a
right R-module B is n-flat if and only if and only if it is (1, n)-flat, a right R-module B is flat if and only
if and only if it is (m, n)-flat for each pair of positive integers m, n if and only if it is (1, n)-flat for each
positive integer n. We extend the concepts of (m, n)-flat modules and flat modules respectively as
follows.

Definition 4.1. A right R-module B is said to be I-(m,n)-flat, if for every n-generated submodule
T inI™, the canonical map BT — B ® R™ is monic. A right R-module B is said to be I-flat in case
it is I-(m,n)-flat for any positive integers m and n.

Theorem 4.2. For a right R-module B, the following statements are equivalent:

(1) B is I-(m,n)-flat.

(2) Tor1(B, R™/T) = 0 for every n-generated submodule T of the left R-module I"™.

(8) BT is I-(m,n)-injective .

(4) For every n-generated submodule T of the left R-module I™, the map ur : BQ T —
BT;Y b ® a; — Y_ ba; is @ monomorphism.

(5) Forall X € B*, A € I"*™, if XA = 0, then exist positive integer | and Y € B',C € R™*",
suchthatCA=0and X =YC.

Proof. (1) & (2) follows from the exact sequence 0 — Tor; (B, R™/T) - B®T — B® R™.
(2) < (3) follows from the isomorphism Tor; (B, R™/T)" = Ext'(R™/T, B").
(1) < (4). Consider the following commutative diagram
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1p®ip

B®T —— B®R™

"Tl l"

BT VI, ym
,where o : b® (r1,--+ ,7m) > (br1,--- ,bry) is an isomorphism, and iy is the inclusion map. Then

it is easy to see that 15 ® ir is monic if and only if u7 is monic.

(4) = (5). Let X = (b1,ba, - ,by) and let A, As,---, A, be the row vectors of A, T" =
> ;-1 RA;. Write ¢; be the element in R™ with 1 in the jth position and 0's in all other positions,
j=1,2,...,n. Consider the short exact sequence

0> KSR L1550
where f(e;) = A; foreach j = 1,2,...,n. Since XA =0, by (4), >>7_,(b; ® f(e;)) = 227, (b; ®
Aj) =0asanelementin B®g T. So in the exact sequence

BoK "8 BoRr" 58" BeT -0

we have >, (b;®e;) € Ker(1p® f) = Im(1p®ix ). Thusthere existu, € B, kn € K,h=1,2,...,1
such that Z?:l(bj ®e]~) = Z;zl(uh ®kh). Let &k, = Z?:l chjej, h=1,2,...,1. Then Z;'l=1 Chja; =
diicnifle;) = f(kn) = 0,h = 1,2,...,1. Write C' = (cp;)in, then CA = 0. Moreover, since
S (b @eg) = S (un @ kn) = X (un ® (S0, enjey)) = S0y (4, uncny) ®e;), we have
b = Zlh:luhchj,j =1,2,...,n. Now, let Y = (u1,uz,--- ,u). ThenY € B'and X = YC.

(5) = (4). LetT = 377 | RX; be an n-generated submodule of rI™ and suppose A; =
S0 riiX; € Tobi € Bwith - biA; = 0. Then Y0 (30, birij) X; = 0. By (5), there exists
elements ui,...,unm € B andelements ¢;; € R(i = 1,...,m,j = 1,...,n) such that 37, ¢;; X; =
0 = 1,...,m)and X7 wci; = SoF  bir;(5 = 1,...,n). Thus, Y5 i@ A; = S8 b ®
O g Xs) = 0 (i bireg) © X = 0 (00 wacy) © X = 0 (wi @ Y0, ¢ X;5) = 0.
And so (4) is proved. a

Corollary 4.3. For aright R-module B, the following statements are equivalent:

(1) B is I-flat.

(2) Tor1(B, V) = 0 for every I-finitely presented left R-module V.

(8) BT is I-FP-injective .

(4) For every positive integer m and every finitely generated submodule T of the left R-module
I, themap ur : B&T — BT;> b; ® a; — Y. bsa; is a monomorphism.

(5) For any positive integers m, n and all X € B",A € I"*™, if XA = 0, then exist positive
integerlandY € B',C € R**™, such that CA=0and X =YC.

Remark 4.4. From Corollary 4.3, the I-flatness of B can be characterized by the I-F P-injectivity
of B*. On the other hand, by [5, Lemma 2.7(1)], the sequence Tor1(B™,V) — Ext'(V, B)T — 0is
exact for all finitely presented left R-module V, so if BT is I-flat, then B is I-F P-injective.

Proposition 4.5. iR is a semiregular ring, then a right R-module B is flat if and only if it is J-flat.

Proof. Clearly, flat module is J-flat. Conversely, if B is J-flat, then by Corollary 4.3, BT is J-F P-
injective. But R is a semiregular ring, by Proposition 3.7, B* is F P-injective, and so B is flat.
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Proposition 4.6. LetUj, < Ux.
(1) IfU/U" is I-(m,n)-flat, then U’ is I-(m,n)-pure in U.
(2) If U’ is I-(m,n)-pure in U and U is I-(m,n)-flat, then U /U’ is I-(m,n)-flat.
Proof. 1t follows from the exact sequence
Tory (U, R™/T) — Tory(U/U',R™/T) - U @ R"/T - UQ® R™/T
and Theorem 4.2(2). m]

Corollary 4.7. Let F be an I-(m,n)-flat module and K a submodule of F. Then F/K is I-(m,n)-flat
ifand only if K is I-(m,n)-pure in F. |

The results of following Corollary 4.8 are well-known.

Corollary 4.8. Let F be a flat module and K a submodule of F. Then the following statements
are equivalent:

(1) F/K is flat.

(2) KN FT = KT for every finitely generated left ideal T .

(3) KN FT = KT for every left ideal T.

Proof. (1) < (2). Since a module is flat if and only if it is R-(1, co) flat, so , by Corollary 4.7. F/K
is flat if and only if K is R-(1, c0)-pure in F'. Thus, by Theorem 2.4(4), we have that F/K is flat if and
only if K N FT = KT for every finitely generated left ideal T'.

(2) < (3). Itis obvious. O

Corollary 4.9. /-(n,m)-presented I-(m,n)-flat module is projective.
Proof. By Proposition 4.6(1) and Theorem 2.4(5). ]

Corollary 4.10. /-finitely presented I-flat module is projective. In particular, finitely presented flat
module is projective, and J-finitely presented J-flat module is projective. m]

Theorem 4.11. Every pure submodule of an I-(m,n)-flat module is I-(m,n)-flat. In particular, every
pure submodule of an (m,n)-flat module is (m,n)-flat.

Proof. Let A be a pure submodule of an I-(m,n)-flat right R-module B. Then the pure exact
sequence 0 —+ A — B — B/A — 0 induces a split exact sequence 0 — (B/A)* — BT — At — 0.
Since B is I-(m,n)-flat, by Theorem 4.2, B* is I-(m,n)-injective, and so A* is I-(m,n)-injective.
Thus A is I-(m,n)-flat by Theorem 4.2 again. m]

Corollary 4.12. Every pure submodule of an I-flat module is I-flat. O

Proposition 4.13. Let {M,}aca be a family of right R-modules. Then ®acaM, is I-flat if and
only if each M., is I-flat.

Proof. It follows from the isomorphism Tori (®acaMa, N) = @acaTory (My, N). O
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5 I-coherent Rings and /-semihereditary Rings

Recall that a ring R is called left coherent if every finitely generated left ideal of R is finitely presented,
aring R is called left J-coherent [6] if every finitely generated left ideal in J is finitely presented, a ring
R is called left Nil.-coherent [14] if every finitely generated left ideal in Nil.(R) is finitely presented.
We extend these concepts as follows.

Definition 5.1. Let R be a ring and I be an ideal of R. Then R is called left I-coherent if every
finitely generated left ideal in I is finitely presented.

Following [21], a ring R is called left min-coherent if every minimal left ideal of R is finitely
presented.

Example 5.2. A ring R is left min-coherent if and only if R is left Soc( r R)-coherent.

We note that since left J-coherent rings need not be left coherent [6, Example 2.8], and left min-
coherent rings need not be left coherent [21, Remark 4.2(1)]. So, a left I-coherent ring need not be
left coherent for any ideal I.

Recall that a left R-module A is called 2-presented if there exists an exact sequence F> — Fi —
Fy — A — 0in which every F; is a finitely generated free module.

Theorem 5.3. Let R be a ring and | be an ideal of R. Then the following statements are
equivalent:
(1) Ris a left I-coherent ring.
(2) For every positive integer m, every finitely generated submodule A of the left R-module I™ is
finitely presented.
(3) Every I-finitely presented left R-module is 2-presented.

Proof. (1) = (2). We prove by induction on m. If m = 1, then A is a finitely generated left ideal
in I, by hypothesis, A is finitely presented. Assume that every finitely generated submodule of the
left R-module 1™~ is finitely presented. Then for any finitely generated submodule A of the left R-
module I™. Let B = AN(Re1®---® Rem—1). Then each a € A has a unique expression a = b+repm,
where b € Rey & --- @ Rem—1,7 € R, Where e; € R™ with 1 in the jth position and 0’s in all other
positions. If ¢ : A — R is defined by a — r, then there is an exact sequence 0 - B — A AL =0,
where L = Im(y) is a finitely generated left ideal in I. By hypothesis, L is finitely presented, and
so B is finitely generated. Since B is contained in 7™}, the induction hypothesis gives B is finitely
presented. Therefore, A is also finitely presented by [9, 25.1(2)(ii)].

(2) = (1), and (2) < (3) are obvious. o

Let F be a class of R-modules and M an R-module. Following [22], we say that a homomorphism
@ : M — F where F € F is an F-preenvelope of M if for any morphism f : M — F' with F’ € F,
thereisa g : F — F’ such that go = f. An F-preenvelope ¢ : M — F is said to be an F-envelope if
every endomorphism g : F' — F such that gy = ¢ is an isomorphism. Dually, we have the definitions
of an F-precover and an F-cover. F-envelopes (F-covers) may not exist in general, but if they exist,
they are unique up to isomorphism.

Theorem 5.4. Let R be a ring and | be an ideal of R. Then the following statements are
equivalent:
(1) R is left I-coherent.
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@) lim Exth(V, M,) = Exth(V, lzl}Ma) for any I-finitely presented left R-module V' and direct
system (Ma)aca Of left R-modules.
() Torf (] Na, V) = [[ Torf(Na, V) for any family {N.} of right R-modules and any I-finitely
presented left R-module V.
(4) Any direct product of copies of Rg is I-flat.
) Any direct product of 1-flat right R-modules is I-flat.
6) Any direct limit of I-F P-injective left R-modules is I-F P-injective.
7) Any direct limit of injective left R-modules is I-F P-injective.
8) A left R-module M is I-F P-injective if and only if M is I-flat.
9) A left R-module M is I-F P-injective if and only if Mt is I-F P-injective.
10) A right R-module M is I-flat if and only if M is I-flat.
(11) Foranyring S, Torf(Homs(B, E), V) = Homs (Extk(V, B), E) for the situation (rV,r Bs, Es)
with V' I-finitely presented and Es injective.
(12) Every right R-module has an I-flat preenvelope.

(6
(
(
(
(
(

Proof. (1) = (2) follows from [5, Lemma 2.9(2)].
(1) = (3) follows from [5, Lemma 2.10(2)].
(2) = (6) = (7), (3) = (5) = (4) are trivial.

(7) = (1). Let V.= R™/T be an I-finitely presented left R-module, where T be a finitely
generated submodule of I™, and let (M.)aca a direct system of F P-injective left R-modules (with
A directed). Then lim M is I-F P-injective by (7), and so Ext'(V, @;LMQ) = 0. Thus we have a
commutative diagram with exact rows:

li_7>nHom(V, M) —— lzl}mHom(R yMy) —— lzi}Hom(T, M,) —— 0

g s K
Hom(V, lz_n)lMa) — Hom(R ,lzl}Ma) — Hom(T, lz_)mMa) — 0.

Since f and g are isomorphism by [9, 25.4(d)], k is also an isomorphism by the Five Lemma. So T is
finitely presented by [9, 25.4(e)] and then V is 2-presented. Hence R is left I-coherent.

(4) = (1). Let T be afinitely generated submodule of the left R-module I™. By (4), Tor1 (IIR, R™/T') =

0. Thus we have a commutative diagram with exact rows:

0 —— MMR)®T —— (IR)® R™ — (IR)® R™/T —— 0

I | B

0 —— nr — IIR™ — II(R™/T) — 0
Since f> and f3 are isomorphism by [22, Theorem 3.2.22], f; is an isomorphism by the Five Lemma.
So T is finitely presented by [22, Theorem 3.2.22] again. Hence R is left I-coherent.

(5) = (12). Let N be any right R-module. By [22, Lemma 5.3.12], there is a cardinal number X,
dependent on Card(N) and Card(R) such that for any homomorphism f : N — F with F' I-flat, there
is a pure submodule S of F' such that f(IV) C S and Card S < X,. Thus f has a factorization N —
S — F with S I-flat by Corollary 4.12. Now let {3} scr be all such homomorphisms ¢z : N — Sj
with Card S3 < X, and Sg I-flat. Then any homomorphism N — F with F' I-flat has a factorization
N — S; — F for some i € B. Thus the homomorphism N — IIgepSg induced by all ¢ is an I-flat
preenvelope since Ilsc5.S; is I-flat by (5).

(12) = (5) follows from [23, Lemma 1].

(1) = (11). Let V be any I-finitely presented left R-module. Since R is left I-coherent, V is
2-presented. And so (11) follows from [5, Lemma 2.7(2)].

(11) = (8). Let S = Z,C = Q/Z and B = M. Then Tor;(M™,V) = Ext'(V, M)™ for any
I-finitely presented left R-module V' by (11), and hence (8) holds.
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(8) = (9). Let M be a left R-module. If M is I-F P-injective, then M is I-flat by (8), and so
MY is I-F P-injective by Corollary 4.3. Conversely, if M+ is I-F P-injective, then M, being a pure
submodule of M (see [24, Exercise 41, p.48]), is I-F P-injective by Corollary 3.4.

(9) = (10). If M is an I-flat right R-module, then M is an I-F P-injective left R-module by
Corollary 4.3, and so M+*+* is I-F P-injective by (9). Thus M** is I-flat by Corollary 4.3 again.
Conversely, if M is I-flat, then M is I-flat by Corollary 4.12 since M is a pure submodule of M.

(10) = (5). Let {Na}aca be a family of I-flat right R-modules. Then by Proposition 4.13,
@acalN, is I-lat, and s0 (Maea NIV 22 (BacaNo) T is I-lat by (10). Since @aca NS is a pure
submodule of I, aNZ by [25, Lemma 1(1)], (ITaca NS )T — (®acaNI)T — 0 splits, and hence
(DacaNS) T is I-flat. Thus Haeca NS T = (@acaNJ)T is I-flat. Since ,ea N, is a pure submodule
of Taea NS by [25, Lemma 1(2)], [Ioea N, is I-flat by Corollary 4.12. O

Corollary 5.5. Let R be a left I-coherent ring. Then every left R-module has an I-FP-injective
cover.

Proof. let0 - A — B — C — 0 be a pure exact sequence of left R-modules with B I-F P-
injective. Then 0 — C* — BT — AT — 0is split. Since R is left I-coherent, B* is I-flat by Theorem
5.4, s0 C* is I-flat, and hence C is I-F P-injective by Remark 4.4. Thus, the class of I-F P-injective
modules is closed under pure quotients. By [26, Theorem 2.5], every left R-module has an I-F'P-
injective cover. O

Recall that a ring R is called left semihereditary if every finitely generated left ideal of R is
projective, a ring R is called left J-semihereditary [6] if every finitely generated left ideal in J is
projective. We extend these concepts as follows.

Definition 5.6. Let R be a ring and I be an ideal of R. Then R is called left I-semihereditary if
every finitely generated left ideal in | is projective.

Example 5.7. Recall that aring R is called left PS [27] if every minimal left ideal of R is projective.
It is easy to see that a ring R is left PS if and only if R is left Soc(r R)-semihereditary.

Let R be a non-coherent commutative domain and G a free abelian group with rank G = oc.
Then the group ring RG is left J-semihereditary but not left semihereditary (see [6, p.152]). So, a let
I-semihereditary ring need not be left semihereditary for a general ideal I.

Theorem 5.8. Let R be a ring and | be an ideal of R. Then the following statements are
equivalent:
(1) R is a left I-semihereditary ring.
(2) For every positive integer m, every finitely generated submodule A of the left R-module I™ is
projective.
(3) Ifo - K - P -V — 0is exact, where V is I-finitely presented , P is finitely generated
projective and K is finitely generated, then K is projective.

Proof. (1) = (2). We prove by induction on m. If m = 1, then A is a finitely generated left ideal
in I, by hypothesis, A is projective. Assume that every finitely generated submodule of the left R-
module ™! is projective. Then for any finitely generated submodule A of the left R-module I™.
Let B=AN(Re1 @ - ® Rem—1). Then each a € A has a unique expression a = b + re.,, where
b€ Re1® - ® Rem—1,7 € R, Where e; € R™ with 1 in the jth position and 0’s in all other positions.
If o : A — Ris defined by a — r, then there is an exact sequence 0 — B — A % L — 0, where
L = Im(y) is a finitely generated left ideal in I. By hypothesis, L is projective, so A = B @ L and
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then B is finitely generated. Since B is contained in I ~!, the induction hypothesis gives B, hence
A, is projective.

(2) = (1). ltis clear.

(2) & (3) . By the dual of Schanuel’'s lemma [9, 50.2(1)]. m]

Corollary 5.9. If R is a left J-semihereditary ring, then for every positive integer m, every finitely
generated submodule of the left R-module J™ is projective.

Corollary 5.10. If R is a left semihereditary ring, then every finitely generated submodule of a
projective left R-module is projective.

Theorem 5.11. The following statements are equivalent for a ring R:

(1) R is a left I-semihereditary ring.

(2) R is left I-coherent and every submodule of an I-flat right R-module is I-flat.

(3) R is left I-coherent and every right ideal is I-flat.

(4) R is left I-coherent and every finitely generated right ideal is I-flat.

(5) Every quotient module of an I-FP-injective left R-module is I-FP-injective.

(6) Every quotient module of an injective left R-module is I-FP-injective.

(7) Every left R-module has a monic I-FP-injective cover.

(8) Every right R-module has an epic I-flat envelope.

Proof. (2)=(3)= (4), and (5)=(6) are trivial.

(1)=(2). Let V.= R™/L be an I-finitely presented left R-module, where L is a finitely generated
submodule of I™. Then by Theorem 5.8, L is projective, and so finitely presented, it shows that V' is
2-presented, and thus R is left I-coherent. Let A be a submodule of an I-flat right R-module B, and
let m be any positive and T a finitely generated submodule of rI™. Then T is projective by Theorem
5.8 again, and hence T is flat. So the exactness of 0 = Torz(B/A, R™) — Tor2(B/A,R™/T) —
Tor1(B/A,T) = 0 implies that Tor2(B/A, R™/T') = 0. And thus from the exactness of the sequence
0 = Torz(B/A,R™/T) — Tori(A, R™/T) — Tor1(B,R™/T) = 0 we have Tori(A, R™/T) = 0, it
follows that A is I-flat.

(4)=(1). Let T be a finitely generated left ideal in I. Then for any finitely generated right
ideal K of R, the exact sequence 0 - K — R — R/K — 0 implies the exact sequence 0 —
Tor2(R/K,R/T) — Tor1(K,R/T) = 0 since K is I-flat. So Tor2(R/K,R/T) = 0, and hence we
obtain an exact sequence 0 = Torz(R/K,R/T) — Tori1(R/K,T) — 0. Thus, Tor;(R/K,T) = 0.
Note that T is finitely presented for R is left I-coherent, so T is a finitely presented flat left R-module.
Therefore, T is projective.

(1)=(5). Let M be an I-F P-injective left R-module and N be a submodule of M. Then for
any positive integer m and finitely generated submodule T" of rI™, since T is projective, the exact
sequence 0 = Ext' (T, N) — Ext*(R™/T, N) — Ext*(R™, N) = 0 implies that Ext>(R™ /T, N) =
0. Thus the exact sequence 0 = Ext!(R™/T, M) — Ext*(R™/T, M/N) — Ext*(R™/T,N) = 0
implies that Ext*(R™ /T, M/N) = 0. Consequently, M /N is I-F P-injective.

(6)=(1). Let T be a finitely generated left ideal in I. Then for any left R-module M, by (6),
E(M)/M is I-F P-injective , and so Ext' (R/T, E(M)/M) = 0. Thus, the exactness of the sequence
0 = Ext*(R/T, E(M)/M) — Ext*(R/T, M) — Ext*(R/T, E(M)) = 0 implies that Ext*(R/T, M) =
0. And so, the exactness of the sequence 0 = Ext'(R, M) — Ext'(T, M) — Ext*(R/T,M) = 0
implies that Ext* (T, M) = 0, this follows that T is projective, as required.

(2), (5)=(7). Since R is left I-coherent by (2), for any left R-module M, there is an I-F P-injective
cover f : E — M by Corollary 5.4. Note that Im(f) is I-n-injective by (5), and f : E — M isan I-F P-
injective precover, so for the inclusion map i : Im(f) — M, there is a homomorphism g : Im(f) — E
such that ¢ = fg. Hence f = f(gf). Observing that f : £ — M is an I-F P-injective cover and
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gf is an endomorphism of E, so gf is an automorphisms of F, and thus f : E — M is a monic
I-F P-injective cover.

(7)=(5). Let M be an I-F P-injective left R-module and N be a submodule of M. By (7), M/N
has a monic I-F P-injective cover f : E — M/N. Let 7 : M — M/N be the natural epimorphism.
Then there exists a homomorphism g : M — E such that = = fg. Thus f is an isomorphism, and so
M/N = Eis I-F P-injective.

(2)<(8). By Theorem 5.4 and [23, Theorem 2]. O

Corollary 5.12. The following statements are equivalent for a ring R:
(1) R is a left semihereditary ring.
(2) R is left coherent and every submodule of a flat right R-module is flat.
(3) R is left coherent and every right ideal is flat.
(4) R is left coherent and every finitely generated right ideal is flat.
(5) Every quotient module of an FP-injective left R-module is FP-injective.
(6) Every quotient module of an injective left R-module is FP-injective.
(7) Every left R-module has a monic FP-injective cover.
(8) Every right R-module has an epic flat envelope. m]

Corollary 5.13. The following statements are equivalent for a ring R:
(1) R is a left J-semihereditary ring.
(2) R is left J-coherent and every submodules of a J-flat right R-modules is flat.
(3) R is left J-coherent and every right ideal is J-flat.
(4) R is left J-coherent and every finitely generated right ideal is J-flat.
(5) Every quotient module of an J-FP-injective left R-module is J-FP-injective.
(6) Every quotient module of an injective left R-module is J-FP-injective.
(7) Every left R-module has a monic J-FP-injective cover.
(8) Every right R-module has an epic J-flat envelope. a

6 Conclusion

Let R be a ring and I an ideal of R . In this paper, we define and study I-pure submodules ,
I-F P-injective modules, I-flat modules , I-coherent rings and I-semihereditary rings, a series of
interesting results are obtained, some results generalize the well-known results on pure submodules
, F'P-injective modules, flat modules , coherent rings and semihereditary rings, respectively.
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