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Abstract

Analytical functions which fit the probability distributions of stars and galax-
ies can provide insight into how these distributions originate. In order to in-
troduce a truncated version of the Gompertz distribution, we derive its prob-
ability density function, its distribution function, its average value, its second
moment about the origin, its median, its random generation of values and a
maximum likelihood estimator for its two unknown parameters. The astro-
physical applications of the Gompertz distribution are the initial mass func-
tion for stars, the luminosity function for the galaxies of the Sloan Digital Sky
Survey, the photometric maximum of galaxies visible in the GLADE+ catalog
and a model for the mean absolute magnitude in the GLADE+ catalog as a
function of the redshift.
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1. Introduction

The Gompertz distribution [1], taking values in the interval from zero to infinity,
is a continuous probability distribution that has an exponentially increasing
failure rate. The death rate of adult humans increases exponentially, so the
Gompertz distribution is widely used in actuarial science. We now outline some
applications in physics. The phenomenon of the oscillatory behavior of the
counting statistics observed in high energy experimental data is explained by the
the shifted Gompertz distribution [2]. There is a two-component model in
which a probability distribution function obtained from the superposition of two
shifted Gompertz distributions explains the multiplicity distributions of charged
particles produced in e" —e~ collisions at the LEP, pp interactions at the SPS
and pp collisions at the LHC at different centers of mass energies in full phase
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space as well as in restricted phase space [3] [4]. The shifted Gompertz distribu-
tion was used in order to explain the modified multiplicity distributions in four
different types of neutrino-induced interaction [5]. At the moment of writing,
the Gompertz distribution in astrophysics is unknown and therefore some ques-
tions arise.

- Can the Gompertz distribution model the initial mass function for stars?

- Can the Gompertz distribution model the luminosity function for galaxies?

- Is using the truncated Gompertz distribution better than using the untrun-
cated one?

In order to answer the above questions, Section 2 treats the untruncated
Gompertz distribution and Section 3 introduces its truncation. Section 4 applies
the obtained results to the initial mass function for stars. Section 5 derives the
untruncated and truncated Gompertz luminosity function for galaxies, parame-
terizes the photometric maximum for the number of galaxies as a function of the
redshift and models the mean absolute magnitude of galaxies as a function of the
redshift.

2. The Gompertz Distribution

The Gompertz probability density function (PDF) is

b a(ebX —1)

f(x)=ae b (1)

for 0<x<o, which at Xx=0 takes the value a, see [6] [7]. The distribution
function (DF) of the Gompertz distribution is

F(xab)=1-e b (2)

and its average value or mean, g, is

u(ab)=— 22, )

see formulae (A.1) for the definition of Ei, (Z) in the Appendix. The moment
generating function m(t; a, b) is given by
a t t
m(t;a,b)=ebbbf(ﬂ,gja > 4)
b b
where the incomplete Gamma function is defined by Equation (A.3). The mo-

ment generating function allows deriving the second moment about the origin
n(a.b),

C1 a aY’
m(a,b)z :@{_[_”zb_67/2b_12|n(5j7b_6|n(5) b

a
+12,F, (1,1,1; 2 2,2;—%jajeb }

where y is the Euler-Mascheroni constant, see the definition in Equation
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(A.10), Equations (A.5) and (A.7) define the generalized hypergeometric func-
tion in the particular case here used. The third moment m(a, b)'3 about the ori-

gin is
2
m(a,b), :%{—(wﬁb + |n(%}z2b + 273b+6ln(gj 7b+ eln(gj /b

3 ©)
+ 2In(%} b+4¢(3)b-12,F, [1,1,1,1;2, 2,2, 2;—%jajeb},
where ,F, (1,1,1,1;2,2, 2,2; Z) has a power law expansion as given by Equation
(A.8) and the Riemann zeta function, ¢ ( Z) , is defined by Equation (A.11).
The fourth moment about the origin m(a, b); is
L 11 2007 +80In[ 2 |;%b + 200722 +120In[ & 2 »%b
20b° b b

m(a.b), =

3 2
+40In[3j77r2b+8OIn(Ej 7b+3b7z4+20In[3j b
b b b
) (7)
+20|n[%j b+160bg(3)y+160|n(%]4(3)b

a
—480,F, (1,1,1,1,1; 2,2,2, 2,2;—%)&1]@) }

where 5F;5(1,1,1,1,1;2,2,2,2,2;7) is defined in Equation (A.9). The variance

can be evaluated with the usual formula
o?(a,b)=m(a,b), - u(a,b)’, (8)

and is

1 2 2 _(a 2 a
az(a,b):w{—eb(GebEll(Ej b—nzb—Gyzb—lzln[Bbe

2
- 6In(3j b+12,F, (1,1,1;2, 2, 2;—3)aﬂ.
b b

The same result for the variance can be found in the formula after (15) in [6]

)

or the formula after (16) in [7]. The skewness and the kurtosis have complicated
expressions and we omit them. The random generation of the Gompertz variate
Xis given by

~In(a)+In(-In(1-R)b+a)

X:a,bx , 10
. (10)

where R is the unit rectangular variate. The median, @), , is at
~In(a)+In(In(2)b+a)

The mode is at
In ()
mode(a,b) = ba : (12)
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and is defined to be positive for b>a. The first method to find the two para-
meters a and b is given by the maximum likelihood estimator (MLE) which

solves numerically the two following equations

%{—(iebxijmr na -+ nb}zo, (13)

biz{_na_i(a(bxi _1)e b )} o (14)

The second method to determine the parameters is to introduce the moments

of the experimental sample
X ==>x. (15)

As a consequence, the two parameters can be found by solving the following

two non-linear equations, the method of moments (MOM)
X = u(ab), (16)
X, =m(a,b),. (17)
3. Truncated Gompertz Distribution

The DF of the truncated Gompertz distribution, F; (X) ,is

a(eb"—ebXI +1) a | ae™
F(xabx,x)=-le ©° —eble b, (18)
and its PDF, f;(X),is
b2x-ae™+a
_ 3 ae °
f(xab,x,x,)=- T e (19)
e b _e b

Its variate X will be a random variable taking values in [XI \ Xu] . Its average

value or mean, 4 ,is

a,b,x,x, )= bx,e P
Hr ( o ) a(ebxu —1) a(ebx' —1) !

bje » —e b

(20)
A a bx a by,
-e ° xb-ePEj ae +ePEi, ae .
b b
The second moment about the origin m(a,b, X, X, );T is
, 1 a _ae™ _ae
= bl _ph3g b 2 3 b 2 _ p3y2

m(a,b,x,x, ), = N eb| b’ b x +b’e b xZ-bX (21)

b®le b —e b
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52 opoe. [ @™ 2. [@e™ ) 2

+b*x; — 2b°Ei; b X + 2b°Ei, b X, —2b*In(a)x +2b*In(a)x,

bx
+207In(b)x, —2b% In(b)x, — 207y %, + 207X, +2,F, [1,1,1;2,2,2;—%]e‘°*|a

ae™
-2,F, 1,1,1;2,2,2;—T e™a ||. (22)
The variance can be evaluated by

o-TZ(a,b,x,,xu):m(a,b,x,,xu);’T—yT(a,b,x,,xu)z. (23)

The random generation of the variate X of the truncated Gompertz is

1
afePu 1 a(e™ -1
(o) ey

(-R+1)e ® +Re °®

X :a,b,x,X, z% ~In(a)+In| In b+(e” +e™ —1)a ||.(24)

The median is

a(e? 1) ﬁ

2 (2,0, %, %, ), :% —-In(a)+In|bIin(2)-binje ® +e ° |+ae

™ 1 ae™ —a|l|.(25)

The four parameters X,X,,a and b can be obtained in the following way.
. and let X 2 Xz) 22 X denote their
order statistics, so that X, =max(X, X%, X,), X =Min(x,%, - X,). The

Consider a sample X =X, X,, -, X
two parameters X, and X, are
X =X X=Xy (26)

The two remaining parameters a and b are found by solving the two following

equations which arise from the MLE

. s RPN e
_ b |a7 b b |2
a(e% 71) a(ehxl 71) (IZ]; e J e a+ (IZ]; e J e a
abjle P —e ®
(27)
7a( o _1)+bx| a(e""“ _1) - a(ebxu _1) 7a(eb><| _1)
—ane ° +ane ° +e ® bn-e ° bn|=0,
and
1 ae™ —1) . a(ebxu 1 .
e 5 'abnx +e ©  ‘abnx
a( ebxu ,1) a(eb>q 71) | u
e b —e b b2
(28)

a(ebxu —1) a(ebxu —1)

—ane °® +bx“—(zn:<a(bxi_1)ebxi_bzxi)je_ b

i=1

DOI: 10.4236/ijaa.2024.142007 105 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2024.142007

L. Zaninetti

a(ebx' _1)

+(inl(a(bxi ~1)e™ —b?x, )je b 1=0,

where X, are the elements of the experimental sample with 7varying between 1
and n. A second method to determine a and b is the MOM method, see Equa-
tions (16) and (17).

4. Application to the Stars

4.1. Statistics

The merit function 1 is computed according to the formula
7 =Z(‘T—, (29)

where n is the number of bins, T,

rimental value represented by the frequencies. The theoretical frequency distri-

is the theoretical value, and O, is the expe-

bution is given by
T, =NAX p(x), (30)

where N is the number of elements of the sample, AX; is the magnitude of the
size interval, and p(X) is the PDF under examination. A reduced merit func-
tion ;{fed is given by

e =ZZ/NF’ (31)
where NF =n-k is the number of degrees of freedom, nis the number of bins,
and k is the number of parameters. The goodness of the fit can be expressed by
the probability Q, see equation 15.2.12 in [8], which involves the number of de-

grees of freedom and 7. According to [8] p. 658, the fit “may be acceptable” if
Q > 0.001. The Akaike information criterion (AIC), see [9], is defined by

AIC =2k -2In(L), (32)

where L is the likelihood function and & the number of free parameters in the

model. We assume a Gaussian distribution for the errors. The likelihood function
2
can then be derived from the ¥ ? statistic L oc exp[—%j where ;(2 has been

computed by Equation (29), see [10] [11]. Now the AIC becomes
AIC =2k + 4°. (33)
The Kolmogorov--Smirnov test (K--S), see [12] [13] [14], does not require the
data to be binned. The K--S test, as implemented by the FORTRAN subroutine
KSONE in [8], finds the maximum distance, D, between the theoretical and the

astronomical DFs, as well as the significance level Pxg see formulas 14.3.5 and
14.3.91n [8].If P >0.1, then the goodness of the fit is believable.

4.2. The IMF for Stars

The first test is performed on NGC 2362, where the 271 stars have a range of
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147TM_ =M 20.11M, see [15] and CDS catalog J/MNRAS/384/675/tablel.
According to [16], the distance of NGC 2362 is 1480 pc. The second test is per-
formed on the low-mass IMF in the young cluster NGC 6611, see [17] and CDS
catalog J/MNRAS/392/1034. This massive cluster has an age of 2 - 3 Myr and
contains masses from 1.5M_>M >0.02M ;. Therefore, the brown dwarf (BD)
region, ~0.2M_, is covered. The third test is performed on the y Velorum
cluster where the 237 stars have a range of 1.31IM_ =M >0.15M, see [18] and
CDS catalog J/A+A/589/A70/table5. The fourth test is performed on the young
cluster Berkeley 59, where the 420 stars have a range of 2.24M_ >M >0.15M,
see [19] and CDS catalog J/AJ/155/44/table3. The results are presented in Table
1 for the Gompertz distribution, and in Table 2 for the truncated Gompertz dis-
tribution. In Table 1 and Table 2 the last column shows whether the results of
the K--S test are better when compared to the lognormal distribution (Y) or
worse (N).

As an example, the empirical DF visualized through histograms and the theo-
retical Gompertz DF for NGC 2362 is presented in Figure 1.

Another example is given by the PDF of the truncated Gompertz distribution,
see Figure 2.

Table 1. Numerical values of ;(,zed , AIC, probability @, D, the maximum distance be-
tween theoretical and observed DFs, and Pks, the significance level, in the K--S test of the
Gompertz distribution, see Equation (1), for different astrophysical environments. The
last column (F) indicates a Pxs higher (Y) or lower (N) than that for the lognormal dis-
tribution. The number of linear bins, n, is 10.

Cluster parameters AIC 72, Q D Pxs F
NGC 2362 a=0.379, b=2.759 18.34 1.793 7.31x10726.89 x 1072 0.145 Y
NGC6611 a=1.613,56=0.988 9.313 0.664 0.723 5.84x 102 0.468 Y

y Velorum a=1.533,b=1.6 135 16.37 0 0.24 142 x 1072 N
Berkeley 59 a=2.375, b=10.349 125.16 15.145 0 0.373 0 N
~
N
g
() 7/
g. y.
wl / J
o° L
(@) Z
/
= A
rF e -
7~
~
ol | ]
02 o4 06 08 1 2 o
X

Figure 1. Empirical DF of the mass distribution for NGC 2362
(blue histogram) with a superposition of the Gompertz DF (red
dashed line). Theoretical parameters as in Table 1.
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Table 2. Numerical values of ;(,zed , AIC, probability @, D, the maximum distance be-
tween theoretical and observed DFs, and Pxs, the significance level, in the K-S test of the
truncated Gompertz distribution, see Equation (19), for different astrophysical environ-
ments. The last column (F) indicates a Pxs higher (Y) or lower (N) than that for the log-
normal distribution. The number of linear bins, n, is 10.

Cluster parameters AIC x4, Q D Prs F
NGC 2362 a=0.525,b=2.33617.268 1.544 0.159 4344 x 1072 0.674 Y

NGC 6611 a=1.819,b=0.647 12.35 12.35 0.628 7.325x 107 0.208 Y

yVelorum  a=326,b= 4358 593 3.325x10° 0.173 9.261x107 N
Berkeley 59 a=12,b=1.02 171 27.16 0 0.311 0 N
F T T T T 7
\
\
\
\
o2t \ :
O N\
-
o \
o) N
o N
Q) ll_
“ ol _
Y «
N
~N
N
~
e
° tl) 015 1I 1I5
data

Figure 2. Empirical PDF of the mass distribution for NGC 6611 (blue
histogram) with a superposition of the truncated Gompertz PDF (red
dashed line). Theoretical parameters as in Table 2.

5. Luminosity Function for Galaxies

5.1. Processed Catalogs

The tests of the Gompertz luminosity function (LF) have been made on the u”
band of SDSS as in [20] with data available at

https://cosmo.nyu.edu/blanton/If html. The tests on the photometric maximum

and average magnitude as functions of the redshift have been made on the cata-
log GLADE+ that contains = 22.5 million galaxies [21].

5.2. Schechter Luminosity

The Schechter function, introduced by [22], provides a useful reference for the

LF of galaxies

. o (LY L
CD(L;a,L,CD )dL: = (fj exp(—FjdL, (34)

here a sets the slope for low values of Z, L is the characteristic luminosity

and @ is the normalization. The equivalent distribution in absolute magni-
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tude is

®(M)dM =0.9210°10" " M)exp[—lo“(M M)de, (35)

where M” is the characteristic magnitude as derived from the data. We now
introduce the parameter A, which is H,/100, where H, is the Hubble con-
stant. The scaling with 2is M~ —5log,,h and ®'h? [Mpc’ﬂ .

5.3. Gompertz Luminosity Function
In order to derive the Gompertz LF, we start from the PDF as given by Equation

1
(1) and we substitute b with T and xwith L

*aL*[eL*lJ
L
¥(Lia,p, LU, W )dL =Y ae dL, (36)

where Z is the luminosity defined for [0, 00] , L is the characteristic luminosity
and ¥ is a normalization, ie the number of galaxies in a cubic Mpc. The

mean luminosity, L, is
C(aL)=Y"Le"Ei/(al), (37)

see formulae (A.1) for the definition of Eia(Z) in the Appendix. We now in-
troduce the following useful formulae relating the absolute magnitude and lu-
minosity

L 2100.4(MO—M), £ -10
Lo

04(Mo-M")
3 (38)

0]

where L, and M, are the luminosity and absolute magnitude of the sun in

the considered band. The LF in absolute magnitude is therefore
¥(M;a,M", ¥ )dM

(39)

*
* 19704M+0.4M * *
_10—0.4M e10 a+10—0.4M a+1070.4M +0.4M

=0.4ae Y107 In(10)dM.

The Schechter function, the Gompertz LF represented by formula (39) and the

data are presented in Figure 3, parameters as in Table 3.

5.4. Truncated Gompertz Luminosity Function

The truncated Gompertz LF for galaxies according to Equation (19) is

¥(La LWL, L )dL

L
Eaf[e'-* 1] (40)
. L
Y ae
T Lo M o MR
e—aeL U eaeL iy _e—aeL L*eaLx +e—aeL iy eaL* _e—aeL U eaeL U

where the random variable L is defined for [L, \ Lu], L, is the lower boundary
in luminosity, L, is the upper boundary in luminosity, L is the characteristic

luminosity and ¥~ is the normalization. The mean luminosity, ET , is
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.|.|-J-'-""'I"‘"LI'I'I"""".I-

-2

g ¢ (M),

T

Lo

L L 1 1

-17 -16

—I20 -19 -18
absolute magnitude M

Figure 3. The LF data of SDSS( u’ ) are represented with error bars.
The continuous line fit represents the Gompertz LF (39) and the
dotted line represents the Schechter function.

Table 3. Numerical values and 2, of the LFs applied to SDSS Galaxies in the U
band.

LF parameters 72
Schechter M"=-17.92, a=-0.9, ® =0.03/Mpc’ 0.689
Gompertz M"=-30.37, a=9.24x10%, ¥ = 2.88><10’2/Mpc3 6.64

_ . 4
Lalbh)=—g—¢ [ ) R
e—ae o eae Cp e—ae (s eaL + e—ae'-* L*eaL e—ae'— L eae'-* U

L L aL{e aL*[e
x| | L'e™ Ei,| aet' L' |-Le* Ei,| ae' L [-Le +Le

The magnitude version is

¥(M;a,M" ¥, M M, )dM

_oam® 0.4M"—0.4M *
_a1g-04M" +04Mg [em _1]+100.4M ~04M

. —0.4ae 107%™ (In(2) +1In(5)) i (42)

*
. * —0.4M; +0.4M
_10 04M " +04Mg a[ew u 71J

_1p04M" $04Mg a[e1°70'4M' +0aM* 71]
e —€
where M is the absolute magnitude, M * is the characteristic magnitude, M,
is the lower boundary of the magnitudes and M, is the upper boundary of the
magnitudes. The two luminosities L, and L, are connected with the absolute
magnitudes M, and M, through the following relation:

II_—_|:100.4(MO—MU) i:100.4(MO—M|) (43)

© ’ L

(0]

where the indices z and /are inverted in the transformation from luminosity to
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absolute magnitude. The mean theoretical absolute magnitude, <|V|>, can be

evaluated as

J:.u M x¥(M;a,c,M™ ¥, M, M, )dM

(M)

= 44
m“‘}’(a,M;c,M*,‘P*,M,,Mu)dM )

The Schechter function, the truncated Gompertz LF represented by formula
(42) and the data are presented in Figure 4 with parameters as in Table 4.
5.5. The Photometric Maximum
In the pseudo-Euclidean universe, we introduce

Hol
2 0
= (45)
“tarfel

which allows defining the joint distribution in z (redshift) and £ (flux) for the
Gompertz LF as

2 C
72 ¢ ,3[2271
42°¢’Y"a| —— | crzle

dN _ crit (46)
dQdzdf HoL '
"I u sample

© 1 Il Il Il 1
-20 -17 -16

absolute moé?witude M

Figure 4. The LF data of SDSS (u*) are represented with error bars. The
continuous line fit represents the truncated Gompertz LF (42) and the dotted
line represents the Schechter function.

Table 4. Numerical values and 2, of the truncated Gompertz and Schechter LFs ap-
plied to SDSS Galaxies in the u” band.

LF parameters )(fed

Schechter M"=-17.92, a=-0.9, ® =0.03/Mpc’ 0.689

Truncated Gompertz M "=-31.41, a=5.92x10", ¥ =267 ><10’2/Mpc3 6.66
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where dQ2, dz and df represent the differentials of the solid angle, the red-
shift, and the flux, respectively, L is the characteristic luminosity, ¢, is the
speed of light, and H, is the Hubble constant; see [23] for more details. The
solution of the following non-linear equation determines a maximum at
Z= Zmax

22

* g2
Ue®itaz? —z°-2z2, =0. (47)

The above equation does not have an analytical solution and therefore the po-
sition in z of the maximum should evaluated numerically. A practical formula

for the number of galaxies is

i 12.5666 f 227 T
125661 2%F 0 c04Mg-0dam” 810‘00-4“"@*0-43“"* M 1o
10,0%4Mo-04am" H2 o .
dN 1|«
————=—"-|Y"12.5662"c/ae , (48)
dQdzdf  H,
and the equivalent for the Schechter LF is
a Arf Zz(:|2
dN 1 L Arti’ 21004Mo -04M"

42°c’F ! oL 21 (49)

dQdzdf - H§100.4M®—0.4M* H5100.4Mo—0.4M*
A numerical result is presented in Figure 5, where we display the number of
observed galaxies for the Glade+ catalog at a given apparent magnitude and both
the Schechter and Gompertz models for the number of galaxies as functions of
the redshift.
All the galaxies with f;, < f < f__ are obtained by integrating Equation (48)
with respect to £

1256107 04Mo +0.4M” fmax22¢2
dN 1 w2 3| 1094Mo-04M" , j0aMo-0aM” He
T RRTE I
(50)
125610704 Mo +04M” fmin22c]
B 1074Mo-04M" | 04Mp-04M" He
with the equivalent formula for the Schechter LF
dN 1 x 4rf_ 726710 Moo

=—| -F ¢’ | g +1,—™= 3

dQdz H, H,
(51)

4rf 720210 04Mo+04M
2
Ho

-l a+1,

where the incomplete Gamma function is defined by Equation (A.3). All the ga-
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laxies of GLADE+ are shown in Figure 6 together with the two theoretical mod-
els.

2x10*
T

encies
10* 1.5%10%

frequ

5000
T

0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 5. The galaxies of GLADE+ with 9.13<m<15.62 or

L L
69091—=— < f <27275154—=— are organized in frequencies versus heliocentric
Mpc Mpc

redshift, (empty circles); the error bar is given by the square root of the frequency.
The maximum frequency of observed galaxies is at z=0.024. The full line is the
dN
dQdzdf
Schechter LF which is Equation (49) and the dashed line represents the Gompertz LF
which is Equation (48). The parameters for the Gompertz LF are a=4x10",
M"=-34, »?=3193 for the Schechter LF and »” =1393 for the Gompertz LF.

theoretical curve generated by (z) as given by the application of the

T T T T T T T

sa,@\(?@@@

L /

1.5%108

quencies
10°

fre
5x10°

Figure 6. All the galaxies of GLADE+ are organized in frequencies versus heliocen-
tric redshift, (empty circles); the error bar is given by the square root of the frequency.
The maximum frequency of all observed galaxies is at z =0.219 . The full line is the

theoretical curve generated by ddN

Qdz
ter LF, see Equation (51), and the dashed line represents the Gompertz LF which is
Equation (50). The parameters of the Gompertz LF are the same as in Figure 5.

(z) as given by the application of the Schech-

DOI: 10.4236/ijaa.2024.142007 113 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2024.142007

L. Zaninetti

5.6. Mean Absolute Magnitude

We review the most important equations that allow modeling the mean absolute

magnitude as a function of the redshift. The absolute magnitude is

MLGk—SMQm(Eij—Z& (52)
H,
where m, =28 for the GLADE+ catalog.

The theoretical average absolute magnitude of the truncated Gompertz LF, see
Equation (44), can be compared with the observed average absolute magnitude
of the GLADE+ catalog as a function of the redshift. To fit the data, we assumed
the following empirical dependence on the redshift for the characteristic magni-

tude of the truncated Gompertz LF

0.6
M™=-21+3 1—[—5:5ﬂl—j , (53)
Z

max — Zmin

where z,,, and z_, arethe minimum and the maximum value of the redshift
in the considered catalog: in the case of the GLADE+ catalog Z,,,, =1.03x10™
and z,, =0.6. The lower/upper bounds in absolute magnitude are given by the
minimum/maximum magnitude of the selected bin in redshift, the characteristic
magnitude varies according to Equation (53) and Figure 7 shows a comparison
between the mean theoretical absolute magnitude and the observed mean abso-

lute magnitude for the Glade+ catalog.

S R PR FIASAAIAAATIA e e depete Koo
§r ﬂ,q}q}4}#}%}:4}:@%%%%?%f%f?ffffff?f? .
el s _
E y 3
(I) - IOT1I - ‘012‘ - IOT3I ‘I IO{4' - ‘015‘ I‘ IOTSI
Z

Figure 7. Observed minimum absolute magnitude (red empty stars), observed average
absolute magnitude (blue empty crosses), theoretical average absolute magnitude for the
truncated Gompertz LF as given by Equation (44) (magenta full squares), lower theoreti-
cal curve as represented by Equation (52) (cyan empty stars of David) and observed
maximum absolute magnitude (green full triangles).
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6. Conclusions

The truncated distribution

We derived the PDF, the DF, the average value, the second moment, the me-
dian, the random number generator and the MLE for the Gompertz distribution
truncated on the left and the right.

Application to the IMF

The application of the Gompertz distribution to the IMF for stars gives better
results than the lognormal distribution for two out of four samples, see Table 1.
The truncated Gompertz distribution gives better results than the untruncated
one for one of the four samples, see Table 1 and Table 2.

The results for the mass distribution of y Velorum cluster compared with
other distributions are shown in Table 5, in which the truncated Gompertz dis-
tribution occupies the last position.

Gompertz luminosity function

The Gompertz LF in the absolute magnitude version is derived using the
standard and the truncated DFs, see formulae (39) and (42). The application to
SDSS Galaxies gives a bigger reduced merit function than that from using the
Schechter LF, see Table 3 and Table 4.

Cosmological applications

The maximum number of galaxies for a given solid angle as a function of the
redshift which is visible in the catalog GLADE+ can be modeled with the Gom-
pertz LF in the case of a selected flux or apparent magnitude, see Figure 5 and in

the case of all galaxies, see Figure 6.

Table 5. Numerical values of D, the maximum distance between theoretical and observed
DF, and Pxs, the significance level, in the K-S test for different distributions in the case of
y Velorum cluster.

Distribution Reference D Prs

truncated Gompertz here 0.173 9.27 x 107”7
truncated Topp-Leone [24] 6.09 x 1072 0.25

Frécet [25] 0.125 313 x 10
truncated Frécet [25] 0.077 0.07
truncated Weibull [23] 0.046 0.576
truncated Sujatha [26] 0.0485 0.534
truncated Lindley [27] 0.11 0.48

generalized gamma (28] 0.11 1.24 x 1073
truncated generalized gamma [28] 0.062 0.24
lognormal [29] 0.0729 0.11
truncated lognormal [29] 0.047 0.55
gamma [30] 0.059 0.28
truncated gamma [30] 0.0754 0.08
beta [31] 0.059 0.28
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The average absolute magnitude of the GLADE+ galaxies as a function of the
redshift, can be theoretically modeled with the truncated Gompertz LF, see Fig-
ure 7.
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Appendix A. Useful Power Series

The exponential integral [32] is defined for 0< SR(Z) .

z)=[ ey dy, (A.1)

and in the case a=1 has the following power series

Eil(z):—y—ln(x)+§%. (A2)

The incomplete Gamma function is defined by

r(az)= j;ta’le"dt, (A.3)

and has the following power series

3 A ) B P
T B It "

n+l)(n+a

see [32] for more details.

The generalized hypergeometric function is defined by

PFa(n.d.2)=> ——— (A.5)
k=0 | q
110,
j=1
where the Pochhammer symbol pochhammer (z a) is
pochhammer(z,a)=(z) F(z+a). (A.6)

We now present the series expansion of some particular cases of the genera-

lized hypergeometric function

F(11.1;2,2,2;2)= nzzom (A7)
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n

F(111122227)=Y — = (A.8)

o (n +1) (n+1)!

n

F(L1111222227)=Y— 2 (A.9)

=10 +1) (n+1)!

The Euler-Mascheroni constant is defined by

=lim Z[——In(l—k ij)z0.5772156649. (A.10)

n—oo

The Riemann zeta function is
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=1
C(Z)=Zi—z- (A.11)
i=1
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