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Abstract

In this paper, we study the positive solutions of nonlin@agusar two-point boundary valu
problems for second-order impulsive differential equatiohg @xistence of positive solutions
is established by using the fixed point theorem in cones.
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1 Introduction

Impulsive and singular differential equations play a verypdrtant role in modern applied
mathematics due to their deep physical background and bpyaitadion. In this paper, we
consider the existence of positive solutions of

-xX"= f(t,X), t£t, 0<t<]
_AX' L:tk = Ik(X(tk))’ Kk :l 21 -, M (1-1)
x(0)=x(1)= 0.

here0<t <t,<---<t_<1,J=0,1], f OC(JxR, R), 0C(R", R), R=[0,0).
AX |, = X(5) = X(§) , X (L) (respectively<'(t,)) denote the right limit (respectively left
limit) of X'(t) att=t, and f (t,X) may be singular ax =0 .
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In recent years, boundary problems of second-order diffatestjuations with impulses have
been studied extensively in the literature (see for instfli@ and their references). In [1], Lin
and Jiang studied the second-order impulsive differential egquatith no singularity and
obtained two positive solutions by using the fixed point xidheorem in cones. However they did
not consider the case when the function is singular. MotiViayetthte work mentioned above, we
study the positive solutions of nonlinear singular two-pointndany value problems for second
order impulsive differential equations (1.1) in this pagarr argument is based on the fixed point
theorem in cones.

Moreover, for the simplicity in the following discussion, im&roduce the following hypotheses.

(H,): There exists a&, >0 such thatf (t,x) and |, (X) are nonincreasing iX < &;, for
each fixedt (J[0,1]
(H,): Foreachfixed<f<g,

o<j: f (5,61 9) ds< oo

(Hy): @ (t)=sinst is the eigenfunction related to the smallest eigenvalue 77° of
the eigenvalue problem—-¢" = A¢, ¢(0)=¢(1)= 0

SRk
(H4) fw+kil </11|
jot(l—t)¢1(t)dt

where f” = lim sup n[1a]x@, 1” K )= lim sup<.
to,1. X +0o

X — +00

Theorem 1. Assume tha(H,) —(H,) are satisfied. Then problem (1.1) has at least one positive

solution X .Moreover, there exists @"” >0 such that
x(t) = 8%(1-t), tO[0,1]
2 Preliminary

In order to define the solution of (1.1) we shall consibterfollowing space.

Let J'= J\{t, t,--, t}

PC(JLR={0CJ R Hy,pd Ctld), &I = &0 Y L2, Jn

Lo
With the norm”x”Pc, = max{]| X”,”)(”} : here||x|| =sup| x@)l, || )(” = sud X €).Then
{10,1] {10,4]

PC'(J, R is a Banach space.
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Definition 2.1: A function X O PC(J, R n C( J, Ris a solution of(1.1) if it satisfies the
differential equation

X'+ f(t,x)=0, tOJ

and the functionX satisfies the conditiondX'|,_, = X(§) = X(t) = -1 (X(t)), and the
Dirichlet boundary conditionx(0) = x(1) = O.

Lemma 2.1 : If X is a solution of the equation
x0=[G(t9 f(s Xy ds> Gt K &J), © . (2.1)
k=1

then X is a solution of (1.1), where G(t,s) is the Green’s fiancto the Dirichlet boundary value
problem—x" =0, x(0)= x(1)= 0, and

G(t,9:= {CL_t)S' O<s<t<1]
d-9)t, O<t<s<l
One can find that
tL-1)G(s 9= At 9 G sp= @ )s (,H)E[01]x[0 1] (2.2)

By using (2.1)and (2.2),we know that for every solution of prolel) .One has

I<[lG(s 9 (s k» dsY Gt L &),

X(t)zt(l—t)ﬁG(s 9 f(s xp ds (1- )i) Gt ) &)
>t(1-t)[x|, tO[0,1]
3 Main Results

Lemma 3.1:Let E =(E,||[|D be a Banach space and It[] E be a cone inE ,and||[ﬂ] be
increasing with respect & .Also, I , R are constants withO<r <R . Suppose that

A: (E)R\Qr)ﬂ K - K(Qg={xOE||¥ < B )is a continuous, compact map and assume
that the conditions are satisfied:
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() Il Ax|l> x for x00Q, [ 1K
(i) x# uA(¥, for £0[0,1) and x10Q, [ 1K

Then A has a fixed point inK ﬂ{xD E:rs< || X” <B
Proof. In applications below, we takE = C(I, R) and define
K={uOQ | B: W 32 o]y, 0.1

One may readily verify thaK is a cone inE. Now, letr >0 such that

r<min(e,, [/ G5, (560 do Y 62, 3 Ked) @

and let R> I be chosen large enough later.

Let us define an operatoA:(g_)R\Qr)ﬂK - K by
(A =]TG(L9 (s kY dsY 6.8) L (), @

First we show thatA is well defined.To see this, notice that X (QR\Qr)n K then
r< ||X|| <R and x(t) 2 t(1- t)||)<” 2 t(1-t)r,0< t< 1 Also notice by(H,) that
f(t,x(t)) < f(t, rt(1-1)), when0< X< 1

and

f (t, x(t)) < maxmaxf ¢ x) when r< x(tg R

r<x<R 0Ost<1

These inequalities witlfH,) guarantee thaf: (Qg\Q,) ﬂ K - K s well defined.

Next we show thatA: (QR\Qr)n K - K.If XD(QR\Qr)n K, then we have

[a< [ G(s 9 (s €} s Gt (D
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(AX)(t)Zt(l-t)f;G(s 9 flsxp ds (1- )i Gtid ( K))
>t(1-t)|Aq, tO[0,1]

i.e. AXOK so A:(g_)R\Qr)ﬂ K - K.

It is clear thatA is continuous and completely continuous.

We now show that

IAXI> ¥, for xD0Q, (1 K (32)

To see that, lex[10Q, ﬂ K then ||X|| =r and x(t) 2 t(L-t)r for tO[0,1]. So by(H,)
and (3.1) we have

M=

(M) =[G, 9 (5 ¢ 3 ds Gé J L&D

=
Il

1

zjole(l,s) f(s 1) dst i CG%, D

>j G(— 9 f(s&) dSFZ > D (&)

k=1
> 1 =[x].

so (3.2) is satisfied.
On the other hand, frorfiH ) , there exist0< &£ <A — f® andH >r such that
(A== )] tAL-0)F,O)dt> > (17 () + )¢, (t,). (33)
k=1
FtX) < (f°+&)x L ()< (1°(K) +&) x O t0[0,1], x2 H.
Let C = max maxf ¢, X)-I-Z maxl X ,)itis clear that

r<xsH Ost<l

f(t, %)< F(LItA-1)+C+(F=+&)x I, ()< 1, (rt(A-1))+C+ (1" k)+&)x 0 t0[0,1} x= O
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Next we show that ifR is large enough ,thgiAx # X for anyx[] K ﬂdQR andO< <1

I this is not true ,then there exis¢, [ KﬂaQR ab< 14, <1 such thatf,AX, = X,. Thus
| %, |IF R> r and x,(t) = t(1-t)R Note thatX,(t) satisfies

X (1) + 4y T (t, %,(1) =0, toJ,
~DXy |ey, = Mol (Xo(t)), k=12, m (3.4)
%(0) =% @)= 0

Multiply equation (3.4) by, (t) and integrate from 0 to 1, using integration by parthénleft
side, notice that

[ % (Mgudt=["p,(Hdx (9 +Z [0 40 +[ ¢ O
=4,(1)%, (4,-0)- [ x; (g} (D
1A% (10~ A)X (-0 [ X (00
~4,(t)% (t,+0)= [ 4/ (0% (Dot

=3 8 (14,80~ [, 41 0% () e
also notice that

[ 8/ % dt=[ g (M ax(d=—[ x(dg; (Y= A [ X(Ip(}

thus
jol %, (g, (Hdt= —kzr: Ax, (1)) ‘/'Jol x(Dp (9 dt
= 3% 4 D) AL, % 0P 0k
So we obtain
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A OFO= 0> L OKDGL)+ 1] 440 T8 xfD) e
<3 (17 () +OAAI%(0)+ C 4,(1)+D" 1,(1A-D), )
+(17+8)[ 4,0)x(dt+ Cf_ g, (9 dt+ [ g, f(t rd- t)ct

Consequently, we obtain that
(= 1 =) 6Pt Y (17 (K + )0 %(1)+ [ £ f(1 @~ D)ak
QA0 [, 2.0+ 111008, 1)
= ||xo||§ (17(K)+£), () + [ 4,(8) f (&, rt-)at
OB 2.0+ L@, ¢,)
We also have

[ % dt=ll %11, €1- g, (9 o

Thus

[0 ta-txt+C A )+ [4.0d0+Y L0ta-0,6)
k=1 k=1 = R

[RERIS . m
(/]1 -f° —S)Iot(l_t)¢1(t)dt_z_ (Iw(k)+£)¢1(tk)

Let R> ma)K_R B, then for anyx[] KﬂOQR and0< <1, we havett/AX# X Hence

all the assumptions of Lemma3.l are satisfied, A has a fixed point X in
Km{XD E:r<|| x|l B, x()=t(@-t)r OtO[0,1]. Let 8”:=r, this complete the proof
of Theoreml.
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