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Abstract

Large torque can be output by the single gimbal control momentum gyros-
cope (SGCMG) based on the principle of the gyroscopic precession. However,
the singularity is a major obstacle to successfully implement the task of the
attitude control. The singularity can be avoided by the additional variable
flywheel speed of variable speed control moment gyroscopes (VSCMG). Un-
fortunately, some kind of singularity cannot be effectively avoided. Conse-
quently, the output toque can be only supported by the reaction torque of the
flywheel when the singularity is encountered, and the consume power that is
determined by the flywheel speed and reaction torque can be greatly increased
when the flywheel spin rate over one thousand revolutions per minute. In this
paper, the pyramid configuration with variable skew angle of the VSCMG is
considered. A new steering law for the VSCMG with variable skew angle is
proposed. The singularity that cannot be avoided by the varying flywheel
speed can be effectively avoided with assisting of varying the skew angle.
Consequently, the requirement of flywheel torque can be reduced. At last, the
optimizing VSCMG with variable skew angle can be cast as a multi-objective
function with multi-constraints. The particle swarm optimization method is
used to solve the optimizing problem. In summary, the VSCMG with variable
skew angle can be redesigned with considering of the singularity avoidance
and minimizing system power.

Keywords

VSCMG, Pyramid Configuration with Variable Skew Angle, New Steering Law
Designed, Optimization Parameters

1. Introduction

The large torque can be output by the varying gimbals position of the single
gimbal control momentum gyroscopes (SGCMG) [1] [2]. The torque amplifi-
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cation performance can be possessed by the SGCMG based on the theory of
the gyroscope precession principle [2]. Unfortunately, the output torque of the
SGCMG cannot be supported by the gyroscopic torque when singularity is en-
countered [3]. The singularity is the mainly obstacle in successfully operating the
attitude control task [4]. The singularity can be effectively avoided by assisting of
the varying flywheel spin rate of the variable speed control momentum gyros-
copes (VSCMG) [1] [4].

Compared with single gimbal control momentum gyroscopes (SGCMG), the
singularity can be avoided by assisting the variable spin rate of the VSCMG [4].
Unfortunately, according to analyze of the recent reports, some singularity can-
not be avoided even by assisting the variable spin rate. Consequently, the output
torque of the VSCMG can be supported only by the reaction torque of the flyw-
heels when the singularity is encountered, and the flywheel torque can be greatly
increased [4]. So the flywheel power that is determined by the flywheel torque
and flywheel speed can be greatly increased when the flywheel spin rate reaching
to thousands revolutions per minute [5] [6] [7] [8].

In order to effectively avoid the singularity, the additional freedom should be
added in the VSCMG. In this paper, the variable skew angle is added in the
VSCMG. The variable skew angle is first introduced in the Ref. [9] for the SGCMG.

According to analyze of the Ref. [9], the singularity characteristics cannot be
changed with varying skew angel. Consequently, steering skew angle does not
seem to help avoidance singularity. Fortunately, the output torque can also be
output by the varying skew angle. So null motion can be reconstructed and the
singularity can be effectively avoided. Although, the ability of singularity avoid-
ance can be increased by varying skew angle, the additional hardware should be
added and the additional consume power should be added, which is not suitable
for aerospace application with low power consume [10]. Consequently, optimi-
zation designed of the VSCMG with variable skew angle with minimizing power
need to be further analyzed.

The optimization design of the VSCMG for pyramid configuration with fixing
skew angle has already been proposed in the Ref. [1] and Ref. [8] with minimum
flywheel rotational inertia and flywheel power. The additional torque can be
output with varying skew angle. So the requirement of the flywheel torque will
be reduced by the skew angle when the singularity is encountered [8] [9] [10].
According to above analysis results, in order to further reduce the flywheel tor-
que, the pyramid configuration of the VSCMG with variable skew angle need to
be considered. The purpose of introducing the variable skew angel is used for
singularity avoidance. Unfortunately, the steering skew angle in the new de-
signed steering law is not considered. So the new steering law needed to be fur-
ther studied.

In order to optimize design of the VSCMG with variable skew angle, the fol-
lowing two parts should be given. The first one is that the exchangeable angular

momentum envelop for the VSCMG with variable skew angle should be further

DOI: 10.4236/jamp.2023.1111212

3316 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111212

F. Liu et al.

analyzed. The other one is that the new steering law with minimizing flywheel
torque for the VSCMG with variable skew needed to be redesigned. The angular
momentum envelop of the VSCMG with fixing skew angle have already been
analyzed in Ref. [11] and Ref. [12]. The characteristics of the exchangeable an-
gular momentum for the VSCMG with variable skew angle have not been re-
ported. At the same time, the designed steering law for VSCMG with fixing skew
angle has already been extensively studied [13]-[18]. However, the designed
steering law for VSCMG with variable skew angle has not been reported.
According to the principle of the gyroscopic precession, the direction of the
gyroscopic torque of the one unit is perpendicular to the angular momentum
vector. At the same time, the gyroscopic torque of the one unit is perpendicular
to the vector of the gimbal axis. So the direction of the gyroscopic torque of the
SGCMG with only one unit will be varied when the gimbal position is varying.
Consequently, the multi-units of the SGCMG will be needed for the torque re-
quirement with three-dimensional space. For the system of the SGCMG, the
more number of the units, the stronger ability of the singularity avoidance can
be achieved. However, considering the mass and power constraints of the space
application requirements, the less number of elements in the configuration would
be a better choice. Consequently, the singularity problem will become more se-
rious. The designed configuration for the SGCMG with minimizing unit should
be balanced between the singularity avoidance and the power and mass. Ac-
cording to analyze the pre-existed works, the pyramid configuration has a unit
redundancy, the singularity can be avoided, and the torque with three-dimensional
torque can be output. In additional, it is the simplest configuration of the actua-
tor of the attitude control system, and it has already been widely used in the at-
titude control system of the spacecraft. Furthermore, the singularity analysis
with different configuration can be guided and provided by the pre-existed
analysis results of the pyramid configuration. The VSCMG with variable degree
of the flywheel speed and variable degree of the skew angle are still working in
the mode of the SGCMG in the most majority of the time. According to above
analysis results, the configuration of the VSCMG with variable skew angle will
be fixed as pyramid configuration in this paper. The exchangeable angular mo-
mentum envelop for VSCMG with variable skew angle is analyzed. The new de-
signed steering law is given under the condition of singularity avoidance and
flywheel speed equalization with minimizing flywheel power for the VSCMG
with variable skew angle. The optimization parameters of VSCMG with variable
skew angle are given under the consideration of singularity avoidance and mi-

nimizing whole system power.

Exchangeable Angular Momentum Envelop of VSCMG with
Variable Skew Angle

1) System Description
The task of three axis attitude control cannot be only satisfied by one unit of

the VSCMG. The three units are the minimum requirement for three axis atti-
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tude control. The four units VSCMG with pyramid configuration are frequently
used under the considering of system redundancy requirements. In this paper, the
pyramid configuration is considered. The system description with pyramid confi-
guration can be expressed as the Figure 1. Where g is the skew angle of the py-
ramid configuration. g, (i=1,2,3,4) is the gimbal-axis vector, g, =sSi+c Sk,
g, =spj+cpk, g, =—spPi+cPk, g,=-spfj+cpk , where, cp=cosp ,
sf =sin f . The net angular momentum vector of the VSCMG can be expressed
in spacecraft reference frame (x,y,z) with a set of orthogonal unit vectors

(i, j,k) as follows.
H=h+h,+h +h,

—cfso, —Co, cfso, co, )
=JQ,| co [+JQ,|—cPs0, |+JQ;| —co; |+JQ,]|chsd,
sfso, sfso, sfso;, s fpso,

where H is the net angular momentum vector. A, is the angular momentum
vector and it can be assumed as s, = h,/JQ), , and we can get |si| =1. Jis the in-
ertia of flywheel, Q, is the flywheel speed, J, is the gimbal position.

In system of the VSCMG with variable skew angle, angular momentum can be
exchanged between the spacecraft and the actuator (VSCMG with variable skew
angle). In another words, the output torque of the VSCMG with variable skew
angle can be output by varying angular momentum.

dH

TC = ? (2)

where 7. can be denoted as output torque of VSCMG with variable skew angle
for attitude control.
The variable angular momentum of the actuator can be caused by three va-

riables: gimbal position, flywheel speed and skew angle. Consequently, the

Figure 1. The pyramid configuration of VSCMG.
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gyroscopic torque can be output by varying gimbal position, the reaction torque
can be output by varying spin rate, and the additional torque that can be output
by varying skew angle. The net torque of the VSCMG with variable skew angle
can be expressed as follows.

6h d 24: 8h
f 85 o 6(2 =

Tc =

(3)

where d=[6, 8, 6, 6, ]T , Q=[Q, Q, O, Q, ]T , first-order derivative of @ and

Q are the gimbals speed vector 6=[3, 6, 4, 54]T, flywheels acceleration

. e oH
vector Q= [Ql Q, 0,0, ]T , respectively. We can get % = [El,Ez,E3 ]T ,and

4
E, = JsB(Qs0, —Q86,), E, = JsP(Q,86, - Q,86,), Ey=Y.JQcfss,,
i=1
c=cos, s=sin.Equation (3) can be rewritten as following matrix form.
7. =Co+DQ+Ef (4)

where 0H/06=C,and 0H/0Q =D are the Jacobi matrix of gimbals and flyw-

heel, respectively. The specific form can be shown as matrix follows.

—cfco ) $0,02, cfcoQ, -s9,Q,

C=J| -s6Q, -cfco,Q, 55,Q, cfco,Q, (5a)
sfcoQ,  sfco), spfcoQ; spfco,Q,
—-cfso, —co, <cfso, cI,
D=J| co —cfss, -—co, cpfiso, (5b)
sfBso, sfso, spPso, sPso,
E 000
where E=|E, 0 0 0|, B=B[I,I,I,I]T,the first-order derivative of g is

E, 000
spin rate of skew angle.
2) Singularity Analysis
Singularity can be described as follows. Gyroscopic torque can be output in
the plane T by all units of VSCMG. The output torque cannot be supported by
the gyroscopic torque when the direction of the output torque is along the direc-
tion that is perpendicular to the plane I' (Figure 2). In another words, the output
torque cannot be supported by the gyroscopic torque when the singularity is

encountered.

u

¢

Figure 2. The spatial distribution of gyroscopic torque when singularity is encountered.
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Where ¢, (i = 1,2,3,4) is unit vector that is column i(i = 1,2,3,4) of matrix
C. The gyroscopic torque of each unis can be expressed as vector of ¢;. In
another word, ¢, (i =1,2,3,4) is the direction along the gyroscopic torque. The
singular gimbals positions can be defined as follows: the current gimbals posi-
tions can be defined as the singular gimbals positions when the singularity is
encountered. In another words, the current gimbals will be staying at the singu-
lar gimbals positions when the singularity is encountered. The SGCMG singu-
larity surface can be obtained when taking the gimbals positions over solution
space. The singularity direction of the SGCMG singularity can be defined as fol-
lows [19] [20].

S:{u:|u|:l,uiigi,i:1,2,3,4} (6)

where S'is a set of SGCMG singular direction. The vector u of Sin the coordina-

tion (O-xyz) can be expressed as follows [19] [20].
u=s6,i—s6,cb,j+co cok (7)

where s@, =sin@,, c6, =cosd,, j=1,2. 6 and 6, are the rotation angle
along the x axis and y axis, respectively. We can get &, € [0°,360°] ,

b, [O°,360°]. The following equation can be obtained based on the principle
of the gyroscopic precession [19] [20].

¢ =-8 XS, (8)
Consequently, the singularity condition can be rewritten as follows.

cl.-u:(—gixsl,)-uzo 9)

According to above analysis results, the output torque of the VSCMG with va-
riable skew angle can be obtained by the variable angular momentum of the four

units. Consequently, Equation (9) can be rewritten as follows.
dH; - u=0 (10)

where dHj is variable angular momentum of the four units with variable gim-
bals positions when the SGCMG singularity is encountered. The direction of the
gyroscopic torque of the VSCMG can be expressed as following equation when
the gimbals staying at singular gimbals positions.

ek (11)
g > ul

C, =

According to the principle of the gyroscopic precession, the vector of flywheel
angular momentum can be expressed with cross of the vector of the gyroscopic

torque and gimbal axis.

§; =—€¢;X8; (12)

Consequently, the vector of the flywheel angular momentum can be rewritten

as following equation with combining Equation (11) and Equation (12).

XUu)x g,
L)L ] 13)
|gi ><u|
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The sum angular momentum of the VSCMG with the four units can be shown

as following equation when the gimbals staying at singular gimbals positions.

H:ig,.—(g"x")x’g" (14)
i=1 |g[ X u|
where & =sign (s, -u).

The singularity surface can be achieved by Equation (14) when taking &, and
6, over [0°, 360°], respectively. According to analysis of Equation (14), the
SGCMG singular surface can be classified into OH singular surface, 2H singular
surface and 4H singular surface with different sign of the & [20]. The shape of
the singular surface can be varied with variable skew angle.

In the VSCMG system, the variable flywheel speed can be used to avoid the
SGCMG singularity. The requirement torque for the task of the attitude control
can be only provided by the flywheels when gimbals staying at SGCMG singular
gimbals positions and the torque requirement is along the . so the projection of
each flywheel angular momentum in the u can be deduced and can be shown as

following equation.

(g xu)xg

s u==
gl

i

-u:i|g,.><u| (15)

Based on the definition of the set S, we can get u # =g, (i = 1,2,3,4). Conse-
quently, we can get s,-u# 0. The following conclusion can be achieved when
the gimbals staying at singular gimbals positions for the VSCMG with variable

skew angle. In summary, the following conclusion can be achieved.

rank[C D E]=3 (16)

According to the analyze Equation (16), we can get the conclusion that there
is no internal singularity problem in the VSCMG with variable skew angle. In
another words, the output torque with three dimensions can be always output
weather singularity is encountered or not.

3) The exchangeable angular momentum envelop

The total angular momentum envelop of the VSCMG can be exchangeable
between the spacecraft and the actuator. Consequently, the exchangeable angular
momentum envelop of the VSCMG can be extended to the maximum angular
momentum envelop. The maximum angular momentum envelop of the VSCMG

approximate to ellipsoid when Qe [O,Q ], where Q_  is the up bound of

the flywheel spin rate [5].

The maximum angular momentum envelop of the VSCMG is given in Ref. [6]
when the flywheel regulation speed have upper and lower bound limitation.
There is no gyroscopic torque when the flywheel speed is zero with varying
gimbals positions. Besides, the performance of the torque amplification will be
deteriorated when the flywheel speed is too low. In addition, any actually system
has power limitation. Consequently, the flywheel speed of the VSCMG should

have upper bound limitation and lower bound limitation. Q_. can be marked
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as the lower bound limitation of the flywheel speed, Q_  can be marked as the
upper bound limitation of the flywheel speed. The maximum angular momen-
tum envelop of the VSCMG with variable skew angle is given in the following
section. The characteristics of the exchangeable angular momentum envelop of
the VSCMG with variable skew angle is analyzed.

4) The maximum angular momentum envelop when S e <0°,90°)

The cut section of the angular momentum envelop of the VSCMG with upper
and lower bound of flywheel regulation speed can be shown in Figure 3 when
Be(07,90).

In Figure 3, MTRS can be denoted as angular momentum profile when
Q=0,.(i=123,4). Q €[Q.,.Q] is the flywheel speed (i=1,2,3,4).

GBNA can be denoted as angular momentum profile when Q, =Q__

'min

(i=1,2,3,4). AEBN can be denoted the increased angular momentum with re-
gulating flywheel speed. 4 and B are the intersections between 4H singular sur-
face and 2H singular surface. Sand T'are the intersections between 4H singular
surface and 2H singular surface. N and F are the intersections between 2H sin-
gular surface and g,. The net angle momentum of the VSCMG can be ex-

pressed as follows.

H:i(gixu)xgi Jjo’ (17)

There is no gyroscopic torque along the u direction when the gimbals staying
at singular gimbals positions. The net angular momentum of the VSCMG with

four flywheels angular momentum can be expressed as follows.
4 4
H=Yh=J)Qs, (18)
i=1 i=1

where s, (i=1,2,3,4) is the unit vector of each flywheel angular momentum.
Where €, (t)(i =1,2,3,4,Q, € [Qmi“,QmX ) is the flywheel speed.
The projection of the VSCMG momentum in # can be expressed as follows.

Figure 3. The cut section of the angular momentum profile.
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IS

Jy=H-u=Y(h-u) (19)

i

The solution space of &,(¢) and ,(f) can be achieved when J; reaching
to the maximum value. The maximum angular momentum of the VSCMG can
be achieved when substituted the solution space of &,(¢) and ,(¢) into the

following equation.
H=YJO(1)s,[5()] (20)

The maximum angular momentum envelop of the SGCMG is made up of all
4H singular surface and part 2H singular surface. Consequently, the following

equation can be achieved when J; reach to the maximum value.

Ju =H-u=i|hl. ul (21a)
i=1
Jo=Hou=Y |, -u| |, - (21b)
J=1j#i

Equation (21a) means that the sign of h -u (where i=1,2,3,4) are all posi-
tive sign. For the convenience of problem description, this situation can be
marked as case 1. Under this situation, 4, -u can reach to the maximum value
when current gimbals staying at the singular gimbals positions. Equation (21b)
means that the sign of A -u is the minus sign, and the sign of &, -u (i= ;)
are positive sign. For the convenience of problem description, this situation can
be marked as case 2. Under this situation, / -u can reach to the maximum
value when gimbals staying at singular gimbals positions, meanwhile, #; -u
can reach to the minimum value when the gimbals staying at singular gimbals
positions.

In the VSCMG system, the following equation can be achieved when J; reach

to the maximum value.

4
Jy=H-u=YJQ,(t)s;ul (22a)
i=1
Jy=H u= i JQj(t)|sj-u|—JQi(t)|si-u| (22b)
j=1,j#i

Equation (22a) means that the sign of s,-u (where i=1,2,3,4)are all posi-
tive sign (Case 1). Equation (22b) means that the sign of s, -u is the minus
sign, and the sign of s, -u (i = ;) are positive sign(Case 2).

The maximum angular momentum surface of the VSCMG with upper and
lower bound limitation of the flywheel regulation speed can be expressed as fol-
lowing two cases.

Case 1: J; can reach to the maximum value when the gimbals staying at sin-
gular gimbals positions and the flywheel speed is approaching to the maximum
value. Consequently, the maximum angular momentum of the VSCMG can be

expressed as follows.
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4 Xu)x
S S CLULL A, (23)

i=1 | i X u|
Case 2: under this situation, the maximum angular momentum of the VSCMG
can be expressed as following optimization problem.

4
aftr)l,%)((t)\s B J,z_: e
4 (24)
s.t. JZ Q,cosén, =0,

i=1

To sum up, the maximum angular momentum envelop of the VSCMG with
upper and lower bound limitation of the flywheel regulation speed is the approx-
imate ellipsoid with eight symmetric distribution hollows when S e (0°,90°) .
The minimum momentum value can be achieved at the hollow point on the
maximum momentum envelop. The value of the maximum angular momentum
is directly relatedto Q_ and Q. .

5) The maximum angular momentum envelop when g =10’

Equation (1) can be rewritten as follows when f=0°.

—S0, —Co, s, co,
=JQ,| co, |+JQ,| -9, |[+JQ,;| -3, [+JQ,| s, (25)
0 0 0 0

According to analysis of Equation (25), the angular momentum in xoy plane
for the task of attitude control can be covered by the VSCMG when S =0". The
Jacobian matrix can be rewritten as follows when £ =0°.

-c0,Q, 56,2, c5&Q, —-s0,Q,
C=J|-s56Q, -c6,Q, s5Q, c5,Q, (26a)
0 0 0 0

-s6, —-cd, sO, cO,
D=J| co, -sd, —cd, so, (26b)
0 0 0 0

According to analysis Equation (26a) and Equation (2b), we can get the fol-
lows conclusion that the gyroscopic torque of the four gimbals and the reaction
torque of the four flywheels cannot along the direction of z axis. The gyroscopic
torque of each unit will approach to the maximum value that is along the x axis
or y axis when the reaction torque of each unit approaching to the minimum
value. The maximum angular momentum envelop of the VSCMG can be ex-
pressed as follows when S =0°.

According to analyze Figure 4, we can get the conclusion that the angular
momentum requirement of the spacecraft in xoy plan can be satisfied by the
VSCMG when f =07, unfortunately, the angular momentum requirement of
the spacecraft along the z axis cannot be covered by the VSCMG when £=0".
Under this situation, the ability of output torque of the flywheel torque will ap-

proach to the maximum value along the x axis when 6, =90", &, =07, 0, =90
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z

H (Nms)

Hy(Nms)

HX(Nms)

Figure 4. The angular momentum envelop of VSCMG when =0

and J, =0". The ability of output torque of the flywheel torque will approach to
the maximum vale along the y axis when &, =0", §,=90", 6,=0" and
0, =90°. The following designed idea can be achieved. Consequently, the flyw-
heel torque can be reduced when S =0 and the output torque is along the x
axis or y axis.

6) The maximum angular momentum envelop when g =90°

Equation (1) can be rewritten as follows when £ =90°.

0 —co, 0 co,
H=JQ|co [+JQ,| 0 |+JQ,|—cd, |+JQ,| O (27)
o) 0, s0, so,

According to analyze Equation (27), The Jacobian matrix can be rewritten as
follows when S =90".
0 50,00, 0 -50,Q,
C=J|-s6Q, 0 $0,Q, 0 (28a)
coQ ¢6,Q, ciQ; ci,Q,

0 —cd, 0 co,
D=J|co 0 -co, O (28b)
sé, so, s, sO,

According to analysis of Equation (28a) and Equation (28b), we can get the
following conclusion that the angular momentum of the task of the attitude con-
trol with three-dimensional space will be covered by VSCMG when £ =90".
The three dimensional torque requirement can be satisfied by the VSCMG when
L =90".

According to Figure 5, we can get the conclusion that the angular momentum
requirement of the spacecraft can be satisfied by the VSCMG when £=0".
Under this situation, the ability of output torque of the reaction torque can ap-
proach to the maximum value and along the z axis when &, =90", &, =90",
0,=90" and 9, =90°. The following designed idea can be achieved. Conse-
quently, the flywheel torque can be reduced when £ =90" and the output
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HZ(Nms)

Hy(Nms)

HX(Nms)

Figure 5. The angular momentum envelop of VSCMG when g =90".
torque is along the z axis.

2. The New Designed Steering Law

In the following section, the steering law is redesigned for the VSCMG with va-
riable skew angle. The singularity can be avoided, and the torque requirement of
the flywheel can be reduced.

1) The expected steering results of the gimbals and the flywheels

In the process of the new designed steering, in order to minimizing the system

power, the following performance function can be introduced.

. T .
. 16  [é
I,=—| .| W ¢ 29

The system power has upper bound limitation of the actual realizable system.
Besides, there is no gyroscopic torque with variable gimbals positions when the
flywheel speed approaching to zero. Therefore, the flywheel should have upper
bound limitation and lower bound limitation. So the bi-directional output tor-
que cannot always be output with regulation flywheel speed. The ability of
bi-directional torque will be output with additional ability of flywheel speed

equalization. So Equation (29) can be rewritten as follows.

min 54:1{’1 W[{é}+R{é} (30)
2|Q Q Q

where W, is the weighted matrix. The gimbals positions can be steered far away
from singular gimbals positions with reasonable steering gimbal speed. The sin-
gularity avoidance strategy can be designed as follows. The torque requirement
for the attitude control can be mainly provided by the gyroscopic torque when
the gimbals are far away from singular gimbals positions, the torque require-
ment of the attitude control can be mainly supported by the reaction torque of
the flywheels when the gimbals approaching to the singular gimbals positions.

Consequently, W, is directly related to the singularity measurement function. In
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additional, each flywheel speed will approach to some certain same speed by the
adding item of R[éTQT ]T . In order to steer all flywheel speed to some certain
same speed (Q ), the specific form of R can be directly related to the deviation
between each flywheel speed and Q. The specific form design process of W,
and R can be deduced as following section.

Based on the theory of Singular Value Decomposition (SVD), C can be re-

written as follows.
C=UAV"T (31)

where U = [nI n, n3] ,and V= [v1 v, v, v4] are unitary matrix, which satisfy
the equations U'U=1 and V'V =1, I represents the identity matrix, and
A=[S 0,,], S=diag(c,0,0;),and o,>0,>0,20 aresingular value of
A.

The pre-existing definition of singularity measurement function can be shown

as following form [11].

K=—= (32)

Sl

1
K

The denominators of x will approach to zero when the gimbals approaching
to singular gimbals positions. x will approach to infinity value. The reduction
rank of Cwill be appeared. The steering results will deteriorate. In order to avoid

such situation, the new singular measurement function can be redefined as fol-

lows.

Kg=—=— (33)

Under this situation, the specific form design process of W, and R can be de-
duced as follows. W, can be redesigned as
W, = diag(e”"S —1,e”s —1,e” —1,e” —1,1,1,1,1), p is the design parameter. The
flywheel can be steered when the gimbals staying at singular gimbals positions.
Under this situation, the additional requirement of flywheel torque will be needed
when flywheel speed equilibrium is required. Consequently, the flywheel torque
can be increased. The flywheel power can be expressed as product of the flywheel
torque and the flywheel speed. Consequently, the flywheel power can be in-
creased. In summary, R can be redesigned as follows.

R= |:01><4 (WRC)T:| (34)

where W, = (ep"~S —l)I

s - The function of W; can be shown in Figure 6.

According to Figure 6, the function of flywheel speed equilibrium can be ex-
ecuted by steering flywheels when the gimbals are far away from singular gim-
bals positions. The function of flywheel speed equilibrium cannot be worked by
steering flywheel when the gimbals staying at singular gimbals positions. The
function of singularity avoidance and flywheel speed equalization will not be
worked at the same time. So the flywheel torque can be reduced.

The flywheel speed of the unit 7 will be de-accelerated by R[5TQT ]T when
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Figure 6. The method of flywheel speed equalization.

Q, > Q. The flywheel speed of the unit 7 will be accelerated by R[éTQT JT
when Q, <Q. The ability of flywheel speed equilibrium can be achieved, so the
flywheel speed of the unit 7 can approach to Q.

In order to satisfy the torque requirement of the attitude control, it can be
provided by gyroscopic torque and reaction torque of the flywheel. The follow-

ing constraint should be satisfied for the new designed steering law.
. . é
7. =Co+DQ=[C D]L,J (35)

where 7. is the torque requirement of the spacecraft.
The expected steering results can be deduced by combing with Equation (30)
and Equation (35). The expected steering results of the new design steering law

can be shown as following equation.

F‘i}zwl[QT(QWIQT)1(1C+QW1RT)—RT} (36)
Q

The function of the flywheel speed equilibrium and the function of the torque
for the attitude control can be realized when the expected steering results of the
gimbals and the flywheels can be given as Equation (36). In the next following
section, the expected steering results of the skew angle are given.

2) The expected steering results of the variable skew angle

The torque of the attitude control can be mainly provided by the flywheels
when the gimbals staying at singular gimbals positions. Under this situation,

Equation (35) can be rewritten as follows.
4 .
T =J) 5, (37)
i=1

Based on analysis of the Ref. [5], the vector function of Equation (37) can be
rewritten as algebraic equation (gimbals positions are [-90°, 0°, 90°, 0°]) and

can be expressed as follows.
4 .
toou=JY s, uQ, (38)
i=l1

The requirement of the torque of the flywheel for the task of the attitude con-
trol can be deduced as combing with Equation (30) and Equation (38) and can

be shown as follows.
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JQ, i|gl.><u|
t, = =—

o Ylgixuy

i=1

(39)

The following figure can be gotten by calculating of Equation (39) when the
output torque is along the x axis.

According to Figure 7, we can get the following conclusion that the torque
requirement of each flywheel can be increased with variable skew angle. In order
to minimize the flywheel torque, the expected steering results of the variable
skew angle can be designed as following equation when the output torque is

along the x axis or y axis.
g, =[0,0.0.07 (40)
The torque requirement of the flywheels for the task of the attitude control
can be formed as Equation (39) when the gimbals staying at singular gimbals
positions (the gimbals positions are [90°, 90°, 90°, 90°]) and the torque is along
the z axis. The following figure can be gotten according to calculate of Equation
(39) when the output torque is along the z axis.
According to Figure 8, we can get the following conclusion that the torque
requirement of the flywheels can be decreased with decreasing skew angle. Base

on above analysis results, the expected steering results of skew angle can be

shown as follows when the output torque is along the z axis.
B, =[90",90",90",90° (41)

In order to steer the current skew angle to f,, the performance function can

g 0.5
S .
% ;
Z o0 2
>
% < [3
g 4
8 0.5
() 50 100
A°)
Figure 7. The requirement torque of the flywheels.
g 1.5
Z
3
g 1
8
g
g 05
g
=
S3
g o0
0 50 100

A°)

Figure 8. The requirement torque of the flywheels.
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be redefined as follows.

~ T
J=kﬂ§ﬂe=k(ﬂ_ﬂd) (ﬂ_ﬂd) (42)
The performance function can be deduced as following form.
d3 . d
E = V\‘ﬂ = k[} Z(ﬂz _ﬂdi) (43)
i=1

where k; >0 isa design parameter.

According to above analysis, we can get the span of the skew angle can be
shownas fe [0°,90°J .

3) The redesigned steering law

In order to follow the expected steering results, the new performance function

of the new designed steering law should be redesigned as following form.
L= minl[vj Av, +T] BT, | (44)
2

where v, =v-v,, v:[éQBT, vy :[54 Q, ﬁ"dT, A=1,,,.
T.=[CDE ][6 Q ﬂ]T — 7. is the torque deviation between the torque require-
ment of attitude control and output torque of the VSCMG with variable skew
angle of the pyramid configuration. B =9I, ,. 9is a design parameter. We can
make sure that the second derivative of the performance function L greater than
zero when we set 9> 0. So L has the minimum value.

The new designed steering law can be deduced based on the first derivative of
the performance function L when we setting it to zero. The new designed steer-

ing law can be expressed as follows.
v=(A+W BW,) (Av,+WBr,) (45)

According to Equation (45), we can get the conclusion that v — v, when
OL/ov=0,,,. So v will approach to v, when we set 9> 0, So we can get
I, Q>Q, B,

3. The Constant Analysis of Singularity Avoidance

The SGCMG singularly avoidance characteristics of the new designed steering
law can be expressed as the maximum torque requirement of the gyroscopic
torque and the reaction torque. In this section, the maximum torque require-
ment of the gyroscopic torque and the reaction torque will be deduced in the
following section.

1) The maximum torque requirement of the gyroscopic torque

The maximum gyroscopic torque for attitude control will be appeared when
the attitude control is provided by the minimum number of the gimbals. The
minimum number of gimbals can be given by the following analysis results. In
order to achieve the maximum gyroscopic torque of the gimbals, such situation
will be analyzed in the flowing process.

The characteristics of the output torque with different number can be ana-
lyzed. According to Equation (8), for one unit of SGCMG, the direction of gy-
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roscopic torque is perpendicular to the direction of the angular momentum, at
the same time, the direction of gyroscopic torque is perpendicular to the direc-
tion of the gimbal axis. The direction of the gyroscopic torque will be varied with
the changeable gimbal position. One unit of SGCMG cannot be controlled for
attitude control. So the minimize unit is two with controllable for attitude con-
trol. Consequently, the gyroscopic torque will approach to the maximum value
when the steerable unit is two. This steering situation can be given as follows:
The initial gimbals positions are set as [0°, 0°, 0°, 0°], the direction of the atti-
tude control is along the x axis or y axis.

When we set A& e (O°,90°). The gyroscopic torque and the reaction torque
will be alternated between the gimbals and the flywheels when the gimbals posi-
tions are [-90° + A 0°, 90° — A& 0°]. The gyroscopic torque will be output
when the gimbals positions between [0°, 0°, 0°, 0°] and [-90° + A& 0°,90° — A
0°]. The flywheel torque will be output when the gimbals positions between
[-90° + A& 0°,90° — A& 0°] and [-90°, 0°, 90°, 0°]. The following constraints
can be achieved when the gimbal position between [0°, 0°, 0°, 0°] and [-90" +
A& 0°,90° — A& 0°], at the same time, the output torque is along the x axis.

4 . 4 .
Dongcosw, JQ. + Y ncosw, JQ =0y, (46a)
i=1 i=1

JeBoos AZ(-Q6, +Qy8,) =z | (46b)

where n_;and n,; is the projection in the plane I';, of ¢, and s, respectively. 7.

is vertical vector to the plane of I'y,. @, is the angular between n_; and ¢, w,; is

the angular between n; and s, According to above analysis results, The maxi-

mum gyroscopic torque will be appeared when the flywheel speed is setas Q_, .

Under this situation, Equation (46b) can be rewritten as following equation with

consideration of the minimizing gimbal power.
1

JQminé‘max =, Az
2cfcosAE

|rc| (47)

where & is the maximum gimbal speed. The maximum gimbal acceleration
can be appeared when Equation (47) is satisfied. The maximum gimbal accelera-
tion can be achieved and expressed as following equation by the first order dif-
ferential &, in Equation (47).
» | sin AZ maX(dAéj (48)
2 JQ,.cp cos” A& dr

where max (dA&/dt) = S -
2) The maximum torque requirement of reaction torque of the flywheels.
The torque requirement of the attitude control can be provided by the flyw-
heel torque when the gimbals positions between [-90° + A& 0°, 90° — A 0°]
and [-90°, 0°, 90°, 0°]. So the following constraints can be satisfied when the
output torque is along the x axis.

4 . 4 .
> n, cos @, JQ0, + Y. n,cos, Q. =0, (49a)

i=1 i=1
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JQs, T +2JQ, cBSINAE+TQus, T =T T (49b)

where m =2, 4.
The torque requirement of the flywheel can be achieved by solving Equation
(49b) with minimizing flywheel power. The flywheel torque can be expressed as

follows.
JQ inA
——5% = max | max ——— a”z ———,max— (;ﬁsmz 5, 5 (50)
|rc BAE o oy +2¢”BsIin"AE A4S o +a; +2¢” fsin AL

where Q__ isthe maximum flywheel acceleration, n=1,3. o, =5, 7.,
a, =5, -7 . Based on Equation (15), We can get cfsinAé <¢,, so Equation
(50) can be rewritten as follows.
JQmaX am
=max—— — (51)
BAS o+ +2¢” fsin® AE

According to analyze of Equation (51), the flywheel torque will be increased
with increasing distance that the gimbals are far away from the singular gimbals
positions.

3) The avoidance of saturation singularity

The attitude control task cannot be successful implemented when the satura-
tion singularity is encountered. The saturation singularity cannot be effectively
avoided by any steering law. If the maximum requirement of the angular mo-
mentum for the task of the attitude is wrapped up by the maximum exchangea-
ble angular momentum envelop of the VSCMG, the saturation singularity can-
not be encountered during the process of the attitude control task. The whole
angular momentum can be exchanged between the spacecraft and the VSCMG.
So the maximum requirement of the angular momentum for the task of the atti-
tude (H,,) is wrapped up by maximum angular momentum envelop of the
VSCMG, the saturation singularity cannot encountered during the whole process
of the attitude control task. So we can get the following equation.

H, <H, (52)

where Hj is the exchangeable angular momentum of the VSCMG with variable
skew angular. If Equation (52) is satisfied, the saturation singularity can be effec-
tively avoided. Hj can be expressed as the radius of the inscribed circle by calcu-

lating of the following equation.
4 XU|x g, , ,
H= Y —<gf il JQ (g xu)xg JQ

max (53)
JeLgR |g,- x "| g, xu|

'min

If we set S, :(Q Q. )/Qmax owecan get S.=0 when Q  =Q ..

Sc=1 when Q. =0. H; can be further expressed as the radius of the in-

max

scribed circle by calculating of the following equation.

R, =min{|Hyy|,4s8JQ,,,,.(2+2c8)JQ,,,, | (54)

max 2

where R is the radius of the inscribed circle. (2+2¢f)JQ,, and 4sBJQ .

are the exchangeable angular momentum along the x axis (or y axis) and z axis,
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respectively. The relationship between R and variable skew angle with different
value of S; can be expressed as following figures when we set /Q_,, = 1 Nms, and
Qmin = Qmax - SCQ

In Figure 9(a), R; can reach to the maximum value when fe (50°,60°) . The

value of R will be increased with increasing the value of the B The ratio be-

max *

tween maximum value of R and the angular momentum of the SGCMG with
fixing flywheel speed will reach to 111.25%. The exchangeable angular momen-
tum can be increased with the value of S..

According to above analysis results, the following constraint should be satis-

fied for the VSCMG with variable skew angle.
|H\,| < R, (55)

If the above constraint is satisfied, the angular momentum requirement of the
attitude control can be satisfied. But the conservatism will become great. Con-
sequently, the power and the mass of the whole system will be increased. To re-
duce conservatism, the constraint of the angular momentum between the actua-

tor and the spacecraft can be rewritten as following equation.

HM < min[2JQmax (1 +Cﬂ)s4SﬂJQmax:| (56)
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Figure 9. The relationship between R and B with different value of S.. (a) 8 € (0°, 90°);
(b) B € (50, 60°).
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In Equation (56), the exchangeable angular momentum of the VSCMG with
variable skew angel along the z axis will approach to zero when £ =0. Under
this situation, if the disturbance that is along the z axis cannot be damped by the
actuator, the ability of attitude control task with three-dimensional cannot be sa-
tisfied. The relationship between (2 + 2¢f) and 4sf/ can be shown as the follow-
ing figure.

In Figure 10, the maximum exchangeable angular momentum of the VSCMG
with variable skew angle will approach to 4 with reasonable skew angle regula-
tion. The constraint of the angular momentum between the actuator and the

spacecraft can be rewritten as following equation.

Hy, <2JQ,, (1+cosA&) (57)

Under this situation, the minimum exchangeable angular momentum of the
VSCMG with variable skew angle for z axis damping (/) can be satisfied when
0,=0, 6,=0", 6,=0" and ¢,=0".

min H,, =4JsinAEQ (58)

If Equation (57) is satisfied, the saturation singularity will not be encountered
during the whole process of the task of the attitude control. In another words,
the saturation singularity can be effectively avoided.

4) The initial skew angle

If the singularity that is near the zero point of the angular momentum is en-
countered, the flywheel can be steered by the new designed steering law. There is
no enough time to regulate skew angle to appropriate position for minimizing
flywheel power. This situation suggests that the power of the skew angle can be
increased, which is not suitable for actual system implementation.

According to the Ref. [5], if the constraint steering law is applied. The exchan-
geable angular momentum are the same along the three axis when f=26.37".

3.5 m 1 %WVDR <>] 421+.2cosﬂ !
3 N% & sinf}
o M X
A N
\\X

P S |k
ol Sl b

dﬁ 50 100 150 > 200
A°)

Figure 10. The relationship between 2 + 2cfand 4sg/ with different value of ..
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Consequently, the initial skew angle can be set as 26.37°, the maximum skew an-

gle speed can be shown as follows.

. [26.37—A5 90—A5—26.37J
ﬂmax = max ;
. 2[1+c0s(26.37)]7Q,,, 59
e,

The additional flywheel power can be reduced when the initial skew angle is
setting as 26.37°.

4. The Optimizing Parameters of the VSCMG for Attitude
Control

The problem of the optimizing parameters of the VSCMG with variable skew
angle for attitude control can be expressed as follows. The parameters optimiz-
ing problem of VSCMG with variable skew angle can be given as follows. The
design parameters of the VSCMG with variable skew angle can be given with
minimizing whole system power and satisfying the requirement of the attitude
control. In order to satisfy the requirement of the attitude control, the angular
momentum of the attitude control can be wrapped up by the exchangeable an-
gular momentum of the VSCMG with skew angle (related parameters can be

expressed as Q Q_. and /). At the same time, the torque requirement of

max min

the attitude control can be satisfied by the gyroscopic torque and flywheel torque
S and & ) under consi-

max max max

(related parameters can be expressed as Q
dering of the singularity avoidance (related parameters can be expressed as Aé
P

The optimizing parameters of the VSCMG for attitude control can be cast as
following multi-objective optimizing problem when the angular momentum re-
quirement of the attitude control (H,) and the torque requirement of the atti-
tude control (7. ) are known.

min B +F;
J Qumin »Qpnax A8

Qmax — Qmin
Lol T T (€0

st. Hy <2JQ . (1+cosA&)

max

where f(J, Qmin,Qmax,Aﬁ) is the objective function with vector form of the
parameters optimizing of the VSCMG. P is the maximum gimbal power, 7 is

the maximum flywheel power. Z; and P, can be described as follows, respectively.

2 .
PG :JGS 5 :JG[ |TC| j SlnAf max(dAéa]

2JQ ., cosAE | cosAE dt (61)

: a
B=JQ Q.. = 5 7 |Q
R . C
T ol o +2sin” AE | | "

where J; is the moment of inertia along the direction of the gimbal axis. We can

get J; = J when the flywheel momentum of inertia of the gyroscopic room is
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considered.

In Equation (61), the maximum flywheel torque can be reduced to the 25%
that is the ratio between the torque requirement of the flywheel and the torque
requirement of the attitude control when the current gimbals staying at singular
gimbals positions. Under this situation, the power requirement of the gimbals
will approach to infinity value when the gimbals staying at singular gimbals po-
sitions. The characteristics of the contradiction of the mult-objectives optimizing
problem can be achieved according to above analysis results. Consequently, the
distance (Aé) that is between the current gimbal position and the singular gimbal
position need to be introduced.

The multi-objective optimization problem that can be indicated as Equation
(60), that can be solved by the intelligent algorithm of the particle swarm opti-
mization. When we set the |H,| = 0.9 Nms. Meanwhile, the maximum torque
for attitude control can be expressed as | 7| = 0.09 Nm. The optimization results
of the VSCMG with variable skew angle can be expressed as Table 1.

According to Table 1, the optimization VSCMG with variable skew angle is
given. The performance of the attitude control need to be further analyzed. Fur-
thermore, the effectiveness of the singularity avoidance should be further veri-
fied. Besides, it is need to be further analyzed the flywheel power and the flyw-

heel torque. All the analysis results will be given in the next following section.

5. Simulation and Verification

In this section, the control system of the whole spacecraft system is built, and the
matrix of the inertia of the spacecraft can be set as I = diag ([10, 10, 10]). Fur-
thermore, the typical linear controller is applied. Consequently, the influence
factors can be effectively reduced, and the ability of singularity avoidance can be
clearly verified by the analysis results. Besides, the main problem for the new de-
signed steering law and the optimization VSCMG that is given in the above
analysis results is the singularity problem. In summary, the ability of singularity
avoidance would be the main problem that should be considered in the section,
and the actual steering results of the new designed steering law of the optimiza-
tion VSCMG with variable skew angle are given in this section.

1) The maneuvering task along the x axis

According to the characteristics of the pyramid configuration, the steering

results when the maneuvering task along the x axis and the steering results when

Table 1. The optimization results of the VSCMG.

Parameter result Parameter result
J (kg-m?) 9.04 x 107 (dQ/dp,,, (rad/s?) 30
(d*64d8),,,, (rad/s?) 2.70
Q,x (rpm) 6377 (d6AD,,,,, (rad/s) 2.20
Q,. (rpm) 3020 AL) 80.05
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the maneuvering task along the y axis have the same results. Consequently, the
actually steering results along the x axis are analyzed in the following section.
The attitude control task can be planed as follows: 24 degree along the x axis in
20 s. Under this situation, in order to verify the ability of the singularity avoid-
ance, the extreme case should be verified in the following section. Consequently,
the initial gimbals positions can be set as [0°, 0°, 0°, 0°]. According to Ref. [2]
and Ref. [5], the minimum steerable number of the gimbals is 2, and the gimbals
will be steered approach to the singular gimbals positions. The inescapable sin-
gularity will be encountered during the steering process when the output torque
is along the x axis (The singular gimbals positions are [90°, 0°, =907, 0°]). The
simulator results of the actually steering results of the optimization VSCMG
with variable skew angle can be shown as following figures.

In Figure 11, ¢, @and y are the Euler angles in the inertial coordinate system.
The task of the attitude control is planned at above section (large angle maneu-
vering along the x axis) can be successively operated by the optimization
VSCMG with the variable skew angle. The torque that is needed by the task of
the attitude control can be mainly provided by the gyroscopic torque when ¢ <
9.1 s. The torque for the task of the attitude control will be switched from gy-
roscopic torque of the gimbals to reaction torque of the flywheels by the new de-
signed steering law when £ = 9.1 s. The torque of the task of the attitude control
that is needed can be mainly provided by reaction torque of the flywheels when
9.1 < £< 10 s. The flywheel speed deviation will be appeared. The gimbal posi-
tion of the unit 1 will be steered form 0° to 90° when £< 9.1 s. At the same time,
the gimbal position of the unit 3 will be steered form 0° to —90° when #< 9.1 s.
Consequently, the inescapable singularity can be encountered when ¢ = 9.1 s
(The singular gimbals position are [90°, 0°, —90°, 0°]). According to analyze of
reaction torque of the flywheels, the output torque of the task of the attitude
control will be supported by reaction torque of the flywheels when the singulari-
ty is encountered. Consequently, the singularity can be effectively overcome by
the variable flywheel speed. The skew angle will be steered towards to the 0 de-
gree when 0 < £< 9.1. In the system of the VSCMG with variable skew angle, the
precisely torque can be output even with rate fluctuations of the skew angle.
Consequently, the difficult of the system implement and the cost of the system
can be reduced. Under this situation, the value of s, -u(i =1, 2,3,4) will ap-
proaching to 1. In order to further verify the effectiveness of the variable skew
angle in the VSCMG, the following comparison analysis results are given.

In Figure 12, compare with the fixing skew angle and the variable skew angle,
the flywheel acceleration and the flywheel power are given with different simula-
tion conditions. According to analysis results, the ability of output torque of the
flywheels will be increased when the reasonable skew angle is steered. Conse-
quently, the torque requirement of the flywheels will be decreased, and the flyw-
heel power that is determined by the flywheel torque and the flywheel speed will

be reduced.
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Figure 11. The system response waveform for the optimization VSCMG with variable

skew angle (along x axis).

2) The maneuvering task along the z axis

The attitude control task can be planed as follows: 40 degree along the z axis
in 20s. In order to verify the ability of the singularity avoidance, the extreme case
will be verified in the following section. Consequently, the initial gimbals posi-
tions can be set as [0°, 0°, 0°, 0°]. Under this situation, all gimbals will be steered
from 0° to —90°. Consequently, the singularity will be encountered soon or later
for the VSCMG with fixing skew angle (The singular gimbals positions are
[-90°, —90°, =90°, —=90°]). According to Figure 4 and Figure 5, the exchangeable
angular momentum envelop along the z axis will be increased for the VSCMG
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with variable skew angle when the skew angle is steered from current value to
—90°. Based on Figure 4 and Figure 5, the singular gimbals positions (The sin-
gular gimbals positions are [-90°, —=90°, —90°, —90°]) will be delayed by the rea-
sonable steering results of the variable skew angle. The actually steering results
can be shown as follows.

According to Figure 13, the attitude of the spacecraft will be maneuvered
from 0° to 40° in the 20 s. The maximum maneuvering speed can reach to 4°/s.
Consequently, the attitude maneuvering task can be successfully operated in the
fixed time. The singularity cannot be encountered during the maneuvering
process. The steering results of the gimbals and the flywheels can be shown in
the following section.

In Figure 14, the initial gimbals positions are [0°, 0°, 0°, 0°]. For the VSCMG

o
>

with variable skew angle, the minimizing gimbals positions are [-60°, —60
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Figure 12. The comparison analysis results of the flywheel torque and flywheel power. (a)
Variable skew angle; (b) fixed skew angle (5= 54.74").
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Figure 13. The attitude maneuvering along the z axis.
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—60°, —60°] when ¢ = 10 s. The singularity can be effectively avoided by the
VSCMG with variable skew angle. In another words, the singularity (The singu-
lar gimbals positions are [-90°, —90°, —90°, —90°]) will be delayed by the
VSCMG with variable skew angle. For the VSCMG with fixing skew angel, the
minimizing gimbals positions are [-90°, —90°, —90°, —90°] when ¢= 9.5 s. The
inescapable singularity will be encountered. Under this situation, the output
torque of the VSCMG cannot be supported by the gyroscopic torque of the
gimbals, at the same time, the output torque of the VSCMG can be supported by
the reaction torque of the flywheels.

According to analyze Figure 14 and Figure 15, the inescapable singularity will be
delayed by the VSCMG with variable skew angle. In another words, the inescapable
singularity can be effectively avoided by the VSCMG with variable skew with rea-
sonable designing of the steering law. The analysis results are consisted with the

theory analysis results that are given in Figure 4 and Figure 5.
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Figure 14. The steering results of the gimbals. (a) Variable skew angle; (b) fixed skew an-
gle (B=54.74").
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Figure 16. The comparison and analysis of the flywheel power and the flywheel torque.
(a) Variable skew angle; (b) fixed skew angle (8= 54.74").

In Figure 16, some certain reaction torque will be needed at the beginning
of the attitude maneuvering task. The reason will be given in the follows. At
the beginning of the attitude maneuvering task, the gimbals positions are [0°,
0°, 0°, 0°]. The three dimensional torque can be supported by the gyroscopic
torque of the gimbals. Unfortunately, under this situation, we can get x; — 0.
Consequently, the ability of the output torque of the gyroscopic torque will be
reduced. In order to satisfy the torque requirement of the attitude control,
some certain reaction torque will be needed by W,. For the VSCMG with the
fixing skew angle, the inescapable singularity will be encountered when ¢= 9.5
s. Consequently, the output torque for the task of the attitude control will be
supported by the reaction torque of the flywheels when the inescapable singu-
larity is encountered. The flywheel torque will be increased. At the same time,
the flywheel power that is determined by the flywheel torque and the flywheel
speed will be increased. In summary, compare with the VSCMG with fixing
skew angle, the flywheel torque and the flywheel power will be decreased with
reasonable steering skew angle. The steering results of the flywheel speed can
be shown as following figures.

In Figure 17, the inescapable singularity will be encountered for the VSCMG
with fixing skew angle. Consequently, the additional flywheel toque will be
needed for the task of the attitude control. The flywheel speed will be sharply in-
creased. However, the ability of the flywheel speed equalization can be achieved
by the new designed steering law.
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Figure 17. The Comparison analysis of the flywheel speed. (a) Variable skew angle; (b)
Fixed skew angle (f=54.74").

6. Conclusion

In this paper, a new strategy of minimizing the flywheel power of the VSCMG
with variable skew angle is considered. The exchangeable angle momentum en-
velop of the VSCMG with variable skew angle is analyzed. Then a new steering
law is redesigned for the VSCMG with the variable skew angle. The skew angle
can be reasonably steered by the new designed steering law. Consequently, the
torque of the attitude control can be mainly provided by the gyroscopic torque at
vast majority of the time. The task of the attitude control can be mainly provided
by the reaction torque when the singularity is encountered. The skew angle will
be reasonably steered by the new designed steering law for the minimizing flyw-
heel torque when the gimbals staying at singular gimbals positions. Consequent-
ly, the singularity can be effectively avoided by assisting of the variable skew an-
gle. Later, the optimizing problem of the VSCMG with variable skew angle can
be cast as a multi-objective static function with minimizing system power and
the maximizing exchangeable angular momentum under consideration about
the new designed steering law. The multi-objective static function will be solved
by the intelligent algorithm of the particle swarm optimization. Although, the
utilization ratio of the angular momentum is decreased, the flywheel power can
be decreased. The inescapable singularity can be avoided, and the whole system

power can be decreased.

Acknowledgements

This research work is supported by the Natural Science Foundation of Ningxia
Province (Grant No. 2021AAC03171). This research work is also supported by
the National Natural Science Foundation of China (Grant No. 62163003).

Conflicts of Interest
The authors declare no conflicts of interest regarding the publication of this pa-

per.

References
[1] Liu, F., Zhao, H., Yao, Y., et al (2016) The Parameters Optimisation Design for Va-

DOI: 10.4236/jamp.2023.1111212

3342 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111212

F. Liu et al.

(2]

(4]

(5]

(6]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

riable Speed Control Momentum Gyroscopes. International Journal of Control, 90,
2618-2630. https://doi.org/10.1080/00207179.2016.1261304

Liang, T. and Xu, S.J. (2005) Geometric Analysis of Singularity for Single-Gimbal
Control Moment Gyro Systems. Chinese Journal of Aeronautics, 18, 295-303.
https://doi.org/10.1016/S1000-9361(11)60248-3

Lappas, V.J. (2002) A Control Moment Gyro (CMG) Based Attitude Control System
(ACS) for Agile Small Satellites. Master’s Thesis, University of Surrey, Guildford.

Liu, F.,, Gao, F., Zhang, W.W., Zhang, B. and He, J.H. (2019) The Optimization De-
sign with Minimum Power for Variable Speed Control Moment Gyroscopes with
Integrated Power and Attitude Control. Aerospace Science and Technology, 88,
287-297. https://doi.org/10.1016/j.ast.2019.03.028

Richie, D.J., Lappas, V.J. and Palmer, P.L. (2007) Sizing/Optimization of a Small
Satellite Energy Storage and Attitude Control System. Journal of Spacecraft and Rock-
ets, 44, 940-952. https://doi.org/10.2514/1.25134

Liu, F., Gao, Y. and Zhang, W. (2021) Large Angle Maneuver and High Accuracy
Attitude Pointing Steering Law for Variable Speed Control Momentum Gyroscopes.
Journal of the Franklin Institute, 358, 3441-3469.
https://doi.org/10.1016/j.jfranklin.2021.02.019

Yao, Y., Liu, F. and Zhao, H. (2016) Constrained Steering Law for VSCMGs with
the Function of Attitude Control and Energy Storage. Aerospace Science and Tech-
nology, 58, 341-350. https://doi.org/10.1016/j.ast.2016.08.030

Zhao, H., Liu, F. and Yao, Y. (2017) Optimization Design Steering Law for VSCMGs
with the Function of Attitude Control and Energy Storage. Aerospace Science and
Technology, 65, 9-17. https://doi.org/10.1016/].ast.2017.02.005

Kojima, H. (2013) Singularity Analysis and Steering Control Laws for Adaptive-Skew
Pyramid-Type Control Moment Gyros. Acta Astronautica, 85, 120-137.
https://doi.org/10.1016/j.actaastro.2012.12.019

Yoon, H. and Tsiotras, P. (2004) Singularity Analysis of Variable-Speed Control Mo-
ment Gyros. Journal of Guidance, Control, and Dynamics, 27, 374-386.
https://doi.org/10.2514/1.2946

MaMabhon, J. and Schaub, H. (2009) Simplified Singularity Avoidance Using Varia-
ble Speed Control Moment Gyroscope Null Motion. Journal of Guidance, Control,
and Dynamics, 32, 1938-1943. https://doi.org/10.2514/1.45433

Jun, L. and Chao, H. (2007) Attitude Control of Large Angle Maneuver for Micro-
satellite Using Variable Speed Control Moment Gyros. Chinese Journal of Space
Science, 27, 336-341. https://doi.org/10.11728/cjss2007.04.336

Jia, Y.H. and Xu, S.J. (2007) Integrated Power and Attitude Control of Spacecraft
Using Variable Speed Control Moment Gyros. Chinese Journal of Aeronautics, 28,
647-653.

Jung, D. and Tsiotras, P. (2007) An Experimental Validation of Spacecraft Attitude
and Power Tracking with Variable Speed Control Moment Gyroscopes. AAS Space-
flight Mechanics Meeting, Sedona, January 2007, 7-130.

Zhang, J. and Xu, S.J. (2008) Singularity Analysis and Steering Law Design of IPACS
with VSCMGs. Chinese Journal of Aeronautics, 29, 123-130.

Zhang, J. and Xu, S.J. (2006) A Projection Matrix Approach for Design of IPACS of
Spacecraft with VSCMGs. Journal of Astronautics, 27, 609-615.

Jia, Y.H. and Xu, S.J. (2003) Study on Integrated Attitude/Power Control Using Va-
riable Speed Control Moment Gyros. Journal of Astronautics, 24, 32-37.

DOI: 10.4236/jamp.2023.1111212

3343 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111212
https://doi.org/10.1080/00207179.2016.1261304
https://doi.org/10.1016/S1000-9361(11)60248-3
https://doi.org/10.1016/j.ast.2019.03.028
https://doi.org/10.2514/1.25134
https://doi.org/10.1016/j.jfranklin.2021.02.019
https://doi.org/10.1016/j.ast.2016.08.030
https://doi.org/10.1016/j.ast.2017.02.005
https://doi.org/10.1016/j.actaastro.2012.12.019
https://doi.org/10.2514/1.2946
https://doi.org/10.2514/1.45433
https://doi.org/10.11728/cjss2007.04.336

F. Liu et al.

(18]

(19]

(20]

Fausz, J.L. and Richie, D.J. (2001) Flywheel Simultaneous Attitude Control and
Energy Storage Using a VSCMG Configuration. Proceedings of the 2000 IEEE In-
ternational Conference on Control Applications, Anchorage, 27 September 2001,
991-995.

Dominguez, J. and Wie, B. (2002) Computation and Visualization of Control Mo-
ment Gyroscope Singularities. ATAA Guidance, Navigation, and Control Confe-
rence and Exhibit. 2002: 4570.

Wie, B. (2004) Singularity Analysis and Visualization for Single-Gimbal Control
Moment Gyro Systems. Journal of Guidance, Control, and Dynamics, 27, 271-283.
https://doi.org/10.2514/1.9167

DOI: 10.4236/jamp.2023.1111212

3344 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111212
https://doi.org/10.2514/1.9167

	Optimizing Designed Variable Speed Control Moment Gyroscopes with Variable Skew Angle
	Abstract
	Keywords
	1. Introduction
	Exchangeable Angular Momentum Envelop of VSCMG with Variable Skew Angle

	2. The New Designed Steering Law
	3. The Constant Analysis of Singularity Avoidance
	4. The Optimizing Parameters of the VSCMG for Attitude Control
	5. Simulation and Verification
	6. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

