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We study the Cauchy problem of the three-dimensional full compressible Euler equations with damping and heat conduction. We
prove the existence and uniqueness of the global small HY (N > 3) solution; in particular, we only require that the H* norms of the
initial data be small when N > 5. Moreover, we use a pure energy method to show that the global solution converges to the constant

equilibrium state with an optimal algebraic decay rate as time goes to infinity.

1. Introduction

We study the following Cauchy problem of the full com-
pressible Euler equations with damping and heat conduction:
for (x,t) € R* x [0,00),

p, +div (pu) =0,

(pu), +div (pu® u)+VP = —apu,

(p&), +div (pu& + uP) = —apu’ + kA0,

(P2 16,0)(%, )]y = (P s 86) (¥) — (1,0, 1), [x|—c0.

(1)

Here, the unknown variables p=p(x,t),u=u(x,t),
0=0(x,t), P=P(x,t) denote the density, the velocity, the
absolute temperature, and the pressure, respectively. The
total energy per unit mass & = (1/2)|ul’ +e, and e is the
internal energy per unit mass. The constants « >0 and « >
0 are the friction damping coefficient and the thermal con-
ductivity, respectively.

The system (1) can be used to model a compressible gas
flow through a porous medium [1-3]. Assume that the gas
is perfect and polytropic, then

P=RpO=Ae5p", e=c0, ¢, = % , (2)
where S is the entropy, R > 0 and A > 0 are the universal gas
constants, y > 1 is the adiabatic exponent, and c, >0 is the
specific heat at constant volume.

We review the known results about the compressible
Euler equations with damping. There are a lot of research
works on the compressible isentropic Euler equations with
damping in dimension one. For the Cauchy problems,
readers can refer to [4, 5] for the existence of the global BV
solutions, to [6-11] for the global L entropy-weak solutions
with vacuum, and to [12, 13] for small smooth solutions. For
the initial-boundary value problems, readers can refer to [14,
15] for the existence of the global L* entropy-weak solutions
and to [2, 16, 17] for small smooth solutions. For the asymp-
totic convergence of solutions, we refer to [8-11] for L™
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entropy-weak solutions and to [13, 18-20] for small smooth
solutions. In addition, there are some results on the 1D com-
pressible nonisentropic Euler equations with damping (see
[1-3, 21-23]). The global existence and long-time behavior
of solutions to the multidimensional compressible isentropic
Euler equations with damping were studied by many
researchers (cf. [15, 24-35] and the references cited therein).
Recently, the free boundary problem of the Euler equations
with damping was considered (cf. [36-38]).

To the best of our knowledge, there are few results on the
three-dimensional full compressible damped Euler equations
(1). We first notice that the system (1) can be equivalently
reduced to the (p, u, 0)-system

p, +div (pu) =0,

\%
ut+u~Vu+R9—p +RVO = —au,
P

A0
c,0,+c,u-VO+RO divu=1c?,

or the (P, u, S)-system

¢, +R Rx
P,+u-VP+ X—Pdivu=—A6,
¢, ¢,
VP
u+u-Vu+ — =—au, (4)

A0
S;+u-VS=Rx—,
P

where p and 0 are given by

0= R_lAcv/(cv+R>PR/(c"+R) eS/(Cv+R) .
(5)

When x>0, Chen et al. [39] considered the (p,u,0)
-system (3) and then used Fourier analysis methods together
with energy methods to prove the global existence and time-
decay rates of small smooth solutions. For the case of ¥ =0,
the temperature equation in (3) has no dissipation, and thus,
the method used in [39] is not applicable. To overcome the
difficulties arising from the nondissipation of 0, the
researchers in [40, 41] studied the (P, u, S)-system (4) with
=0 and thus proved the similar results as the case of x> 0.
An important observation is that the linear parts of (P, u)
and S are decoupled in the linearized (P, u, S)-system, which
helps to derive the desired estimates as done in [40, 41]. With
regard to the corresponding initial-boundary value problem
for ¥ =0 in a bounded domain, Zhang and Wu [42] and Wu
[43] independently obtained the global existence and the
exponential stability of small smooth solutions.

In the present paper, we shall choose the (p, u, 6)-system
and prove the global existence and uniqueness of the smooth
solution to the Cauchy problem (1) near a constant equilib-
rium state (1,0, 1) for the initial data with various regulari-
ties. At the same time, we will use a pure energy method
developed in [29, 44] to derive the optimal time-decay rates

p = A7(E/(6HR) pe (e, R) = (S1(e, )
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of solutions as well as their spatial derivatives of any order.
Compared with the Fourier analysis method used in [39],
the pure energy method can be used to obtain the optimal
time-decay rates under the weak regularity assumptions,
which can be seen from I cH (1<p<2,0<s5<3/2) or
L? c B;)soo(l <p<2,0<s<3/2). As a byproduct, we give the
optimal LP-L9-type decay rates of solutions (see Corollary 3).

Notation. Throughout this paper, V¥ with an integer k >0
represents the usual any spatial derivatives of order k. When
k <0 or k is not a positive integer, V¥ means A* defined by
ARf=F1(E ¥ f), where & is the usual Fourier transform
operator and # ' is its inverse. We denote by I?(R*)(1<p
<00) the usual Lebesgue spaces with the norm ||-||;,. For sim-
plicity, we write ||-|| = ||| ;2. We use HY (R?) for some integer
N >0 to denote the usual Sobolev spaces with the norm
||| pv- We use H (R*)(s € R) to denote the homogeneous
Sobolev spaces with the norm ||-||;+ defined by || f|| 5+ = ||V*

fl|. It is clear for H® = o =12

We review the homogeneous Besov spaces. Let ¢ €
CP(R}) satisfy ¢(§) =1 if [§]<1 and ¢(§)=0 if [§]=2.
Define (&) = ¢(§) - $(28) and ¢;(§) = p(27¢) for jeZ.
Then, };z9;(§)=1 if &#0. Define Ajf = 97—1(%) * f.
For s€e R and 1<p<oco, we denote by B;’OO(]R3) the
homogeneous Besov spaces with the norm ||| B defined

by [|f B, T SupjeZZS]”Ajf”Lp'

We employ the notation A < B to mean that A < CB for a
generic positive constant C. We denote A ~ B if A<Band B
<A. We use C, to denote a positive constant depending
additionally on the initial data. For simplicity, we write
(A, B)||x = ||Allx + |IBllx and ff = JR3fdx. The notation
C*(0, T;X)(k>0) denotes the space of X-valued k-times
continuously differentiable functions on [0, T7.

The main results in this paper can be stated as follows.

Theorem 1. Let N > 3 be an integer. Assume that (p, — 1, u,,
0, — 1) € HY satisfying

1(Po = 1119, 0 = 1) | g < 8> if N =3, (6)

or

(2o = 1 ttgy Oy = 1)l < Bg»  if N4, (7)

for some small constant 8, > 0. Then, the Cauchy problem (1)
admits a unique global solution (p, u, 0)(t) such that for all t
20and3<E€<N,

t

12
1(p= 1w, 0= 1) (1) e + (JO(HVP(T)Hi;H + ||(”’V9)(T)qu€)df)
<Cll(po =1, g, 05 = 1| ye-

(8)
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Theorem 2. Under the assumptions of Theorem 1, if further
(py— 1, g0~ 1) € H ' for some s €[0,3/2), or (p,— 1, uy,
0, - 1) € B, for some s € (0, 3/2], then for all t >0,

Hv’(p— Lo- 1)(r)H <Cy(1+1) (92 g<I<N-1,

HVN(p— 1,0- 1)(t)” < Cy(1+ 1) ((N=14912)
©)

and

HVlu(t)H <Cy(1+18) (192 g j<N -2,
(10)
[ (VN 1, VNu) () || < Cp(1 + 1) ((N14972),

By Lemma 9 and Lemmas 13 and 14, we easily obtain the
following LP-L1-type decay rates.

Corollary 3. Under the assumptions of Theorem 2, if (p, — 1,
Uy, 0, — 1) € LP for some p € [1, 2], then for 2< q < oo,

Hvl(p ~1,0- 1)(t)H < Cy(1+ 1) AP (Wa)-(2) g1 <N -3,
L1

[Pato)], = o+ ey am-car-isn, 0<IsN-4
L1

||VN'3u(t) ||L‘7 <Cy(1+ )2 (tp)~(11)~(2N-5)/4)~(1129),
(11)
We give some remarks for Theorems 1 and 2 and Corollary 3.

Remark 4. From Theorem 1, when N >5, we only require
that the H* norms of the initial density, velocity, and temper-
ature be small, while the higher-order Sobolev norms can be
arbitrarily large.

Remark 5. We claim that the decay rates except the velocity u
in Theorem 2 and Corollary 3 are optimal in the sense that
they are consistent with those in the linearized case.

Remark 6. By Corollary 3, we prove the optimal L”-Li-type
time-decay rates without the smallness assumption on the
LP(1<p <2) norm of the initial data.

Remark 7. Compared with the decay results of the full
compressible Navier-Stokes equations [44, 45]

l(p-1w-1) <Cy1+5 D, (12)

the density and temperature of the full compressible damped
Euler equations have the same decay rates (see (9) with /=0
and s = 3/2); however, the decay of the L? norm of the veloc-
ity is improved to (1 + t)_(5/4) (see (10) with [=0and s = 3/2)
due to the damping effect.

Remark 8. With regard to the initial-boundary value problem
of the three-dimensional full compressible damped Euler

equations (1), the case of x =0 was solved in [42, 43], and
the corresponding (P, u, S)-system was adopted. For the case
of k¥ > 0, we believe that it is more convenient to deal with the
(p, u, 0)-system, which is a forthcoming work.

The arrangement of this paper is as follows. In Section 2,
we list some useful lemmas which will be frequently used. In
Section 3, we establish some refined energy estimates (see
Lemmas 17-19) which help us to derive important energy
estimates with the minimum derivatives counts (see Lemma
20). Then, we prove the global solution (Theorem 1) and the
time-decay rates (Theorem 2) in Sections 4 and 5, respectively.

2. Preliminaries

In this section, we will give some lemmas which are often
used in the later sections. We first recall the Gagliardo-
Nirenberg-Sobolev inequality.

Lemma 9. Let 0<m, a <, and 2 < p < co. Then, we have

o m g 1-9 gl 9
19 e < 1901 |[9'f| (13)
where 0 <9< 1 and « satisfy
+3 L 1-9)+19 (14)
o 3 1—)—m( )+ 19.

Here, we require that 0<9<1, m<a+1, and |>a+2,
when p = co.

Proof. (see [46], Theorem, p.125).
We give the commutator and product estimates.
Lemma 10. Let m be an integer. Define the commutator
(V" flg=V"(f9) - fV"g. (15)
Then, we have for m> 1,
V™ F1gl e < IVA o (19 + 1V F s Gl o> (16)
and for m >0,
V"D < NNl VGl + IV Fllipa 1G] o> (17)

where D, p;> Py P3Py € [1,00] and 1/p=1/p, + 1/p,=1/p,
+ 1/p,.

Proof. (refer to [47], Lemma 3.1, or [48], Lemma A.4).

The following lemma gives the convenient Lf estimates
for well-prepared functions.

Lemma 11. Assume that ||0||;» <1 and ||®|;= <1. Let g
(0, ®) be a smooth function of @, ® with bounded derivatives
of any order, then for any integer k> 1 and 2 < p < oo,



|[oteon], <[], <[], a9

Proof. (see [49], Lemma A.2).

As a byproduct of Lemma 11, we immediately have the
following.

Corollary 12. Assume that ||Q||,~ < 1. Let g(Q) be a smooth
function of @ with bounded derivatives of any order, then for
any integer k> 1 and 2 < p < 0o,

(19)

V(9@ = |[*e

Lf’.

Finally, we list some useful estimates or interpolation
inequalities involving negative Sobolev or Besov spaces.

Lemma 13. Let 1<p<2 and 1/2+s/3=1/p. Then, 0<s
<3/2 and

A1l < [1f [l (20)

Proof. Tt follows from the Hardy-Littlewood-Sobolev theo-
rem (cf. [50], Theorem 1, p.119).

Lemma 14. Let 1<p<2 and 1/2+s/3=1/p. Then, 0<s
<3/2 and

If1

52, < IIfl (21)

Proof. (see [51], Lemma 4.1).

Lemma 15. Let s > 0 and [ > 0. Then,

el e 5=ty
Proof. (see [44], Lemma A.4).
Lemma 16. Let s > 0 and | > 0. Then,
HvlfHsHv’”fHI_SHﬂg;;, 9=l+51+1. (23)

Proof. We refer to [51], Lemma 4.2, by noting that B;; C B;fq
for p<q.
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3. Energy Estimates

By a simple calculation, the Cauchy problem (1) becomes
p, +div (pu) =0,

v
ut+u-Vu+R0—p +RVO = —au,
p

A0
¢,0,+c,u-VO+ROdivu=x—,

(P> ,0)],.9 = (Po> o> 00)-
Without loss of generality, we assume R=¢,=a=x=1
and choose the constant equilibrium state (1,0, 1). Define

the perturbations

e=p-1, u=u-0, ®@=0-1. (25)

Then, problem (24) is reformulated as

0, =-u-Vo—(1+q)divu,

©, - A =—u-VO - (1+0) divu- —> A6,
1+0

(@ 1, O) |,y = (o tg> Op) = (py — 1, 14y, 0y — 1).
(26)

We will derive the a priori estimates for the problem (26)
by assuming that for sufficiently small § > 0 and some T > 0,

sup [|(Q, 4, ©)(t)[| ;v <6, (27)

0<t<T

where N =3 or 4. By Sobolev’s inequality, (27) implies

<l+4g< <1+0< (28)

>

N W
N =
N W

N —

First, we derive the energy estimates for (g, u,®) up to
order N — 1, which contain the dissipation estimates for u
and © up to order N — 1 and N, respectively.

Lemma 17. Let N > 3 and 6 < 1. If sup_,_r|| (0, t, ©)(t) || s
<6, then for 0O<Sk<N -1,

d 2 2 2 2
EHV"(Q,L{,@) +Hvku +HV"”® SSHV"”Q )

(29)

Proof. 1t is trivial for k = 0. Next, we will prove (29) for 1 <
k<N-1. Applying V¥ to (26),, (26),, and (26); and
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multiplying the resulting identities by V¥, V¥u, V¥®, respec-
tively; summing them up; and then integrating over R* by
parts, we get

2 2 2
P o)« [ +|[7e]
®-
—J vk div (ou) -VkQ—J vk (u -Vu+ QVQ> -Vky
1+¢@
—J vk div (Ou) -V"@—J vk (QA®> Vk©
1+¢@

=1+, +15+1,.

il

(30)

Now, we estimate the terms I,-I,. For the term I, by
integrating by parts; Holder’s, Sobolev’s, and Cauchy’s
inequalities; and (17) of Lemma 10, we obtain

= J VK div (ou) -V Ag

<7 [+

< ([¥*e] e+ et [ ) [

sa(vaQ; 7).

For the term I,, by integrating by parts; Holder’s,
Sobolev’s, and Cauchy’s inequalities; Lemma 10; and
Corollary 12, we obtain

‘ (31)

JVk(u-Vu)~Vku:J(u AT Vku+{ } V- Vhu )

1 2
_Ej div u’Vku‘ +j [V", u] ViV

2
ctawate [l + 3] ]

< ull VkuH2+HVu|Lm v’mHz
<o
(32)
7 (Treve) s (Trgwe) I
sl (ee) |7 (er) ) I
(|7 () o+ [5] Iel.. )]
(Gl et e
so( [P o) ).
(33)

In light of (32) and (33), we have

Izs(s(va@,@)HzHvkuw). (34)

2). (35)

For the term I,, by integrating by parts; Holder’s,
Sobolev’s, and Young’s inequalities; Lemmas 9 and 10;
and Corollary 12, we obtain

As with the term I,, we obtain

2
Igga(val@H o7

J vk 1<7A@) VElA@ < ||k 1(1 Q A@) H| Vk+1®H
< <|Ivk 1< )IILbllAG)IILs +||_||L |vk+1@”>‘ Vk+1®H
k k .
< ([[v*efIvell,: + lelle v +1@|))\v "o
|Vk+1 |k/(k+1 [V || vk1g ‘1/(k+1) (k1) /2k®Hk/ (k+1) V"“@H +6’ v"“@HZ
<[(e©®) ||H1( vkt ‘+ ) Vkﬂ@H)‘an@H +6| VM@H
‘an H
(36)

Plugging the estimates for I, -1, into (30), we deduce (29).

Next, we derive the N-th-order energy estimates for (g,
u,®), which contain the dissipation estimates for 4 and ®
of order N and N + 1, respectively.

Lemma 18. Let N > 3. Then, we have

d
dt

% (37)

| @+ v+ 7o) <o) @ 0)

under the assumption of

sup [|(@ u, ®)(t)|| s <0< 1, if N=3 (38)
0<t<T

or
sup ||(@ , O)(t)||s <O <1, if N24. (39)
0<t<T
Here,
1+0
GN(t) = {VNQ| (1+Q)|V¥ div u‘

(40)
+ |VN_1 curl u| +

Proof. We first prove (ii). For equations (26),-(26),, computing

J{HCVN
1+0
1+Q N N
V'O .- VT (26
2 (26),

Q- VV(26), + (1+ @)V div u- V" div (26),

(41)



and integrating by parts, we have

1d ([1+0,_y 2
EEHHQW ¢l

+(1+)|VV" div u‘z +

+Q |VN+1 } }

g
%” <1+@>\ng} +atQ|VNld1vu| +d <“Q>|vN@|}
-

1+0
{ TE9Ng- VN((1 + @) div 1]

|:1+Q ‘VNldlvu|

1+0
+(1+QV¥ ! divu.vV! div< * Vg)}
1+Q

l{(1+Q)VN Udiv u - VN- 1A@+ VN® VN[(1+®) dlvu]}

—Jv<_1 Q)-vNe‘vN“@—‘—vN
1+0

' (1+Q) VNV div u- VN div (u- Vu)- [ +QVN®~VN(u-V®)
8

140
1
+Q RGO <LA®)
+0
i=1

Q-VN(u-VQ)

Ji.

(42)

Now, we estimate the terms ], -J5. By (26),, (26)5, (28), and
Holder’s and Sobolev’s inequalities, we have

< (1041 + el )| V¥ (@ w @)

< (1@ ®) s + 1©]) [V (@u @) (43)
<8||7 (0 w.)]".

By the commutator notation (15), the commutator estimate
(16), integrating by parts, and Lemma 11, we have

J,= —J [(1+©)VVo - VN divu+ (1+O)VN" div u- V¥ Aq|

1+0
—J{ * Vo [VV, 1+¢] divu+ (1+VV " divu

1+p
: {VA“ div, ﬂ} VQ}
1+0
< J |V@||vNQ||vNu\+J 19V |7, 1
+Q]Vu|+J|VNu| {VN :ﬂ Q‘
<190 [V | V*ul | + [V [| 7% 1
- Qv + |74 [VN ”@} H

<[[VO o [[FVu]| [ VY| + ([ V¥l (I Vel o |7V

1+0
+ |7V [[Vadll) + |7V H(H ( )H 7%

N
|7 (552) el

SS”VN(Q, u, ®) ” >
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]3:—J (1+Q) V¥ divu-VN"'A® + (1+)VVO- VN div u
1
~ | 8o, [vV,1+0) divu
1+0
SJ

+ | [VVO||[VN,1+06]Vy|

Vo||[VVO|IVN! div u |

< [Vl | [ VO [[V7u]
+ VYO (IVO o[V u]| + [ V¥ O Vel .0)
< 8|V (w,0)||".
(44)

By Holder’s, Sobolev’s, and Cauchy’s inequalities and
Lemma 11, we obtain

As)

1+Q ) + 2
v<l+®>”L3HvN®||L6HvN 1®Hs8||vN 1@” '
(45)

By Lemma 10, integrating by parts, and Holder’s, Sobolev’s,
and Cauchy’s inequalities, we have

1+0
]5=—J 1: VYo V¥ (u- Vo)
1(1+0G 2 1+0G
:_EJ 1+Qu V|VNQ‘ —J 1+QVNQ.[VN,u].VQ
= EJ div (1+®u>‘VNQ|2—J —1+®VN
2 1+0 1+0

<8[[vNe||” + [|¥el[[| [v", 4] - Ve
<8[|VVe|l” + [|VNel| (IIVal o [ VVe]| + | VVu| [ Ve )
<8 VN (e u)||".

Q-[VN,u}-VQ

(46)
Note that
div (u-Vu)=Vu: (Vu)" +u-Vdiv u, (47)

where the double dots : mean that A : B=Y. -1 a;;b;; for two
3 x 3 matrices A = (a;;) and B = (b;;). By Hélder’s, Sobolev’s,
and Cauchy’s inequalities and Lemma 10, we estimate

]6:_ (1+Q)VN_1 diVl,{-VN_1 div (uvu)

=—1( +Q)VN_1 div u- VN1 [Vu : (Vu)T +u - Vdiv u}

| 1+ vV div - VN [Vu : (Vu)T}

—J (1+ Q)VN_I div u - VN_I(u - Vdiv u)
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—J (1+Q)VN " divu- V! [Vu : (Vu)T}
J (1+Qu- V|V div u|’
(1+QV¥ " divu- [VV, u] - Vdiv u

- | @+V¥ ! divu- VN 1[Vu (Vu)T}

N|-%% NI'—‘

J div [(1+0)u][VV! div u|”

—J (1+QVN " divu- [V, u] - Vdiv u

<[V div u |V [u: (V)]

v [(1+ Qo [V div

+ ||V div ||| [V ] - Vdiv ul|

< [Vl 9l ]9 + 0|

9] (|9 ViV + [Vl |9V v )

S6HVN

J

~

1+0
<[[viel|[|vi(u-vo)|
<[[VYO| (Il [V O + [V u][| O )
sa(HvN(u, o) + |}VN+1®||2).

1
=—J "o 9Ne. vV (4. ve)

By integrating by parts and by the product estimates (17) of
Lemma 10 and Corollary 12, we have

I+0 N[ Q
=— Ve .V | —A®
Js J1+® (1+Q )

div <1+QVN®) VN*(LA@)
1+@

(e e rree] v ()

Hv( E)H ||VN@||L6+||VN“@||> - <%A®>H

7(ixe)] 17l Iv*el)

(|7 (75| 14t + o9

‘ (@, ® ”H’HVNH@” + HVN+1@H ”VNQ””@H}P + ”Q”H‘HVNH@H
5(I5"elf + [ o)

N

A

i
J
(
(

I/\

(49

~—

Plugging the estimates for J, -] into (42), by (28), since § is
small, we deduce

7
d 1+0 2 1o g2 2
aj [1+Q|vNQ| (L4 Q) [V div uf + 0|
+ |V div || + ||V
SSHVN(Q,u,Q)HZ.
(50)
Rewrite (26), as
-0
ut+u:—VQ—V®—u‘Vu+Q1+QVQ. (51)

Applying curl to (51), we obtain

e
(curl u), +carl u=— curl (u-Vu)+V (Ql+Q> x Vo, (52)

where x represents the cross product of vectors. Applying
VN1 to (52), multiplying the resulting identity by VN™! curl u
and integrating over R, we obtain

1d

EEJ ‘VN_l curl u|2 + HVN_I curl qu

= —J VN1 curl (u-Vu) VN curl u

+J vy {V (ﬂ) X VQ] VN curl u
1+0

=Jo+ 1o

(53)

By Holder’s, Sobolev’s, and Cauchy’s inequalities and
Lemmas 10 and 11, we estimate

Jo= —J VN carl (u- Vu) - VN curl u

1
=—_|u-V
:|

1t
:—J div u
2

vV curd u|2—J [VN’I curl, u] Vu-VV 1 curl u

vV curl u|2—J [VN’I curl, u} Vu-VV curl u
SSHVN’I curl u”2+J |[VN, u} ~Vu||VNu|

<8V curlu” + | [v¥,u] - |7
< 8[|V curl ul|* + || V| o [PVt ]| < 8] 9Vu |,

_ Q-0 _
]10=JVN l{v<m) va} VN curl u

< [|[VA {V <Ql +f) X VQ:l HHVN" curl u||

s( VN<1+Q)H“ Qg -
H ( )H [Vl VN curl ul|

< (IV"(@ ©)llell + 1@ ©) [Vl )[|V™u]
<8||VV (e wO)||".




Plugging the estimates for J4—J,, into (53), we obtain

G| 19wt |9 cart P <59 @ 0) .
(55)
Adding (55) to (50), noting
IV¥ul[* = 9% div ul| + |V curl ', (56)

since 6 is small, we deduce (37).

Now, we prove (i). Note that all the estimates for J,-/,,
in the proof of (ii) also hold under the assumptions of N =
3 and sup,_,.r|/(e, u, ®)(t)|| s < 8. Next, we only need to
estimate the term ], for N =3 under the condition of
supo<,<rll(Q 1, ®) (1) ;s < 8. Note that from (26), ,

o, =—Qdivu—divu—u-Vq,

, _ 1 (57)
O,=-u-VO-divu-0divu+ — AB.
1+0

For N =3, if sup,_,.;|/(Q, u, ®)(t)| > <J, then we can
estimate

1 1+0 2 . 5 1+Q ,
]1:§J |:at(1+Q)|V3Q| +atQ|V2 d1vu| +at(1+@)w3®| ]

< (1010 + ll@ill) ]|V (@ . ©) |

< (llQll o 1Vl oo + V8] oo + 18] o ViRl |V (@ 4, ©)
([l 19O o + V3t o
1O o [Vat] 1) |V (@ ©) |
+7°0] [V (@ w O)|

<9IV (e u,@)H2 +

[V (@ 0)
<3(IIv @ w o) + V6] ;)

|v’e

<8(|v@ue) +[v'e*).
(58)

where we have used the interpolation estimate

1/2

vie|™. (59)

1/2
Ve <[vel ™

Thus, combining the new estimate (58) with the esti-
mates for J,-J,, with N =3, we can deduce from (42) that
(37) holds for N = 3.

We shall derive the dissipation estimates for @ up to
order N.
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Lemma 19. Let N > 3 and 6 < 1. If sup_,7||(Q, 4, ©)(t) | ;2
<6, then for 0OSk<N -1,

%J Viu - VVRo + Hvk”g ‘2 < HVkuHZ + Hvk”(u, @)HZ.
(60)
Proof. Rewrite (26), as
Vo =i, - u-VO — u-Vu+ > Vo. (61)
1+0

Applying V¥ to (61) and multiplying the resulting iden-
tity by VV¥Q and then integrating over R® by parts and by
Holder’s and Cauchy’s inequalities, we have

Hvk+1Q ‘2

2
< —J 3,Vku - VVko + Hv"uH
vk <Q _®VQ)
1+0

By (26),, we integrate by parts to obtain

2

2 2
+||[vre| | vEw vi |+

(62)

[ d
—J athu~VVkQ=——dt
d [ ok k k 3;
=7 Viu - VVia+ | Vi divu

- |V div u + V¥ div (Qu)}
d

S _
dt
d

2 2
<o | Vo vRes Hvk“uH + SHV"”(Q, 1)

VEu - vka+J Vku . vk,

2 2
Vku . vvko + Hvk“u ’ + Hvk“(gu)H

>

(63)

where we have used the product estimates (17) of Lemma 10
to estimate

95 ou)|| < el [ 741

‘+ HVkHQ

[l =87 @ 1)
(64)

By Lemmas 10 and 11, we have

k k k k
<t [ 0, <]

-0
(520 ton

vk Q-®
1+0

s&Hvk“(Q,@)H.

(65)

Vel (66)

LG

+

Plugging (63)-(66) into (62), we deduce (60).
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Finally, we collect all the dissipation estimates for (g, u,
®) in Lemmas 17-19 to derive the following energy inequal-
ity with the minimum derivative counts.

Lemma 20. Let N > 3 and T > 0. Then, there exists an energy

functional & (t), which is equivalent to ||V'(q, u, ®)(t) ||12LIN71,
such that for any t € [0, T] and 0<I<N -1,

d gN Hvlﬂ

<0,
dt

HN-!

(67)

s+ o],

HN HHN’

under the assumption of

sup |[(e> 4 ©) (1) [ <0 < 1,

0<t<T

if N=3,  (68)

or

sup [|(@u, ®)(t) ||, <8 < 1,

0<t<T

if N>4. (69)

Proof. Let N>3 and 0</<N-1. Summing up (29) of
Lemma 17 from k=1to k=N —1 and adding the resulting
identity to (37) of Lemma 18, since § is small, we obtain

4 tesornf. o]
+C1<Hvlu(t H HVm@ )’

2
< C25HVH1Q(1‘)’

N

. ) (70)

Summing up (60) of Lemma 19 from k=1/to k=N -1,
we obtain

d

SN

2
J Z VEu - Vo + C, Hvl“ ’

HN—I—l
_QQWMq

HNZ—)

Multiplying (71) by 2C,6/C; and then adding it to (70),
since 6 is small, we deduce

(71)

va@ ‘

HN!

& [Hvl(g, 0)()

2 N 2G,0 k. yyk
Hwﬁ[@ (0)+ &~ JZV -VVkg

3 k=1
HNI)

(72)

ea([ecn];

<0.

g ACCTWR Ll)

HN--1

9
We define
N 1 I 2 N
&Y (1)= HV(Q,u,ca)(t)(HMJr GV (1)
(73)
2C N-1
2 J > Vku.vvk }
G k=l
Note that
eN(t) = |VNQ‘ (1+9)|V¥ " div u| |V curl u 2y %}VNGF.

(74)

By (28) and (56), since § is small, we can deduce from
(73) to (74) that there exists a positive constant ¢ such that
for any t € [0, T],

2 2

ewen|,

<& <ch (0 1 O)(t )’

(75)

Hence, the proof of Lemma 20 is completed.

4. Global Solution

In this section, we will prove the existence and uniqueness of
the global solution, namely, Theorem 1. We first record the
local solution (cf. [52]).

Proposition 21 (local-in-time solution). Let [ = 3 or 4. Assume
that (Qy» uy ®,) € H' and inf  p:{Q,(x) + 1} > 0. Then, there
exists a constant T > 0 such that the Cauchy problem (26)
admits a unique solution (Q, u, ®)(t) € &(0, T ; H') satisfying

inf  {o(x,t)+1}>0,

x€R3,0<t<T

sup [|(Q: 1 ©)(1)]| = Cyll(Qo» tg» Op)| 1>

0<t<T

(76)

where C,; > 1 is some fixed constant. Here,

&(0.T:H') = {(0 1 O)(x 1): (Qu)(x1)
e (o, T;H’) nc! (o, T;HH), Ox, 1)
€ co(o, T;H’) nct (o, T;Hl‘2>}.
(77)

Then, we construct the a priori estimates by using the
energy estimates given in Lemma 20.

Proposition 22 (a priori estimates). Let N>3 and T > 0.
Assume that for some sufficiently small § > 0,

sup [[(Q t, ©)(1)]| ;2 <6,

0<t<T

if N=3, (78)

or



10

sup [|(Q @) (1)« <6, if N>4. (79)

0<t<T
Then, we have for any t € [0, T| and 3<€<N,

t

1/2
e @)1+ ([ (el + [mve)1E) )

< G,|I(Qp» o> B9) || ge
(80)

where C, > 1 is some fixed constant.

Proof. Let N >3 and 3 <€ < N. Letting =0 and N = ¢ in (67)
of Lemma 20, we obtain

%%g(t) VRO + 1(wYO) (D)7 0. (81)

Integrating (81) in time, we obtain
t
olt) + L (Va3 + (YO (1) :) dr < E;(0).
(82)

Letting I =0 and N = ¢ in (75), we obtain for any € [0, T|
and some ¢ > 0,

e ®) Ol < B0 <cl(@ OO (83)

We immediately deduce (80) from (82) to (83).

Finally, we perform a continuous argument to extend the
local solution given in Proposition 21 to the global one. We
only consider the case N > 4. It is similar for N = 3.

Let N > 4. Assume (Qy, 4y, ©,) € HY satisfying

1)
[ (Qo> 10> Bp) ||+ < oo (84)
1¥2

where C, >1,C, > 1,8 >0 are given by Proposition 21 and
Proposition 22. Since

1)
[1(Qo» 4> ©) ||+ < ol (85)
1

by Proposition 21, there exists a constant T, > 0 such that the
Cauchy problem (26) has a unique local solution

(0 u®)(t) € &(0, T, ; HY), (86)
which satisfies

(@ @) ()] g+ < Cy|(Qo> U ®y) || g+ <8, VEE[O, T].

(87)
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By (87) and Proposition 22, we obtain for any t € [0, T} ]
and 3<¢<N,

1@ 5 ®)(1)l < Coll oy Ol (88)

which, together with (84), implies

(@ 1 ®) (T < Cﬁ (89)

(0, u, ®)(T,) € HY,

Then, choosing T, > 0 as the new initial time instant, by

Proposition 21 again, we obtain that the Cauchy problem
(26) has a unique local solution

(@ u,0)(t) € &(T, 2T, ; HY), (90)

such that
1(@ 4, ®)(t) || < Cul[(@ t, O)(T1) [ <6, VL€ ([T, 2T].
(91)

From the above, we have proven that the Cauchy prob-
lem (26) has a unique local solution

(@ u,0)(t) € &(0,2T, ; H*), (92)

such that

(@ u, ®)(t)|| <O, Vte[0,2T,]. (93)

By (93) and Proposition 22, we obtain for any ¢ € [0, 2T
and 3<¢<N,

||(Q, u, @)(t)”He SCZH(QO’ u(),@())HHh (94)

which, together with (84) again, implies

(01 ®)(2T)) € H, |0 4 ©) (2T} s < Ci (95)

By repeating the above procedures, we can extend the
local solution to the global one only if (g, 4y, ®,) € HY (N
>4) satistying that [|(Qg, t4p, @) ||+ is suitably small, as
(84). So, we can choose §, =8/C,C, in Theorem 1. Hence,
the proof of Theorem 1 is completed.

5. Time-Decay Rates

In this section, we shall derive the time-decay rates (9) in
Theorem 2. We first show that the negative Sobolev or Besov
norms of the solution (@, #, ®)(t) can be controlled by the
initial data.
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Lemma 23. Under the assumptions of Theorem 1, if further
(Qp» g @) € H for some s €[0,3/2), or (Qp> g, @) € B,
for some s € (0, 3/2], then for all t > 0,

(@1 8)(1) [l < Co» (96)

or

(@ % ©) (1) < Co (97)
Proof. As with [29], Theorem 1.2, (1.7)-(1.8), we omit the
details.

To derive the time-decay rates of the solution and its
higher-order derivatives, we prove the following differential
inequality with respect to time.

Lemma 24. Let N > 3. Under the assumptions of Theorem 1, it
holds that for allt >0 and 0<I<N -1,

RCR Ll RS LC WS L WL
(98)

where
&'t~ Ve e ;1 (99)

Proof. It follows from Lemma 20 and Theorem 1.

Now, we can use Lemmas 23 and 24 to prove the time-
decay rates (9) and (10) in Theorem 2.
For 0 </< N -1, by Lemmas 15 and 16, we have

1+(1/( l+s))

vafH ||f|| (U(H9)) (100)

i

—(1/(1+s)) 1+(1/( l+s))

(101)

7] = e

Combining Lemma 23 with (100) and (101), we have

1+(1/(1+5))

[v"'@0)| = ¢V (102)
This together with (8) infers for 0<I<N -1,
2
700+ [+ [ 00
H HY H
1 5 +(1/(I+s)) (103)
CO(HV (0, u, @)‘ HN’> .

From the differential inequality (98) of Lemma 24, we
obtain for 0<I/<N -1,

d :
SNty + Co (&N (1) <0,

o (104)

11

Solving the above inequality directly, we get for 0 <I<
N-1,

&Y (1) <Co(1+1)" "), (105)
By (99), we have for 0<I< N -1,
2
Hvl(g, wO)(1)||  <Col+ty ™. (106)

Higher decay of the velocity u. Referring to (51), we know
that the velocity u satisfies

-®
U+ u=-Vo-VO - u-Vu+ X" vq. (107)
1+0

Let N >3 and 0 </< N - 2. Applying V' to (107), multi-
plying the resulting identity by V'u and integrating over R,
by Holder’s inequality, we obtain

) [P+ [ <

o)
V’(VQ,V@,u-Vu,Q VQ)HHVZM
1+0

(108)
which infers
%HV’uH2+HVluHZS v’(vQ,V(a,u-Vu,Ql;va) ’
<[ o) + e v Ol v @w0)|
< Cy(1+1£) 1%
(109)

by Cauchy’s inequality, Lemmas 10 and 11, and (106).
Applying Gronwall’s inequality to (109), we obtain for 0 </
<N-2,

2 2 f
Hvlu(t)H SHVluOH e+ C, j e (14 1) ) g

0
< Co(1+1) 1),

(110)

Thus, we can deduce the decay rates (9) and (10) from
(106) and (110). Hence, we complete the proof of Theorem 2.
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