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Abstract 
Large torque can be output by the single gimbal control momentum gyros-
cope (SGCMG) based on the principle of the gyroscopic precession. However, 
the singularity is a major obstacle to successfully implement the task of the 
attitude control. The singularity can be avoided by the additional variable 
flywheel speed of variable speed control moment gyroscopes (VSCMG). Un-
fortunately, some kind of singularity cannot be effectively avoided. Conse-
quently, the output toque can be only supported by the reaction torque of the 
flywheel when the singularity is encountered, and the consume power that is 
determined by the flywheel speed and reaction torque can be greatly increased 
when the flywheel spin rate over one thousand revolutions per minute. In this 
paper, the pyramid configuration with variable skew angle of the VSCMG is 
considered. A new steering law for the VSCMG with variable skew angle is 
proposed. The singularity that cannot be avoided by the varying flywheel 
speed can be effectively avoided with assisting of varying the skew angle. 
Consequently, the requirement of flywheel torque can be reduced. At last, the 
optimizing VSCMG with variable skew angle can be cast as a multi-objective 
function with multi-constraints. The particle swarm optimization method is 
used to solve the optimizing problem. In summary, the VSCMG with variable 
skew angle can be redesigned with considering of the singularity avoidance 
and minimizing system power. 
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1. Introduction 

The large torque can be output by the varying gimbals position of the single 
gimbal control momentum gyroscopes (SGCMG) [1] [2]. The torque amplifi-
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cation performance can be possessed by the SGCMG based on the theory of 
the gyroscope precession principle [2]. Unfortunately, the output torque of the 
SGCMG cannot be supported by the gyroscopic torque when singularity is en-
countered [3]. The singularity is the mainly obstacle in successfully operating the 
attitude control task [4]. The singularity can be effectively avoided by assisting of 
the varying flywheel spin rate of the variable speed control momentum gyros-
copes (VSCMG) [1] [4]. 

Compared with single gimbal control momentum gyroscopes (SGCMG), the 
singularity can be avoided by assisting the variable spin rate of the VSCMG [4]. 
Unfortunately, according to analyze of the recent reports, some singularity can-
not be avoided even by assisting the variable spin rate. Consequently, the output 
torque of the VSCMG can be supported only by the reaction torque of the flyw-
heels when the singularity is encountered, and the flywheel torque can be greatly 
increased [4]. So the flywheel power that is determined by the flywheel torque 
and flywheel speed can be greatly increased when the flywheel spin rate reaching 
to thousands revolutions per minute [5] [6] [7] [8]. 

In order to effectively avoid the singularity, the additional freedom should be 
added in the VSCMG. In this paper, the variable skew angle is added in the 
VSCMG. The variable skew angle is first introduced in the Ref. [9] for the SGCMG. 

According to analyze of the Ref. [9], the singularity characteristics cannot be 
changed with varying skew angel. Consequently, steering skew angle does not 
seem to help avoidance singularity. Fortunately, the output torque can also be 
output by the varying skew angle. So null motion can be reconstructed and the 
singularity can be effectively avoided. Although, the ability of singularity avoid-
ance can be increased by varying skew angle, the additional hardware should be 
added and the additional consume power should be added, which is not suitable 
for aerospace application with low power consume [10]. Consequently, optimi-
zation designed of the VSCMG with variable skew angle with minimizing power 
need to be further analyzed. 

The optimization design of the VSCMG for pyramid configuration with fixing 
skew angle has already been proposed in the Ref. [1] and Ref. [8] with minimum 
flywheel rotational inertia and flywheel power. The additional torque can be 
output with varying skew angle. So the requirement of the flywheel torque will 
be reduced by the skew angle when the singularity is encountered [8] [9] [10]. 
According to above analysis results, in order to further reduce the flywheel tor-
que, the pyramid configuration of the VSCMG with variable skew angle need to 
be considered. The purpose of introducing the variable skew angel is used for 
singularity avoidance. Unfortunately, the steering skew angle in the new de-
signed steering law is not considered. So the new steering law needed to be fur-
ther studied. 

In order to optimize design of the VSCMG with variable skew angle, the fol-
lowing two parts should be given. The first one is that the exchangeable angular 
momentum envelop for the VSCMG with variable skew angle should be further 
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analyzed. The other one is that the new steering law with minimizing flywheel 
torque for the VSCMG with variable skew needed to be redesigned. The angular 
momentum envelop of the VSCMG with fixing skew angle have already been 
analyzed in Ref. [11] and Ref. [12]. The characteristics of the exchangeable an-
gular momentum for the VSCMG with variable skew angle have not been re-
ported. At the same time, the designed steering law for VSCMG with fixing skew 
angle has already been extensively studied [13]-[18]. However, the designed 
steering law for VSCMG with variable skew angle has not been reported. 

According to the principle of the gyroscopic precession, the direction of the 
gyroscopic torque of the one unit is perpendicular to the angular momentum 
vector. At the same time, the gyroscopic torque of the one unit is perpendicular 
to the vector of the gimbal axis. So the direction of the gyroscopic torque of the 
SGCMG with only one unit will be varied when the gimbal position is varying. 
Consequently, the multi-units of the SGCMG will be needed for the torque re-
quirement with three-dimensional space. For the system of the SGCMG, the 
more number of the units, the stronger ability of the singularity avoidance can 
be achieved. However, considering the mass and power constraints of the space 
application requirements, the less number of elements in the configuration would 
be a better choice. Consequently, the singularity problem will become more se-
rious. The designed configuration for the SGCMG with minimizing unit should 
be balanced between the singularity avoidance and the power and mass. Ac-
cording to analyze the pre-existed works, the pyramid configuration has a unit 
redundancy, the singularity can be avoided, and the torque with three-dimensional 
torque can be output. In additional, it is the simplest configuration of the actua-
tor of the attitude control system, and it has already been widely used in the at-
titude control system of the spacecraft. Furthermore, the singularity analysis 
with different configuration can be guided and provided by the pre-existed 
analysis results of the pyramid configuration. The VSCMG with variable degree 
of the flywheel speed and variable degree of the skew angle are still working in 
the mode of the SGCMG in the most majority of the time. According to above 
analysis results, the configuration of the VSCMG with variable skew angle will 
be fixed as pyramid configuration in this paper. The exchangeable angular mo-
mentum envelop for VSCMG with variable skew angle is analyzed. The new de-
signed steering law is given under the condition of singularity avoidance and 
flywheel speed equalization with minimizing flywheel power for the VSCMG 
with variable skew angle. The optimization parameters of VSCMG with variable 
skew angle are given under the consideration of singularity avoidance and mi-
nimizing whole system power. 

Exchangeable Angular Momentum Envelop of VSCMG with  
Variable Skew Angle 

1) System Description 
The task of three axis attitude control cannot be only satisfied by one unit of 

the VSCMG. The three units are the minimum requirement for three axis atti-
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tude control. The four units VSCMG with pyramid configuration are frequently 
used under the considering of system redundancy requirements. In this paper, the 
pyramid configuration is considered. The system description with pyramid confi-
guration can be expressed as the Figure 1. Where β  is the skew angle of the py-
ramid configuration. ( )1,2,3,4i i =g  is the gimbal-axis vector, 1 s cβ β= +g i k , 

2 s cβ β= +g j k , 3 s cβ β= − +g i k , 4 s cβ β= − +g j k , where, c cosβ β= ,
s sinβ β= . The net angular momentum vector of the VSCMG can be expressed 
in spacecraft reference frame ( ), ,x y z  with a set of orthogonal unit vectors 
( ), ,i j k  as follows. 

1 2 3 4

1 2 3 4

1 1 2 2 3 3 4 4

1 2 3 4

c s c c s c
c c s c c s

s s s s s s s s
J J J J

β δ δ β δ δ
δ β δ δ β δ

β δ β δ β δ β δ

= + + +

− −       
      = Ω + Ω − + Ω − + Ω      
            

H h h h h

    (1) 

where H  is the net angular momentum vector. ih  is the angular momentum 
vector and it can be assumed as i i iJ= Ωs h , and we can get 1i =s . J is the in-
ertia of flywheel, iΩ  is the flywheel speed, iδ  is the gimbal position. 

In system of the VSCMG with variable skew angle, angular momentum can be 
exchanged between the spacecraft and the actuator (VSCMG with variable skew 
angle). In another words, the output torque of the VSCMG with variable skew 
angle can be output by varying angular momentum. 

C
d
dt

=
Hτ                            (2) 

where Cτ  can be denoted as output torque of VSCMG with variable skew angle 
for attitude control. 

The variable angular momentum of the actuator can be caused by three va-
riables: gimbal position, flywheel speed and skew angle. Consequently, the  

 

 
Figure 1. The pyramid configuration of VSCMG. 
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gyroscopic torque can be output by varying gimbal position, the reaction torque 
can be output by varying spin rate, and the additional torque that can be output 
by varying skew angle. The net torque of the VSCMG with variable skew angle 
can be expressed as follows. 

4 4 4

C
1 1 1

i i i

i i ii i

β
δ β= = =

∂ ∂ ∂
= + +

∂ ∂Ω ∂∑ ∑ ∑
h h h

τ δ Ω                 (3) 

where [ ]T1 2 3 4δ δ δ δ=δ , [ ]T1 2 3 4= Ω Ω Ω ΩΩ , first-order derivative of δ  and 

Ω  are the gimbals speed vector 
T

1 2 3 4δ δ δ δ =  δ     , flywheels acceleration 

vector T
1 2 3 4 = Ω Ω Ω Ω 

    Ω , respectively. We can get [ ]T1 2 3, ,E E E
β

∂
=

∂
H

, and  

( )1 1 1 3 3s s sE J β δ δ= Ω −Ω , ( )2 2 2 4 4s s sE J β δ δ= Ω −Ω , 
4

3
1

c si i
i

E J β δ
=

= Ω∑ ,  

c cos= , s sin= . Equation (3) can be rewritten as following matrix form. 

C = + +τ Cδ D Eβ Ω                        (4) 

where ∂ ∂ =H δ C , and ∂ ∂ =H Ω D  are the Jacobi matrix of gimbals and flyw-
heel, respectively. The specific form can be shown as matrix follows. 

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

c c s c c s
s c c s c c

s c s c s c s c
J

β δ δ β δ δ
δ β δ δ β δ

β δ β δ β δ β δ

− Ω Ω Ω − Ω 
 = − Ω − Ω Ω Ω 
 Ω Ω Ω Ω 

C       (5a) 

1 2 3 4

1 2 3 4

1 2 3 4

c s c c s c
c c s c c s

s s s s s s s s
J

β δ δ β δ δ
δ β δ δ β δ

β δ β δ β δ β δ

− − 
 = − − 
  

D            (5b) 

where 
1

2

3

0 0 0
0 0 0
0 0 0

E
E
E

 
 =  
  

E , [ ]T1,1,1,1β=β  , the first-order derivative of β  is 

spin rate of skew angle. 
2) Singularity Analysis 
Singularity can be described as follows. Gyroscopic torque can be output in 

the plane Γ by all units of VSCMG. The output torque cannot be supported by 
the gyroscopic torque when the direction of the output torque is along the direc-
tion that is perpendicular to the plane Γ (Figure 2). In another words, the output 
torque cannot be supported by the gyroscopic torque when the singularity is 
encountered. 

 

 
Figure 2. The spatial distribution of gyroscopic torque when singularity is encountered. 
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Where ( )1,2,3,4i i =c  is unit vector that is column ( )1,2,3,4i i =  of matrix 
C. The gyroscopic torque of each unis can be expressed as vector of ic . In 
another word, ( )1,2,3,4i i =c  is the direction along the gyroscopic torque. The 
singular gimbals positions can be defined as follows: the current gimbals posi-
tions can be defined as the singular gimbals positions when the singularity is 
encountered. In another words, the current gimbals will be staying at the singu-
lar gimbals positions when the singularity is encountered. The SGCMG singu-
larity surface can be obtained when taking the gimbals positions over solution 
space. The singularity direction of the SGCMG singularity can be defined as fol-
lows [19] [20]. 

{ }: 1, , 1, 2,3, 4iS i= = ≠ ± =u u u g                  (6) 

where S is a set of SGCMG singular direction. The vector u of S in the coordina-
tion (O-xyz) can be expressed as follows [19] [20]. 

2 1 2 1 2s s c c cθ θ θ θ θ= − +u i j k                    (7) 

where s sinj jθ θ= , c cosj jθ θ= , j = 1, 2. 1θ  and 2θ  are the rotation angle 
along the x axis and y axis, respectively. We can get 1 0 ,360θ  ∈  

  , 
 

2 0 ,360θ  ∈  
  . The following equation can be obtained based on the principle 

of the gyroscopic precession [19] [20]. 

i i i= − ×c g s                           (8) 

Consequently, the singularity condition can be rewritten as follows. 

( ) 0i i i⋅ = − × ⋅ =c u g s u                      (9) 

According to above analysis results, the output torque of the VSCMG with va-
riable skew angle can be obtained by the variable angular momentum of the four 
units. Consequently, Equation (9) can be rewritten as follows. 

Gd 0⋅ =H u                          (10) 

where dHG is variable angular momentum of the four units with variable gim-
bals positions when the SGCMG singularity is encountered. The direction of the 
gyroscopic torque of the VSCMG can be expressed as following equation when 
the gimbals staying at singular gimbals positions. 

i
i

i

×
=

×
g u

c
g u



                        (11) 

According to the principle of the gyroscopic precession, the vector of flywheel 
angular momentum can be expressed with cross of the vector of the gyroscopic 
torque and gimbal axis. 

i i i= − ×s c g                          (12) 

Consequently, the vector of the flywheel angular momentum can be rewritten 
as following equation with combining Equation (11) and Equation (12). 

( )i i
i

i

× ×
= ±

×

g u g
s

g u
                      (13) 
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The sum angular momentum of the VSCMG with the four units can be shown 
as following equation when the gimbals staying at singular gimbals positions. 

( )4

1

i i
i

i i

ε
=

× ×
=

×∑
g u g

H
g u

                     (14) 

where ( )signi iε = ⋅s u . 
The singularity surface can be achieved by Equation (14) when taking θ1 and 

θ2 over [0˚, 360˚], respectively. According to analysis of Equation (14), the 
SGCMG singular surface can be classified into 0H singular surface, 2H singular 
surface and 4H singular surface with different sign of the εi [20]. The shape of 
the singular surface can be varied with variable skew angle. 

In the VSCMG system, the variable flywheel speed can be used to avoid the 
SGCMG singularity. The requirement torque for the task of the attitude control 
can be only provided by the flywheels when gimbals staying at SGCMG singular 
gimbals positions and the torque requirement is along the u. so the projection of 
each flywheel angular momentum in the u can be deduced and can be shown as 
following equation. 

( )i i
i i

i

× ×
⋅ = ± ⋅ = ± ×

×

g u g
s u u g u

g u
                (15) 

Based on the definition of the set S, we can get ( )1,2,3,4i i≠ ± =u g . Conse-
quently, we can get 0i ⋅ ≠s u . The following conclusion can be achieved when 
the gimbals staying at singular gimbals positions for the VSCMG with variable 
skew angle. In summary, the following conclusion can be achieved. 

[ ]rank 3≡C D E                      (16) 

According to the analyze Equation (16), we can get the conclusion that there 
is no internal singularity problem in the VSCMG with variable skew angle. In 
another words, the output torque with three dimensions can be always output 
weather singularity is encountered or not. 

3) The exchangeable angular momentum envelop 
The total angular momentum envelop of the VSCMG can be exchangeable 

between the spacecraft and the actuator. Consequently, the exchangeable angular 
momentum envelop of the VSCMG can be extended to the maximum angular 
momentum envelop. The maximum angular momentum envelop of the VSCMG 
approximate to ellipsoid when [ ]max0,Ω∈ Ω , where maxΩ  is the up bound of 
the flywheel spin rate [5]. 

The maximum angular momentum envelop of the VSCMG is given in Ref. [6] 
when the flywheel regulation speed have upper and lower bound limitation. 
There is no gyroscopic torque when the flywheel speed is zero with varying 
gimbals positions. Besides, the performance of the torque amplification will be 
deteriorated when the flywheel speed is too low. In addition, any actually system 
has power limitation. Consequently, the flywheel speed of the VSCMG should 
have upper bound limitation and lower bound limitation. minΩ  can be marked 
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as the lower bound limitation of the flywheel speed, maxΩ  can be marked as the 
upper bound limitation of the flywheel speed. The maximum angular momen-
tum envelop of the VSCMG with variable skew angle is given in the following 
section. The characteristics of the exchangeable angular momentum envelop of 
the VSCMG with variable skew angle is analyzed. 

4) The maximum angular momentum envelop when ( )0 ,90∈β    
The cut section of the angular momentum envelop of the VSCMG with upper 

and lower bound of flywheel regulation speed can be shown in Figure 3 when 
( )0 ,90β ∈   . 

In Figure 3, MTRS can be denoted as angular momentum profile when 
( )min 1, 2,3, 4i iΩ = Ω = . [ ]max min,iΩ ∈ Ω Ω  is the flywheel speed ( )1,2,3,4i = . 

GBNA can be denoted as angular momentum profile when maxiΩ = Ω   
( )1,2,3,4i = . AEBN can be denoted the increased angular momentum with re-
gulating flywheel speed. A and B are the intersections between 4H singular sur-
face and 2H singular surface. S and T are the intersections between 4H singular 
surface and 2H singular surface. N and E are the intersections between 2H sin-
gular surface and 1g . The net angle momentum of the VSCMG can be ex-
pressed as follows. 

( )4
*

1

i i
i

i i

J
=

× ×
= Ω

×∑
g u g

H
g u

                    (17) 

There is no gyroscopic torque along the u direction when the gimbals staying 
at singular gimbals positions. The net angular momentum of the VSCMG with 
four flywheels angular momentum can be expressed as follows. 

4 4

1 1
i i i

i i
J

= =

= = Ω∑ ∑H h s                      (18) 

where ( )1,2,3,4i i =s  is the unit vector of each flywheel angular momentum. 
Where ( ) [ ]( )min max1, 2,3, 4, ,i it iΩ = Ω ∈ Ω Ω  is the flywheel speed. 

The projection of the VSCMG momentum in u can be expressed as follows. 
 

 
Figure 3. The cut section of the angular momentum profile. 
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( )
4

H
1

i
i

J
=

= ⋅ = ⋅∑H u h u                     (19) 

The solution space of ( )i tδ  and ( )i tΩ  can be achieved when JH reaching 
to the maximum value. The maximum angular momentum of the VSCMG can 
be achieved when substituted the solution space of ( )i tδ  and ( )i tΩ  into the 
following equation. 

( ) ( )
4

1
i i i

i
J t tδ

=

= Ω   ∑H s                    (20) 

The maximum angular momentum envelop of the SGCMG is made up of all 
4H singular surface and part 2H singular surface. Consequently, the following 
equation can be achieved when JH reach to the maximum value. 

4

H
1

i
i

J
=

= ⋅ = ⋅∑H u h u                     (21a) 

4

H
1,

j i
j j i

J
= ≠

= ⋅ = ⋅ − ⋅∑H u h u h u                (21b) 

Equation (21a) means that the sign of i ⋅h u  (where 1,2,3,4i = ) are all posi-
tive sign. For the convenience of problem description, this situation can be 
marked as case 1. Under this situation, i ⋅h u  can reach to the maximum value 
when current gimbals staying at the singular gimbals positions. Equation (21b) 
means that the sign of i ⋅h u  is the minus sign, and the sign of j ⋅h u  ( i j≠ ) 
are positive sign. For the convenience of problem description, this situation can 
be marked as case 2. Under this situation, i ⋅h u  can reach to the maximum 
value when gimbals staying at singular gimbals positions, meanwhile, j ⋅h u  
can reach to the minimum value when the gimbals staying at singular gimbals 
positions. 

In the VSCMG system, the following equation can be achieved when JH reach 
to the maximum value. 

( )
4

H
1

i i
i

J J t
=

= ⋅ = Ω ⋅∑H u s u                  (22a) 

( ) ( )
4

H
1,

j j i i
j j i

J J t J t
= ≠

= ⋅ = Ω ⋅ − Ω ⋅∑H u s u s u           (22b) 

Equation (22a) means that the sign of i ⋅s u  (where 1,2,3,4i = )are all posi-
tive sign (Case 1). Equation (22b) means that the sign of i ⋅s u  is the minus 
sign, and the sign of j ⋅s u  ( i j≠ ) are positive sign(Case 2). 

The maximum angular momentum surface of the VSCMG with upper and 
lower bound limitation of the flywheel regulation speed can be expressed as fol-
lowing two cases. 

Case 1: JH can reach to the maximum value when the gimbals staying at sin-
gular gimbals positions and the flywheel speed is approaching to the maximum 
value. Consequently, the maximum angular momentum of the VSCMG can be 
expressed as follows. 
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( )4

max
1

i i

i i

J
=

× ×
= Ω

×∑
g u g

H
g u

                   (23) 

Case 2: under this situation, the maximum angular momentum of the VSCMG 
can be expressed as following optimization problem. 

( ) ( )

4
*

, 1
4

2 1
1

max

s.t. cos

i i jt t i

i i i
i

J

J ξ

=

×
=

ℑ = Ω ⋅

Ω =

∑

∑

δ
s u

n 0

Ω
                   (24) 

To sum up, the maximum angular momentum envelop of the VSCMG with 
upper and lower bound limitation of the flywheel regulation speed is the approx-
imate ellipsoid with eight symmetric distribution hollows when ( )0 ,90β ∈   . 
The minimum momentum value can be achieved at the hollow point on the 
maximum momentum envelop. The value of the maximum angular momentum 
is directly related to maxΩ  and minΩ . 

5) The maximum angular momentum envelop when 0=β   
Equation (1) can be rewritten as follows when 0β =  . 

1 2 3 4

1 1 2 2 3 3 4 4

s c s c
c s c s
0 0 0 0

J J J J
δ δ δ δ
δ δ δ δ

− −       
       = Ω + Ω − + Ω − + Ω       
              

H       (25) 

According to analysis of Equation (25), the angular momentum in xoy plane 
for the task of attitude control can be covered by the VSCMG when 0β =  . The 
Jacobian matrix can be rewritten as follows when 0β =  . 

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

c s c s
s c s c

0 0 0 0
J

δ δ δ δ
δ δ δ δ

− Ω Ω Ω − Ω 
 = − Ω − Ω Ω Ω 
  

C           (26a) 

1 2 3 4

1 2 3 4

s c s c
c s c s
0 0 0 0

J
δ δ δ δ
δ δ δ δ

− − 
 = − − 
  

D               (26b) 

According to analysis Equation (26a) and Equation (2b), we can get the fol-
lows conclusion that the gyroscopic torque of the four gimbals and the reaction 
torque of the four flywheels cannot along the direction of z axis. The gyroscopic 
torque of each unit will approach to the maximum value that is along the x axis 
or y axis when the reaction torque of each unit approaching to the minimum 
value. The maximum angular momentum envelop of the VSCMG can be ex-
pressed as follows when 0β =  . 

According to analyze Figure 4, we can get the conclusion that the angular 
momentum requirement of the spacecraft in xoy plan can be satisfied by the 
VSCMG when 0β =  , unfortunately, the angular momentum requirement of 
the spacecraft along the z axis cannot be covered by the VSCMG when 0β =  . 
Under this situation, the ability of output torque of the flywheel torque will ap-
proach to the maximum value along the x axis when 1 90δ =  , 2 0δ =  , 3 90δ =    
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Figure 4. The angular momentum envelop of VSCMG when 0β =   

 
and 4 0δ =  . The ability of output torque of the flywheel torque will approach to 
the maximum vale along the y axis when 1 0δ =  , 2 90δ =  , 3 0δ =   and 

4 90δ =  . The following designed idea can be achieved. Consequently, the flyw-
heel torque can be reduced when 0β =   and the output torque is along the x 
axis or y axis. 

6) The maximum angular momentum envelop when 90=β   
Equation (1) can be rewritten as follows when 90β =  . 

2 4

1 1 2 3 3 4

1 2 3 4

0 c 0 c
c 0 c 0
s s s s

J J J J
δ δ

δ δ
δ δ δ δ

−       
      = Ω + Ω + Ω − + Ω      
            

H        (27) 

According to analyze Equation (27), The Jacobian matrix can be rewritten as 
follows when 90β =  . 

2 2 4 4

1 1 3 3

1 1 2 2 3 3 4 4

0 s 0 s
s 0 s 0

c c c c
J

δ δ
δ δ
δ δ δ δ

Ω − Ω 
 = − Ω Ω 
 Ω Ω Ω Ω 

C            (28a) 

2 4

1 3

1 2 3 4

0 c 0 c
c 0 c 0
s s s s

J
δ δ

δ δ
δ δ δ δ

− 
 = − 
  

D                (28b) 

According to analysis of Equation (28a) and Equation (28b), we can get the 
following conclusion that the angular momentum of the task of the attitude con-
trol with three-dimensional space will be covered by VSCMG when 90β =  . 
The three dimensional torque requirement can be satisfied by the VSCMG when 

90β =  . 
According to Figure 5, we can get the conclusion that the angular momentum 

requirement of the spacecraft can be satisfied by the VSCMG when 0β =  . 
Under this situation, the ability of output torque of the reaction torque can ap-
proach to the maximum value and along the z axis when 1 90δ =  , 2 90δ =  , 

3 90δ =   and 4 90δ =  . The following designed idea can be achieved. Conse-
quently, the flywheel torque can be reduced when 90β =   and the output  
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Figure 5. The angular momentum envelop of VSCMG when 90β =  . 

 
torque is along the z axis. 

2. The New Designed Steering Law 

In the following section, the steering law is redesigned for the VSCMG with va-
riable skew angle. The singularity can be avoided, and the torque requirement of 
the flywheel can be reduced. 

1) The expected steering results of the gimbals and the flywheels 
In the process of the new designed steering, in order to minimizing the system 

power, the following performance function can be introduced. 
T

1
4 1

1min
2

−   
ℑ =    

   

δ δW
 

 Ω Ω
                  (29) 

The system power has upper bound limitation of the actual realizable system. 
Besides, there is no gyroscopic torque with variable gimbals positions when the 
flywheel speed approaching to zero. Therefore, the flywheel should have upper 
bound limitation and lower bound limitation. So the bi-directional output tor-
que cannot always be output with regulation flywheel speed. The ability of 
bi-directional torque will be output with additional ability of flywheel speed 
equalization. So Equation (29) can be rewritten as follows. 

T
1

4 1
1min
2

−     
ℑ = +     

     

δ δ δ
W R

  

  Ω Ω Ω
              (30) 

where W1 is the weighted matrix. The gimbals positions can be steered far away 
from singular gimbals positions with reasonable steering gimbal speed. The sin-
gularity avoidance strategy can be designed as follows. The torque requirement 
for the attitude control can be mainly provided by the gyroscopic torque when 
the gimbals are far away from singular gimbals positions, the torque require-
ment of the attitude control can be mainly supported by the reaction torque of 
the flywheels when the gimbals approaching to the singular gimbals positions. 
Consequently, W1 is directly related to the singularity measurement function. In 
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additional, each flywheel speed will approach to some certain same speed by the 
adding item of 

TT T  R δ Ω . In order to steer all flywheel speed to some certain 
same speed (Ω ), the specific form of R can be directly related to the deviation 
between each flywheel speed and Ω . The specific form design process of W1 
and R can be deduced as following section. 

Based on the theory of Singular Value Decomposition (SVD), C can be re-
written as follows. 

T=C U VΛ                          (31) 

where [ ]1 2 3=U n n n , and [ ]1 2 3 4=V v v v v  are unitary matrix, which satisfy 
the equations T =U U I  and T =V V I , I  represents the identity matrix, and 

[ ]3 1×= S 0Λ , ( )1 2 3diag σ σ σ=S , and 1 2 3 0σ σ σ> > ≥  are singular value of 
Λ . 

The pre-existing definition of singularity measurement function can be shown 
as following form [11]. 

1

3

1 σ
κ

κ σ
= =                          (32) 

The denominators of κ  will approach to zero when the gimbals approaching 
to singular gimbals positions. κ  will approach to infinity value. The reduction 
rank of C will be appeared. The steering results will deteriorate. In order to avoid 
such situation, the new singular measurement function can be redefined as fol-
lows. 

3
S

1

1 σ
κ

κ σ
= =                         (33) 

Under this situation, the specific form design process of W1 and R can be de-
duced as follows. W1 can be redesigned as  

( )S S S S
1 e 1,e 1,e 1,e 1,1,1,1dia ,g 1ρκ ρκ ρκ ρκ− − −= −W , ρ is the design parameter. The 

flywheel can be steered when the gimbals staying at singular gimbals positions. 
Under this situation, the additional requirement of flywheel torque will be needed 
when flywheel speed equilibrium is required. Consequently, the flywheel torque 
can be increased. The flywheel power can be expressed as product of the flywheel 
torque and the flywheel speed. Consequently, the flywheel power can be in-
creased. In summary, R can be redesigned as follows. 

( )T
1 4 R0 ×

 =  R W ζ                       (34) 

where ( )S
R 4 4e 1ρκ

×= −W I . The function of WR can be shown in Figure 6. 
According to Figure 6, the function of flywheel speed equilibrium can be ex-

ecuted by steering flywheels when the gimbals are far away from singular gim-
bals positions. The function of flywheel speed equilibrium cannot be worked by 
steering flywheel when the gimbals staying at singular gimbals positions. The 
function of singularity avoidance and flywheel speed equalization will not be 
worked at the same time. So the flywheel torque can be reduced. 

The flywheel speed of the unit i will be de-accelerated by 
TT T  R δ Ω  when  
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Figure 6. The method of flywheel speed equalization. 

 

iΩ > Ω . The flywheel speed of the unit i will be accelerated by 
TT T  R δ Ω  

when iΩ < Ω . The ability of flywheel speed equilibrium can be achieved, so the 
flywheel speed of the unit i can approach to Ω . 

In order to satisfy the torque requirement of the attitude control, it can be 
provided by gyroscopic torque and reaction torque of the flywheel. The follow-
ing constraint should be satisfied for the new designed steering law. 

[ ]C

 
= + =  

 

δτ Cδ D C D


 



Ω
Ω

                  (35) 

where Cτ  is the torque requirement of the spacecraft. 
The expected steering results can be deduced by combing with Equation (30) 

and Equation (35). The expected steering results of the new design steering law 
can be shown as following equation. 

( ) ( )1T T T Td
1 1 C 1

d

−   = + −     

δ
W Q QW Q τ QW R R



Ω
          (36) 

The function of the flywheel speed equilibrium and the function of the torque 
for the attitude control can be realized when the expected steering results of the 
gimbals and the flywheels can be given as Equation (36). In the next following 
section, the expected steering results of the skew angle are given. 

2) The expected steering results of the variable skew angle 
The torque of the attitude control can be mainly provided by the flywheels 

when the gimbals staying at singular gimbals positions. Under this situation, 
Equation (35) can be rewritten as follows. 

4

C
1

i i
i

J
=

= Ω∑τ s                          (37) 

Based on analysis of the Ref. [5], the vector function of Equation (37) can be 
rewritten as algebraic equation (gimbals positions are [−90˚, 0˚, 90˚, 0˚]) and 
can be expressed as follows. 

4

C
1

i i
i

J
=

⋅ = ⋅ Ω∑τ u s u                        (38) 

The requirement of the torque of the flywheel for the task of the attitude con-
trol can be deduced as combing with Equation (30) and Equation (38) and can 
be shown as follows. 

https://doi.org/10.4236/jamp.2023.1111212


F. Liu et al. 
 

 

DOI: 10.4236/jamp.2023.1111212 3329 Journal of Applied Mathematics and Physics 
 

( )
4 2C

1

ii
i

i
i

J
t

=

± ×Ω
= =

×∑

g u
τ g u



                    (39) 

The following figure can be gotten by calculating of Equation (39) when the 
output torque is along the x axis. 

According to Figure 7, we can get the following conclusion that the torque 
requirement of each flywheel can be increased with variable skew angle. In order 
to minimize the flywheel torque, the expected steering results of the variable 
skew angle can be designed as following equation when the output torque is 
along the x axis or y axis. 

T

d 0 ,0 ,0 ,0 =  β                          (40) 

The torque requirement of the flywheels for the task of the attitude control 
can be formed as Equation (39) when the gimbals staying at singular gimbals 
positions (the gimbals positions are [90˚, 90˚, 90˚, 90˚]) and the torque is along 
the z axis. The following figure can be gotten according to calculate of Equation 
(39) when the output torque is along the z axis. 

According to Figure 8, we can get the following conclusion that the torque 
requirement of the flywheels can be decreased with decreasing skew angle. Base 
on above analysis results, the expected steering results of skew angle can be 
shown as follows when the output torque is along the z axis. 

T

d 90 ,90 ,90 ,90 =  β                         (41) 

In order to steer the current skew angle to dβ , the performance function can  
 

 
Figure 7. The requirement torque of the flywheels. 

 

 
Figure 8. The requirement torque of the flywheels. 
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be redefined as follows. 

( ) ( )TT
e e d dk kℑ = = − −β β β β β β                 (42) 

The performance function can be deduced as following form. 

( )
4

β
1

d
d i i

i
k

t =

ℑ
= ∇ℑ = −∑ dβ β β                   (43) 

where β 0k >  is a design parameter. 
According to above analysis, we can get the span of the skew angle can be 

shown as 0 ,90β  ∈  
  . 

3) The redesigned steering law 
In order to follow the expected steering results, the new performance function 

of the new designed steering law should be redesigned as following form. 

Τ Τ
e e e e

1min
2

L  = + v Av T BT                   (44) 

where e d= −v v v , 
T

 =  v δ β Ω , 
T

d d d d =  v δ β Ω , 12 12×=A I .  
[ ] T

e C = − T C D E δ β τ Ω  is the torque deviation between the torque require-
ment of attitude control and output torque of the VSCMG with variable skew 
angle of the pyramid configuration. 3 3ϑ ×=B I . ϑ is a design parameter. We can 
make sure that the second derivative of the performance function L greater than 
zero when we set ϑ > 0. So L has the minimum value. 

The new designed steering law can be deduced based on the first derivative of 
the performance function L when we setting it to zero. The new designed steer-
ing law can be expressed as follows. 

( ) ( )1T T
d Cn n n

−
= + +v A W BW Av W Bτ                (45) 

According to Equation (45), we can get the conclusion that d→v v  when 

12 1L ×∂ ∂ =v 0 . So v  will approach to dv  when we set ϑ > 0, So we can get 

d→δ δ  , d→ Ω Ω , d→β β  . 

3. The Constant Analysis of Singularity Avoidance 

The SGCMG singularly avoidance characteristics of the new designed steering 
law can be expressed as the maximum torque requirement of the gyroscopic 
torque and the reaction torque. In this section, the maximum torque require-
ment of the gyroscopic torque and the reaction torque will be deduced in the 
following section. 

1) The maximum torque requirement of the gyroscopic torque 
The maximum gyroscopic torque for attitude control will be appeared when 

the attitude control is provided by the minimum number of the gimbals. The 
minimum number of gimbals can be given by the following analysis results. In 
order to achieve the maximum gyroscopic torque of the gimbals, such situation 
will be analyzed in the flowing process. 

The characteristics of the output torque with different number can be ana-
lyzed. According to Equation (8), for one unit of SGCMG, the direction of gy-
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roscopic torque is perpendicular to the direction of the angular momentum, at 
the same time, the direction of gyroscopic torque is perpendicular to the direc-
tion of the gimbal axis. The direction of the gyroscopic torque will be varied with 
the changeable gimbal position. One unit of SGCMG cannot be controlled for 
attitude control. So the minimize unit is two with controllable for attitude con-
trol. Consequently, the gyroscopic torque will approach to the maximum value 
when the steerable unit is two. This steering situation can be given as follows: 
The initial gimbals positions are set as [0˚, 0˚, 0˚, 0˚], the direction of the atti-
tude control is along the x axis or y axis. 

When we set ( )0 ,90ξ∆ ∈   . The gyroscopic torque and the reaction torque 
will be alternated between the gimbals and the flywheels when the gimbals posi-
tions are [−90˚ + Δξ, 0˚, 90˚ − Δξ, 0˚]. The gyroscopic torque will be output 
when the gimbals positions between [0˚, 0˚, 0˚, 0˚] and [−90˚ + Δξ, 0˚, 90˚ − Δξ, 
0˚]. The flywheel torque will be output when the gimbals positions between 
[−90˚ + Δξ, 0˚, 90˚ − Δξ, 0˚] and [−90˚, 0˚, 90˚, 0˚]. The following constraints 
can be achieved when the gimbal position between [0˚, 0˚, 0˚, 0˚] and [−90˚ + 
Δξ, 0˚, 90˚ − Δξ, 0˚], at the same time, the output torque is along the x axis. 

4 4

c c T s s T 3 1
1 1

cos cosi i i i i i i
i i

J Jω δ ω ×
= =

Ω + Ω =∑ ∑n n  0            (46a) 

( )1 1 3 3 Cc cosJ β ξ δ δ∆ −Ω +Ω = τ                 (46b) 

where nci and nsi is the projection in the plane ΩΓ  of ci and si, respectively. Cτ  
is vertical vector to the plane of ΩΓ . ωci is the angular between nci and ci. ωsi is 
the angular between nsi and si. According to above analysis results, The maxi-
mum gyroscopic torque will be appeared when the flywheel speed is set as minΩ . 
Under this situation, Equation (46b) can be rewritten as following equation with 
consideration of the minimizing gimbal power. 

min max C
1

2c cos
J δ

β ξ
Ω =

∆
τ                   (47) 

where maxδ  is the maximum gimbal speed. The maximum gimbal acceleration 
can be appeared when Equation (47) is satisfied. The maximum gimbal accelera-
tion can be achieved and expressed as following equation by the first order dif-
ferential maxδ  in Equation (47). 

C
max 2

min

1 sin dmax
2 c dcosJ t

ξ ξδ
β ξ

∆ ∆ =  Ω ∆  

τ
              (48) 

where ( ) maxmax d dtξ δ∆ =  . 
2) The maximum torque requirement of reaction torque of the flywheels. 
The torque requirement of the attitude control can be provided by the flyw-

heel torque when the gimbals positions between [−90˚ + Δξ, 0˚, 90˚ − Δξ, 0˚] 
and [−90˚, 0˚, 90˚, 0˚]. So the following constraints can be satisfied when the 
output torque is along the x axis. 

4 4

c c T s s T 3 1
1 1

cos cosi i i i i i i
i i

J Jω δ ω ×
= =

Ω + Ω =∑ ∑n n  0            (49a) 
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1 1 C 3 3 C C C2 sinmJ J c Jβ ξΩ ⋅ + Ω ∆ + Ω ⋅ = ⋅s τ s τ τ τ            (49b) 

where m = 2, 4. 
The torque requirement of the flywheel can be achieved by solving Equation 

(49b) with minimizing flywheel power. The flywheel torque can be expressed as 
follows. 

max
2 2 2 2 2 2 2 2, ,

C 1 3 1 3

c sinmax max ,max
2c sin 2c sin

nJ
β ξ β ξ

α β ξ
α α β ξ α α β ξ∆ ∆

 Ω ∆
=  

+ + ∆ + + ∆ τ



  (50) 

where maxΩ  is the maximum flywheel acceleration, n = 1, 3. 1 1 Cα = ⋅s τ ,  
3 3 Cα = ⋅s τ . Based on Equation (15), We can get c sin nβ ξ α∆ ≤ , so Equation 

(50) can be rewritten as follows. 

max
2 2 2 2,

C 1 3

max
2c sin

mJ
β ξ

α
α α β ξ∆

Ω
=

+ + ∆τ



               (51) 

According to analyze of Equation (51), the flywheel torque will be increased 
with increasing distance that the gimbals are far away from the singular gimbals 
positions. 

3) The avoidance of saturation singularity 
The attitude control task cannot be successful implemented when the satura-

tion singularity is encountered. The saturation singularity cannot be effectively 
avoided by any steering law. If the maximum requirement of the angular mo-
mentum for the task of the attitude is wrapped up by the maximum exchangea-
ble angular momentum envelop of the VSCMG, the saturation singularity can-
not be encountered during the process of the attitude control task. The whole 
angular momentum can be exchanged between the spacecraft and the VSCMG. 
So the maximum requirement of the angular momentum for the task of the atti-
tude (HM) is wrapped up by maximum angular momentum envelop of the 
VSCMG, the saturation singularity cannot encountered during the whole process 
of the attitude control task. So we can get the following equation. 

M E≤H H                           (52) 

where HE is the exchangeable angular momentum of the VSCMG with variable 
skew angular. If Equation (52) is satisfied, the saturation singularity can be effec-
tively avoided. HE can be expressed as the radius of the inscribed circle by calcu-
lating of the following equation. 

( ) ( )4

max min
1,

j j i i

j j i ij

J J
= ≠

× × × ×
= Ω − Ω

××
∑

g u g g u g
H

g ug u
         (53) 

If we set ( )C max min maxS = Ω −Ω Ω x, we can get C 0S =  when max minΩ = Ω . 

C 1S =  when min 0Ω = . HE can be further expressed as the radius of the in-
scribed circle by calculating of the following equation. 

( ){ }C OE max maxmin ,4s , 2 2cR J Jβ β= Ω + ΩH            (54) 

where RC is the radius of the inscribed circle. ( ) max2 2c Jβ+ Ω  and max4s Jβ Ω  
are the exchangeable angular momentum along the x axis (or y axis) and z axis, 
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respectively. The relationship between RC and variable skew angle with different 
value of SC can be expressed as following figures when we set JΩmax = 1 Nms, and 

min max C maxSΩ = Ω − Ω . 
In Figure 9(a), RC can reach to the maximum value when ( )50 ,60β ∈   . The 

value of RC will be increased with increasing the value of the β. The ratio be-
tween maximum value of RC and the angular momentum of the SGCMG with 
fixing flywheel speed will reach to 111.25%. The exchangeable angular momen-
tum can be increased with the value of SC. 

According to above analysis results, the following constraint should be satis-
fied for the VSCMG with variable skew angle. 

M CR≤H                          (55) 

If the above constraint is satisfied, the angular momentum requirement of the 
attitude control can be satisfied. But the conservatism will become great. Con-
sequently, the power and the mass of the whole system will be increased. To re-
duce conservatism, the constraint of the angular momentum between the actua-
tor and the spacecraft can be rewritten as following equation. 

( )M max maxmin 2 1 c ,4H J s Jβ β≤ Ω + Ω                (56) 

 

 
Figure 9. The relationship between RC and β with different value of SC. (a) β ∈ (0˚, 90˚); 
(b) β ∈ (50˚, 60˚). 
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In Equation (56), the exchangeable angular momentum of the VSCMG with 
variable skew angel along the z axis will approach to zero when 0β =  . Under 
this situation, if the disturbance that is along the z axis cannot be damped by the 
actuator, the ability of attitude control task with three-dimensional cannot be sa-
tisfied. The relationship between (2 + 2cβ) and 4sβJ can be shown as the follow-
ing figure. 

In Figure 10, the maximum exchangeable angular momentum of the VSCMG 
with variable skew angle will approach to 4 with reasonable skew angle regula-
tion. The constraint of the angular momentum between the actuator and the 
spacecraft can be rewritten as following equation. 

( )M max2 1 cosH J ξ≤ Ω + ∆                    (57) 

Under this situation, the minimum exchangeable angular momentum of the 
VSCMG with variable skew angle for z axis damping (HD) can be satisfied when 

1 0δ =  , 2 0δ =  , 3 0δ =   and 4 0δ =  . 

minmin 4 sinDH J ξ= ∆ Ω                     (58) 

If Equation (57) is satisfied, the saturation singularity will not be encountered 
during the whole process of the task of the attitude control. In another words, 
the saturation singularity can be effectively avoided. 

4) The initial skew angle 
If the singularity that is near the zero point of the angular momentum is en-

countered, the flywheel can be steered by the new designed steering law. There is 
no enough time to regulate skew angle to appropriate position for minimizing 
flywheel power. This situation suggests that the power of the skew angle can be 
increased, which is not suitable for actual system implementation. 

According to the Ref. [5], if the constraint steering law is applied. The exchan-
geable angular momentum are the same along the three axis when 26.37β =  .  

 

 
Figure 10. The relationship between 2 + 2cβ and 4sβJ with different value of SC. 
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Consequently, the initial skew angle can be set as 26.37˚, the maximum skew an-
gle speed can be shown as follows. 

( )

max
min min

min
min

C 2

26.37 Δ 90 Δ 26.37max ,

2 1 cos 26.37

t t

J
t

δ δβ

τ

 − − −
=  

 
+ Ω  =



            (59) 

The additional flywheel power can be reduced when the initial skew angle is 
setting as 26.37˚. 

4. The Optimizing Parameters of the VSCMG for Attitude 
Control 

The problem of the optimizing parameters of the VSCMG with variable skew 
angle for attitude control can be expressed as follows. The parameters optimiz-
ing problem of VSCMG with variable skew angle can be given as follows. The 
design parameters of the VSCMG with variable skew angle can be given with 
minimizing whole system power and satisfying the requirement of the attitude 
control. In order to satisfy the requirement of the attitude control, the angular 
momentum of the attitude control can be wrapped up by the exchangeable an-
gular momentum of the VSCMG with skew angle (related parameters can be 
expressed as maxΩ , minΩ  and J). At the same time, the torque requirement of 
the attitude control can be satisfied by the gyroscopic torque and flywheel torque 
(related parameters can be expressed as maxΩ , maxδ  and maxδ ) under consi-
dering of the singularity avoidance (related parameters can be expressed as Δξ, 

maxβ ). 
The optimizing parameters of the VSCMG for attitude control can be cast as 

following multi-objective optimizing problem when the angular momentum re-
quirement of the attitude control (HM) and the torque requirement of the atti-
tude control ( Cτ ) are known. 

( )

min max

min max

R G, , ,

max min
C, , ,

max

M max

min

max

s.t. 2 1 cos

J

J

P P

S

H J

ξ

ξ

ξ

Ω Ω ∆

Ω Ω ∆

+

Ω −Ω
=

Ω

≤ Ω + ∆

               (60) 

where ( )min max, , ,J ξΩ Ω ∆f  is the objective function with vector form of the 
parameters optimizing of the VSCMG. PG is the maximum gimbal power, PR is 
the maximum flywheel power. PG and PR can be described as follows, respectively. 

2
C

G G max max G
min

R max max C max2 2 2
1 3

sin dmax
2 cos cos d

2sin
m

P J J
J t

P J

ξ ξδ δ
ξ ξ

α
α α ξ

   ∆ ∆  = =    Ω ∆ ∆   
 = Ω Ω = Ω + + ∆

τ

τ

 



     (61) 

where JG is the moment of inertia along the direction of the gimbal axis. We can 
get JG ≈ J when the flywheel momentum of inertia of the gyroscopic room is 
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considered. 
In Equation (61), the maximum flywheel torque can be reduced to the 25% 

that is the ratio between the torque requirement of the flywheel and the torque 
requirement of the attitude control when the current gimbals staying at singular 
gimbals positions. Under this situation, the power requirement of the gimbals 
will approach to infinity value when the gimbals staying at singular gimbals po-
sitions. The characteristics of the contradiction of the mult-objectives optimizing 
problem can be achieved according to above analysis results. Consequently, the 
distance (Δξ) that is between the current gimbal position and the singular gimbal 
position need to be introduced. 

The multi-objective optimization problem that can be indicated as Equation 
(60), that can be solved by the intelligent algorithm of the particle swarm opti-
mization. When we set the |HM| = 0.9 Nms. Meanwhile, the maximum torque 
for attitude control can be expressed as |τC| = 0.09 Nm. The optimization results 
of the VSCMG with variable skew angle can be expressed as Table 1. 

According to Table 1, the optimization VSCMG with variable skew angle is 
given. The performance of the attitude control need to be further analyzed. Fur-
thermore, the effectiveness of the singularity avoidance should be further veri-
fied. Besides, it is need to be further analyzed the flywheel power and the flyw-
heel torque. All the analysis results will be given in the next following section. 

5. Simulation and Verification 

In this section, the control system of the whole spacecraft system is built, and the 
matrix of the inertia of the spacecraft can be set as I = diag ([10, 10, 10]). Fur-
thermore, the typical linear controller is applied. Consequently, the influence 
factors can be effectively reduced, and the ability of singularity avoidance can be 
clearly verified by the analysis results. Besides, the main problem for the new de-
signed steering law and the optimization VSCMG that is given in the above 
analysis results is the singularity problem. In summary, the ability of singularity 
avoidance would be the main problem that should be considered in the section, 
and the actual steering results of the new designed steering law of the optimiza-
tion VSCMG with variable skew angle are given in this section. 

1) The maneuvering task along the x axis 
According to the characteristics of the pyramid configuration, the steering 

results when the maneuvering task along the x axis and the steering results when  
 

Table 1. The optimization results of the VSCMG. 

Parameter result Parameter result 

J (kg∙m2) 9.04 × 10−4 (dΩ/dt)max (rad/s2) 30 

  (d2δ/dt2)max (rad/s2) 2.70 

Ωmax (rpm) 6377 (dδ/dt)max (rad/s) 2.20 

Ωmin (rpm) 3020 Δξ(˚) 80.05 
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the maneuvering task along the y axis have the same results. Consequently, the 
actually steering results along the x axis are analyzed in the following section. 
The attitude control task can be planed as follows: 24 degree along the x axis in 
20 s. Under this situation, in order to verify the ability of the singularity avoid-
ance, the extreme case should be verified in the following section. Consequently, 
the initial gimbals positions can be set as [0˚, 0˚, 0˚, 0˚]. According to Ref. [2] 
and Ref. [5], the minimum steerable number of the gimbals is 2, and the gimbals 
will be steered approach to the singular gimbals positions. The inescapable sin-
gularity will be encountered during the steering process when the output torque 
is along the x axis (The singular gimbals positions are [90˚, 0˚, −90˚, 0˚]). The 
simulator results of the actually steering results of the optimization VSCMG 
with variable skew angle can be shown as following figures. 

In Figure 11, φ, θ and ψ are the Euler angles in the inertial coordinate system. 
The task of the attitude control is planned at above section (large angle maneu-
vering along the x axis) can be successively operated by the optimization 
VSCMG with the variable skew angle. The torque that is needed by the task of 
the attitude control can be mainly provided by the gyroscopic torque when t < 
9.1 s. The torque for the task of the attitude control will be switched from gy-
roscopic torque of the gimbals to reaction torque of the flywheels by the new de-
signed steering law when t = 9.1 s. The torque of the task of the attitude control 
that is needed can be mainly provided by reaction torque of the flywheels when 
9.1 < t < 10 s. The flywheel speed deviation will be appeared. The gimbal posi-
tion of the unit 1 will be steered form 0˚ to 90˚ when t < 9.1 s. At the same time, 
the gimbal position of the unit 3 will be steered form 0˚ to −90˚ when t < 9.1 s. 
Consequently, the inescapable singularity can be encountered when t = 9.1 s 
(The singular gimbals position are [90˚, 0˚, −90˚, 0˚]). According to analyze of 
reaction torque of the flywheels, the output torque of the task of the attitude 
control will be supported by reaction torque of the flywheels when the singulari-
ty is encountered. Consequently, the singularity can be effectively overcome by 
the variable flywheel speed. The skew angle will be steered towards to the 0 de-
gree when 0 < t < 9.1. In the system of the VSCMG with variable skew angle, the 
precisely torque can be output even with rate fluctuations of the skew angle. 
Consequently, the difficult of the system implement and the cost of the system 
can be reduced. Under this situation, the value of ( )1,2,3,4i i⋅ =s u  will ap-
proaching to 1. In order to further verify the effectiveness of the variable skew 
angle in the VSCMG, the following comparison analysis results are given. 

In Figure 12, compare with the fixing skew angle and the variable skew angle, 
the flywheel acceleration and the flywheel power are given with different simula-
tion conditions. According to analysis results, the ability of output torque of the 
flywheels will be increased when the reasonable skew angle is steered. Conse-
quently, the torque requirement of the flywheels will be decreased, and the flyw-
heel power that is determined by the flywheel torque and the flywheel speed will 
be reduced. 
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Figure 11. The system response waveform for the optimization VSCMG with variable 
skew angle (along x axis). 

 
2) The maneuvering task along the z axis 
The attitude control task can be planed as follows: 40 degree along the z axis 

in 20s. In order to verify the ability of the singularity avoidance, the extreme case 
will be verified in the following section. Consequently, the initial gimbals posi-
tions can be set as [0˚, 0˚, 0˚, 0˚]. Under this situation, all gimbals will be steered 
from 0˚ to −90˚. Consequently, the singularity will be encountered soon or later 
for the VSCMG with fixing skew angle (The singular gimbals positions are 
[−90˚, −90˚, −90˚, −90˚]). According to Figure 4 and Figure 5, the exchangeable 
angular momentum envelop along the z axis will be increased for the VSCMG 
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with variable skew angle when the skew angle is steered from current value to 
−90˚. Based on Figure 4 and Figure 5, the singular gimbals positions (The sin-
gular gimbals positions are [−90˚, −90˚, −90˚, −90˚]) will be delayed by the rea-
sonable steering results of the variable skew angle. The actually steering results 
can be shown as follows. 

According to Figure 13, the attitude of the spacecraft will be maneuvered 
from 0˚ to 40˚ in the 20 s. The maximum maneuvering speed can reach to 4˚/s. 
Consequently, the attitude maneuvering task can be successfully operated in the 
fixed time. The singularity cannot be encountered during the maneuvering 
process. The steering results of the gimbals and the flywheels can be shown in 
the following section. 

In Figure 14, the initial gimbals positions are [0˚, 0˚, 0˚, 0˚]. For the VSCMG 
with variable skew angle, the minimizing gimbals positions are [−60˚, −60˚,  

 

 
Figure 12. The comparison analysis results of the flywheel torque and flywheel power. (a) 
Variable skew angle; (b) fixed skew angle (β = 54.74˚). 

 

 
Figure 13. The attitude maneuvering along the z axis. 
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−60˚, −60˚] when t = 10 s. The singularity can be effectively avoided by the 
VSCMG with variable skew angle. In another words, the singularity (The singu-
lar gimbals positions are [−90˚, −90˚, −90˚, −90˚]) will be delayed by the 
VSCMG with variable skew angle. For the VSCMG with fixing skew angel, the 
minimizing gimbals positions are [−90˚, −90˚, −90˚, −90˚] when t = 9.5 s. The 
inescapable singularity will be encountered. Under this situation, the output 
torque of the VSCMG cannot be supported by the gyroscopic torque of the 
gimbals, at the same time, the output torque of the VSCMG can be supported by 
the reaction torque of the flywheels. 

According to analyze Figure 14 and Figure 15, the inescapable singularity will be 
delayed by the VSCMG with variable skew angle. In another words, the inescapable 
singularity can be effectively avoided by the VSCMG with variable skew with rea-
sonable designing of the steering law. The analysis results are consisted with the 
theory analysis results that are given in Figure 4 and Figure 5. 

 

 
Figure 14. The steering results of the gimbals. (a) Variable skew angle; (b) fixed skew an-
gle (β = 54.74˚). 

 

 
Figure 15. The steering results of the variable skew angle. 
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Figure 16. The comparison and analysis of the flywheel power and the flywheel torque. 
(a) Variable skew angle; (b) fixed skew angle (β = 54.74˚). 

 
In Figure 16, some certain reaction torque will be needed at the beginning 

of the attitude maneuvering task. The reason will be given in the follows. At 
the beginning of the attitude maneuvering task, the gimbals positions are [0˚, 
0˚, 0˚, 0˚]. The three dimensional torque can be supported by the gyroscopic 
torque of the gimbals. Unfortunately, under this situation, we can get S 0κ → . 
Consequently, the ability of the output torque of the gyroscopic torque will be 
reduced. In order to satisfy the torque requirement of the attitude control, 
some certain reaction torque will be needed by W1. For the VSCMG with the 
fixing skew angle, the inescapable singularity will be encountered when t = 9.5 
s. Consequently, the output torque for the task of the attitude control will be 
supported by the reaction torque of the flywheels when the inescapable singu-
larity is encountered. The flywheel torque will be increased. At the same time, 
the flywheel power that is determined by the flywheel torque and the flywheel 
speed will be increased. In summary, compare with the VSCMG with fixing 
skew angle, the flywheel torque and the flywheel power will be decreased with 
reasonable steering skew angle. The steering results of the flywheel speed can 
be shown as following figures. 

In Figure 17, the inescapable singularity will be encountered for the VSCMG 
with fixing skew angle. Consequently, the additional flywheel toque will be 
needed for the task of the attitude control. The flywheel speed will be sharply in-
creased. However, the ability of the flywheel speed equalization can be achieved 
by the new designed steering law. 

https://doi.org/10.4236/jamp.2023.1111212


F. Liu et al. 
 

 

DOI: 10.4236/jamp.2023.1111212 3342 Journal of Applied Mathematics and Physics 
 

 
Figure 17. The Comparison analysis of the flywheel speed. (a) Variable skew angle; (b) 
Fixed skew angle (β = 54.74˚). 

6. Conclusion 

In this paper, a new strategy of minimizing the flywheel power of the VSCMG 
with variable skew angle is considered. The exchangeable angle momentum en-
velop of the VSCMG with variable skew angle is analyzed. Then a new steering 
law is redesigned for the VSCMG with the variable skew angle. The skew angle 
can be reasonably steered by the new designed steering law. Consequently, the 
torque of the attitude control can be mainly provided by the gyroscopic torque at 
vast majority of the time. The task of the attitude control can be mainly provided 
by the reaction torque when the singularity is encountered. The skew angle will 
be reasonably steered by the new designed steering law for the minimizing flyw-
heel torque when the gimbals staying at singular gimbals positions. Consequent-
ly, the singularity can be effectively avoided by assisting of the variable skew an-
gle. Later, the optimizing problem of the VSCMG with variable skew angle can 
be cast as a multi-objective static function with minimizing system power and 
the maximizing exchangeable angular momentum under consideration about 
the new designed steering law. The multi-objective static function will be solved 
by the intelligent algorithm of the particle swarm optimization. Although, the 
utilization ratio of the angular momentum is decreased, the flywheel power can 
be decreased. The inescapable singularity can be avoided, and the whole system 
power can be decreased. 
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