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Abstract

In this paper we obtain some various convolution sum formulae especially, focusing on the form

i mPo.(m)os(n —m)

for k € N (1 < k < 5) and an odd positive integer e and f. Furthermore, we obtain some identities
related to the convolution sums.
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1 Introduction

Forn € N, s € NU {0}, ¢ € C with |¢g| < 1, we define necessary divisor function and A(q) which
appear in many areas of number theory:

o) =S8, Al =S " =g [[0 - g™ (1.1)
The Eisenstein series L(q?,nM(q), and N(q) z::given by -
Lig)=1- 24ial(n)q", (1.2)
M(g) =1+ 240 i o3(n)q", (1.3)
N(g) =1—504 i o5(n)q" (1.4)
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n ([1], p. 318). Lahiri ([2], p. 149) has derived the following identities from the work of Ramanujan
(3]

L*( —1—28827101 q+24oza3 : (1.5

n=1

L*(q) =1-1728) n’oi(n)q" +21602n03 n)q" 750420r , (1.6)

n=1 n=1

L*(q) =1-16912) n’o1(n)q" + 10368 Y n’os(n)q" — 4032 nos(n)q"
':O:l n=1 n=1 (1 7)

+ 480 Z o7(n)q",
n=1

L5(q) =1-—20736 Z ntoy (n)q" + 34560 Z ngag(n)q" — 17280 Z nQUs(n)q"
n=1 n=1 n=1
(1.8)
+36oozna7 n)q" 7264209 ,

n=1

M?(q) =1+ 480 i o7(n)q", (1.9)
n=1

M*(g) =1+ % n_lau( q" 43629010 i (1.10)

L(g)M(q) =1+ 720 i nos(n)q™ — 504 Z os(n)q", (1.11)
n=1

L*(q)M(q) =1+ 1728in203 (n)q" — 201627105 n)q —|—48()Zcr7 )q", (1.12)

n=1 n=1 n=1

L(g)M?*(q) =1 +7zozm7 n)q" — 264209 : (1.13)
n=1

L(q)N(q) = 1 — 1008 Z nos(n)g" + 480 Z or(n)q", (1.14)
n=1

M(q)N(q) =1 — 264 Z o9(n)q", (1.15)

Here for e, f,m,n € Nand k € NU {0} we define

Iy ey (n) Zmae Yor(n —m),
Imes(n) =1 ¢(n Z moe(m)os(n —m), (1.16)
n—1
I ¢(n) := Igumf(n) = oe(m)of(n —m).
m=1
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Ramanujan [3] and Lahiri [2], [4] have shown that I. ; can be expressed as :

5 (1—6n)

12 o

7 (1 - 3n) 1

=80 51 73— 551 (),

D) = posor(m) + U5 2 as(n) + o (o),
() = 15507(0) = f503(n)
hatn) = goom) + E 2 or() - o),
Ias(n) = 5g,500(n) = 51505(0) + s 0a(n),
Bo() = o giam) + O g0 4 boin) — 20 rm)
Ior(n) = Jrosoni(n) — 5 507(n) — 75 03(n) + 5o i7(n),
I55(n) = %Ull(n) + %U&s(n) ~ gor "),
Iiai(n) = 62?;0013(71) + (12;”) o1 (n) — %T(n%
Is0(n) = ﬁfm’(n) - io%(n) + 26%03(11)’
Is2(n) = Joosoia(n) + zoon(n) = 1osos(n).
Also we have already obtained :
Proposition 1.1. Letn € N. Then we have
(a) (See ([5], p. 155))
I 1a(n) = 5 {5o3(n) — (60— 1) o1(n)}
(b) (See ([5], p. 157))
Ima,3(n) = ﬁn%(n) — %nzag(n) — ﬁnal(n)7

7 1 1
Traa(n) = ggnas(n) + (5o = g5 ) oato),

(c) (See ([6], Theorem 3.3, Theorem 3.1), ([5], p. 155))

Imas(n) = ﬁn {507(n) — 6nos(n) + o1(n)},
Lsa(n) = g5 {or() = o)}
Ims,1(n) = %n{fxn(n) —(12n —T)os5(n)},
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(d) (See ([6], Theorem 3.8 (a), (b), Theorem 3.7, Theorem 3.5))

L 7(n) = 7200 {33n09(n) — 50n’07(n) — 15n01(n) + 327(n)},
Imss(n) = Tioo {11nos (n) + 25003 (n) — 367(n)} ,

I s 3(n) 8400 {11nog(n) — 35n0s5(n) + 247(n)},

Im71(n) = @ {33no9(n) — 256m (4n — 3) o7(n) — 87(n)} .

In this paper we mainly focus on obtaining the convolution sum formulae as :

Theorem 1.1. Letn € N. Then we have

(a)

m15 E mal m)os(n —m)

sl = 32 maa(mios(n —m) = sies {5n%01(n) = 9nas(n) + dr(n)
()
Lsa(n) = :gm os(m)o(n —m)
43% {10n207(n) — 9n? (3n — 2) o5(n) — 7(n)},
(d)
La7(n) = :lem%l (m)or(n —m)
= ﬁn {9noy(n) — 10n’c7(n) — 15n01(n) + 167(n)},
(e)
s mzlm 03(m)as(n — m) = ssn {noo(n) + 5nors(n) — 67(n)}
(f)
25 5(n Z m2os(m)os(n — m) = %Oon {(noo(n) — 5nos(n) + 47(n)}

2007



British Journal of Mathematics and Computer Science 4(14), 2004-2035, 2014

= —n{9o9(n) — 5n (6n — 5) or(n) —47(n)}.

Moreover we calculate

m51 ngs Joi(n —m)

{4n o7(n) — 3n® (4n — 3) o5(n) — nt(n)},

216
[74n,3,1(n) = Z m403(m)01 (n —m)
1 4
= 588 {7n os(n) —6n" (3n —2)o3(n) — m—(n)} ,
mo1(n) = m501 (m)oi(n —m)

336 {15n o3(n) — 14n° (2n — 1) o1(n) — nt(n)}

(see Theorem 2.6 (e), Theorem 2.8 (c), and Theorem 2.10). And in Section 2, we obtain some
identities related to the convolution sums, for example,

Lemma 1.2. Forq € C with |q| < 1, we have

T - 0, 458640 0 36288 o=
L (q)f17242013(n)q + o1 Znan(n)q anzln o9(n)q

n=1

+40320 ) " n’or(n)g" — 120960 Y " n'os(n)g" + 186624 Y _n’os(n)q"
n=1 n=1 n=1
497664 i 6 n 4608 "
— n o1(n)

5 ~ g5 2T

n=1
Finally, by using the above results we can easily obtain the following theorem :

Theorem 1.3. Letn € N. Then we have

(a)

n—1m-—1

Z aoi(a)o1(b)o koi(k)oi1(m — k)oi1(n —m)
(a.,b,c)EN3 m=1 k=1
a+b+c=n

5;6n{7ar —10(3n — 1) o3(n) + (24n2—12n+1) oi1(n)},
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Z ao1(a)os(b)oi(c) = 5716()”{507( ) — (18n —7) o5(n)

(a,b,c)eN?
a+b+c=n

+ (12n® — 6n — 5) o3(n) + (6n — 1) o1(n)}

——n{bo7(n) —2(12n — 7) o5(n)

1
Z aos(a)o1(b)oi(c) = 2880

(a,b,c)eN®
a+b+c=n

+ (2402 — 24n 4 5) o3(n)},

{11noge(n) — 25n (2n — 1) o7(n)

1
Z aoi(a)os(b)oi(c) = 60480

(a,b,c)eN?
a+b+c=n

+ 1512 (3n — 2) o5(n) + 25n03(n)
—5n(6n —1)o1(n) — 7(n)},

1
— 950 (4n —
Z aos(a)os(b)oi(c) = 139000 {33no9(n) — 25n (4n — 3) o7(n)
(a,b,c)€N3
a+b+c=n

—105n05(n) + 15n (12n — 5) o3(n) — 87(n)},

1
Z aos(a)or(b)oi(c) = 50480 {33no9(n) — 50n (4n — 3) o7(n)

(a.,b,c)EN3
a+b+c=n
+15n (18n* — 24n + 7) o5(n) + 27(n) }
(9)
1
> aoi(a)or(b)oi(c) = TTo101800 16825n011(n) — 20730 (187 — 11) 09 (n)
(a,b,c)EN3
a-+b+c=n
+6910n> (6n — 5) 07(n) — 51825103 (n)
+10365n (6n — 1) o1(n) — 8 (2667n — 2764) 7(n)},
(h)
1
Z , aos(a)os(b)oi(c) = S0R058100 {2275n011(n) — 691n (12n — 11) o9(n)
(a,b,c)EN3
a+b+c=n

+ 24185n05(n) — 34556n (12n — 5) o3(n)
+36 (647n — 691) 7(n)},
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1
Z aos(a)os(b)oi(c) = 139305600 {2275n011(n) — 691n (12n — 11) o9(n)
(a,b,c)eN?
a+b+c=n

— 17275n07(n) + 3455n (12n — 7) o5(n)
—24(75Tn — 691) T(n)},

1
E a0'7(a)0'1 (b)O'l (C) = m {6825n011(n) — 4146n (127’L — 11) O'g(n)
(a,b,c)€N3
a+b+c=n

+ 3455n (24n” — 40n + 15) o7(n)
+8(1479n — 1382) 7(n)} .

2 The various convolution sums multiplying " for a positive
integer &

We obtain the similar results as Proposition 1.1 in the following theorem and in Theorem 2.3 :

Theorem 2.1. Letn € N. Then we have

(a)

I 3,7( E mos(m)or(n —m)

1
331680" {91011 (n) — 6910o3(n) + 6007(n)},

n—1

Imss5(n) = Z mos(m)os(n —m)

m=1

1
= 348264n{65011(n) + 69105(n) — 7567(n)},
()
Im,7,3( Z moz(m)os(n —m)
1
= 16584011{91011(71) —69107(n) + 6007(n)} .

Proof. (a) By (1.9) and (1.11) we have
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(@M (q) - L(q)M (q)

(1 + 480 Z or(n > (1 + 720 i maosz(m)q™ — 504 i 05(m)qm>

m=1

=1+ Z {720No3(N) — 50405(N) + 48007(N)
N=1

N-1 N-1
+480 - 720 Z o7(N —m) - mos(m) — 480 - 504 Z o7(N — m)a5(m)} gV

m=1 m=1

=14 > {T20No3(N) — 50405 (N) + 48007(N) + 480 - 720 - Ln3,7(N)
N=1

—480 - 504 - I 7(N)} ¢,

where we use the definition of I,’fw,f(n) in (1.16). Also, by (1.3) and (1.13), we obtain

L(q)M a)M*(q) - M(q)
= (1 + 720 Z nor(n)q" — 264i Ug(n)qn> <1 + 240 i ag(m)qm>
=1+ Z {720No7(N) — 26409(N) + 24003(N)
+ 720 - 240 Z_ (N —m)o7(N —m)os(m) (2.2)

—264-240 Y oo(N — m)ag(m)} q~

m=

-

=1+ Y {720No7(N) — 26409(N) + 24003(N) + 720 - 240N - Is 7(N)

N=1

—720-240 - I 5.7(N) — 264 - 240 - Is o(N)} ¢~

So equating (2.1) with (2.2) we can complete the proof.
(b) We observe that

Impss(n) = i mos(m)os(n —m) = - (n —m)os(n —m)os(m),

which leads that
Im,575(n) = g . 15’5(11).

(c) We note that

Im7,3(n) = i moz(m)oz(n —m) = i (n —m)o7r(n —m)os(m)

=n-Iz37(n) — Ins(n).
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Thus we use Theorem 2.1 (a).

O
Theorem 2.2. Forq € C with|q| < 1, we have
, 65520 432000 -
L(g)M?(q) =1 —24 " "
(0) Z‘” 691 Z” 691 ;nr(n)q
Proof. Insert Theorem 2.1 (a) into (2.1).
O

And we can see the following proposition :

Proposition 2.1. (See ([6], Lemma 3.6, Lemma 3.4)) For q € C with |q| < 1, we have
(a)

L*(g)M?(q) = 1+ 9602%—7 " ST i 7" 623? nf:l o11(n)q"
+ % g T(n)q",
(b)
L@M@N(@) =1~ 12 :01 (g + S0y 3 o’
.

Theorem 2.3. Letn € N. Then we have

(a)

3 arlmyr(n —m) = e (1) 7(n),
(b)
Im19(n) = nil may (m)og(n —m)
- 912112071 {12_275011(71) — 4146n09(n) + 345501 (n) — 15847(n)},
()
I, ( Z’mﬂg )oi(n —m)
= 1821424n{2275011(n) — 691 (12n — 11) g9(n) — 15847(n)} .
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Proof. (a) By (1.2) and (1.10) we have

L(q)M?(q) = M°(q) - L(q)

65520 n 432000 & n > m
= 1+ =g 2o onma" + == D> (n)a ) <1—24mz_101(m)q )

n=1 n=1

. (65520 432000
=1+ {7011(N)+ T(N)*240’1(N)
NZ:1 691 691

N-—-1 N-—-1 23
65520 24ZanN )os(m) — 432000 242 (N — mo )}qN (2.3)

691 691
65520 432000 65520
-1 29020 N) — 2401 (N) — 22222 04 . [, 11 (N
Nz_:l{ go1 OnV) + —gar T(N) = 2400 (N) = = 1 (N)
N-—1
432000 .
- .24 N — .
20024 3 (e b

So equating (2.3) with Theorem 2.2, we obtain the proof.

(b) By (1.5) and (1.15), we note that

:(1_264§:ag(n ><1—2882m01 m)q +24OZ<73 m)
n=1

m=1
=1+ > {-288No1(N) + 24003(N) — 26405(N)
N=t (2.4)
N-—1 N-1
+264-288 > 0o(N —m) - mo1(m) — 264240 Y o9(N — m)Ug(m)} a

m=1 m=1

=1+ > {-288No1(N) + 24005(N) — 26409(N) + 264 - 288 - In,1,0(N)
N=1
—264-240 - I3 9(N)} ¢~

Similarly, by (1.2) and Proposition 2.1 (b), we have
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L*(q)M(q)N(q) = L(q)M(q)N(q) - L(q)

x (1 - i Ul(m)qm>
o
=1+ Ni:l {7155—84N o(N) + 6237?011(1\,) B 2;81(5)267_(]\[) )
o :_1 (N = ) 7o = om) = S -24 NZ o (N - mor(m) (2
SR
=1+ Ni:l {—£584NUQ(N) + 623730011(1\,) - 2;2(5)267(]\[) i)
+ % “24N - I 9(N) — 15584 24 - Ima9(N) — % 24 I 11 (N)
o > ou(myr( - m)} ¢

Therefore, equating (2.4) with (2.5) and using Theorem 2.3 (a), we can complete the proof

(c) We observe that

—m) = Z (n —m)og(n —m)o1(m)

m91 § mUQ

=nNn- 1179(71) — m71,9(n).

So we refer to Theorem 2.3 (b).
O
Theorem 2.4. Forq € C with|q| < 1, we have
2 = n 131040 "
LA@M(@N(@) =1-24Y o13(n)g" + ~gor Zln"nm)q
1728 <= n 456192
s &" oo ma” = 3155 z::

O

Proof. Insert Theorem 2.3 (b) into (2.4).

Next by the definition of (1.16), we can see the following proposition :

Proposition 2.2. (See ([5], p. 155~156)) Let n € N. Then we have
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n—1
1 1 1 .
Iyia(n) = mZ:lm201(m)a1 (n—m) = §n203(n) + <ﬂn2 - 6”3) o1(n),

1 1 1
I,.13(n) = mZZIm o1(m)os(n —m) = %nQUgf,(n) — mng 3(n) %nQQ(n),
n—1 1 1
I2, 31(n) = mZ:lm o3(m)oi(n —m) = ﬂn205(n) + <ﬁn2 — ﬁn?’) o3(n)

To be continued Proposition 2.2, we deduce Theorem 1.1 :

Proof of Theorem 1.1. (a) By (1.4) and (1.6), we have

L*(q)N(q) = N(q) - L*(q)

= <1 — 504 i U5(n)q">

X (1 —1728 Y " mPo1(m)q™ + 2160 > mog(m)q™ — 504y 05(m)qm)
m=1

m=1 m=1

=1+ Y _ {-1728N%01(N) + 2016 No3(N) — 50405(N) — 50405(N)

N=1
N-1 N-1
+504-1728 3 " 05(N — m) - m*o1(m) — 504 - 2160 Y _ o5(N —m) - mos(m)  (2.6)
m=1 m=1

N-1
+504-504 Y "~ 05(N —m)os (m)} e

m=1

=1+ Y {-1728N%01(N) + 2016 No3(N) — 504 - 205(N)

N=1
N-1
+504-1728 Y m’o1(m)os(N — m) — 504 - 2160 - Ln3,5(N)
m=1

+504” - I5 5(N) } ¢

And, by (1.5) and (1.14), we obtain
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L*(¢)N(q) = L(¢)N(q) - L*(q)

:(1—100827105 q+4soza7 ")

n=1 n=1

(1—2882m01 m)q™ +24OZO’3 m)

m=1

=1+ Z {—1008No5(N) + 48007(N) — 288N o1 (N)
N=1

N—-1
+1008-288 » " (N —m)os(N —m) - mo1(m)
=1

— 480 - 288 Z ) - mo1(m) + 24003(N) (2.7)
— 1008 - 240 i: (N —m)os(N —m)os(m)

1

+480 - 2402 (N —m)as(m )}qN

3
"'H

=1+ Z {—1008No5(N) + 48007(N) — 288N o1 (N) + 1008 - 288N - I, 1,5(N)
N=1
N—-1
— 1008 - 288 Z m201(m)0'5(N —m) — 480 - 288 - In,1,7(N) + 24003(N)

m=1

—1008 - 240N - I3 5(N) + 1008 - 240 - I,n, 5.5(N) + 480 - 240 - Is 7(N)} ¢".

Finally, we equate (2.6) with (2.7) and use Proposition 1.1 (c) and (d).

(b) By (1.3) and (1.12), let us consider
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= <1 + 240 i Jg(n)q">

n=1

X (1 +1728 i m>o3(m)q™ — 2016 Z mos(m)q™ + 480 Z or(m )

m=1
=1+ Y {1728N03(N) — 2016 No5(N) + 48007 (N) + 24003(N)

N=1
N-1

N-—1
+ 240 - 1728 Z o3(N —m) - m*os(m) — 240 - 2016 Y _ o3(N —m) - mos(m) (2.8)
m=1 m=1

N-
+240 - 480 Z (N —m)or(m )}qN

=1+ Y {1728N%05(N) — 2016No5(N) + 48007(N) + 24005(N)

N=1
N-1
+240-1728 Y~ mPo3(m)os(N — m) — 240 - 2016 - Iy 5 3(N)
m=1

4240 - 480 - I3 7(N)} ¢".

Thus we equate (2.8) with Proposition 2.1 (a) and use Proposition 1.1 (d).

(c) Let us expand

m?os(m)or(n —m)

3

3

=1

n—1

Z % o5(n —m)o1(m)
m=1

n2

. 11’5(71) —2n - Im,1,5(n) —+ Ifn71,5(n).

So we refer to Theorem 1.1 (a).

(d) First by (1.6) and (1.9), we obtain
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L*(q)M?*(q) = M*(q) - L*(q)

= <1 + 480 i 07(n)q">

n=1

X (1 — 1728 Z m2o1(m)q™ + 2160 Z mos(m)q™ — 504 Z Us(m)qm>
m=1

m=1 m=1

=1+ > {-1728N’01(N) + 2160No3(N) — 50405(N) + 48007(N)
N=1
N-1 N-1
—480-1728 Y " 07(N —m) - m’01(m) + 4802160 » _ 07(N — m) - mos(m)  (2.9)

m=1 m=1

—480 - 504 i o7(N — m)as(m)} a"

m=1

=1+ Y {-1728N°01(N) + 2160No3(N) — 50405(N) + 48007(N)

N=1
N-1
—480-1728 Y~ m*o1(m)or(N — m) + 480 - 2160 - Iy, 3,7(N)
m=1

—480 - 504 - I 7(N)} ¢".

Second by (1.5) and (1.13), we have
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L*(q)M*(q) = L(q)M*(q) - L*(q)

= (1 + 720 i noz(n)q" — 264 i ag(n)q">

n=1

(1 — 288 Z mo1(m)q™ + 240 Z o3(m )

m=1

=1+ Z {—288N0o1(N) + 24003(N) + 720N o7 (N)
N=1

N—

— 720 - 288 Z N —m)o7(N —m)-moi(m)

H

=

+ 720 - 240 (N —m)o7(N —m)oz(m) — 26409(N)

z 3

(2.10)

3
I

N-1
+264-288 > " go(N —m) - mo1(m) — 264240 Y o9(N — m)ag(m)} q~

=1 m=1

z

3

=14 > {-288No1(N)+ 24005(N) + 720No7(N) — 720 - 288N - In,1,7(N)

N-1
+720-288 Y mPo1(m)or(N —m) + 720 - 240N - I3 7(N)

m=1

— 720240 - I,y 3,7(N) — 26409(N) + 264 - 288 - Iy, 1.0(N)
—264-240 - I3 9(N)} ¢~

Therefore, we equate (2.9) and (2.10) and use Proposition 1.1 (d), Theorem 2.1 (a), and
Theorem 2.3 (b).

(e) By (1.4) and (1.12), we note that
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= <1 — 504 i 05(n)q">

X (1 +1728 > mPo3(m)q™ — 2016 Y mos(m)g™ +480 » 07(m)qm>
m=1 m=1

m=1

=1+ Y {1728N%03(N) — 2016 No5(N) + 48007(N) — 50405(N)

N=1

Z

—1

—504-1728 > o5(N —m) - m*o3(m) (2.11)

3

N-1
+504-2016 > _ o5(N —m) - mos(m) — 504480 Y o5(N — m)a7(m)} g~

=z

3

=1 m=1
=1+ Y {1728N%03(N) — 2016 No5(N) + 48007(N) — 50405(N)
N=1

N-1

—504-1728 Y~ m*o3(m)os(N — m) + 504 - 2016 - Ln5,5(N)

m=1

—504 - 480 - Is 7(N)} ¢
So we equate (2.11) with Theorem 2.4 and use Theorem 2.1 (b).

(f) We pay attention to

m?os(m)os(n —m)

3
|

m=1
n—1
= > (n—m)’o5(n—m)os(m)
m=1
=n’I35(n) — 2n- Ly ss(n) + I3 5.5(n).

So we refer to Theorem 1.1 (e).
(g) We can expand

1

3
|

m?or(m)or(n —m)

m=1
n—1
= > (n—m)’o7(n—m)oi(m)
m=1
=0’ L 7(n) — 2n- Lya7(n) + I 1 7(n).

So we refer to Theorem 1.1 (d).

Theorem 2.5. Forq € C with |q| < 1, we have
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65520 n ATH2 & " .- n
L*(¢)N(q) =1+ —— Z o11(n)g" — ——= ) mnog(n)q" + 2880 Z n®o7(n)q

n=1

L ( )M2 =1- 242 0’13 n 196695160 Znan n Tg Z::

+ 1152 Z no7(n)q" + 1;3122)14 Z nt(n)q".

n=1 n=1

Proof. (a) Insert Theorem 1.1 (a) into (2.6).
(b) Insert Theorem 1.1 (d) into (2.9).

Now we can see that

Inaa( Z mPoi( —m) = in303(n) + (in3 — 1714) o1(n) (2.12)
n ([5], p. 155), WhICh Ieads us to deduce the following theorem :

Theorem 2.6. Letn € N. Then we have

(a)
1 ZmUl Jos(n —m)

3360 {21n’05(n) — 12n"03(n) — 14n’01(n) + 57(n)},

Inaa(n) = z::lm oz(m)o1(n —m)
%{ZMLBW( ) — dn® (12— 7) o5(n) — 7(n)} ,
(c)
21 s(n Zlmal m)os(n —m)
30124{ nPor(n) — 3n'os(n) + 6n°01 (n) — Tnr(n)},

Inss(n) =Y mPos(m)os(n —m) = 720 {n’c7(n) — 3n’03(n) + 2n1(n)},
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n—1
Irgn,S,l(n) = Z m3a5(m)01(n —m)
m=1

1

= 516 {4n30'7(n) — 33 (4n — 3) o5(n) — nT(n)} )

Proof. (a) Firstby (1.3) and (1.7), we have

L'(q)M(q) = M(q) - L*(q)

= <1 + 240 Z ag(n)q"> (1 — 6912 Z m2o1(m)q™ + 10368 Z m’os(m)q™

n=1 m=1 m=1

~4032 3" mos(m)g™ +480 Y 07(m)qm>
m=1

m=1

=1+ Y {-6912N°01(N) + 10368N>03(N) — 4032Na5(N) + 48007(N)
N=1
N—-1
+24003(N) — 240 - 6912 Y  03(N — m) - m’o1 (m)
m=1

N-1 N-1
m

(2.13)

+240 10368 Y _ o5(N — m) - m’o3(m) — 240 - 4032 >  03(N — m) - mos(m)

m=1 =1

N-1
+240 480 > o3(N — m)m(m)} q"

m=1

=1+ Y {-6912N°01(N) + 10368N°03(N) — 4032Na5(N) + 48007(N)
N=1
N-1

+24003(N) — 240 - 6912 >~ m’01(m)os(N — m) + 240 - 10368 - I, 5 5(n)

m=1

—240 - 4032 - Iy 5.3(N) + 240 - 480 - Is 7(N)} .

Second by (1.6) and (1.11), we obtain
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L*(q)M(q) = L(q)M(q) - L*(q)

= (1 + 720 Z nos(n)q” — 504 Z 05(n)q”>
n=1

n=1

X <1 — 1728 Z m’o1(m)q™ + 2160 Z maosz(m)q™ — 504 Z 05(m)qm>
m=1

m=1 m=1

=1+ > {-1728N%01(N) + 2160Nos(N) — 50405(N) + 720N o3(N)

N=1

2

—1

—720-1728 > (N —m)o3(N —m) - m’o1(m)

2 3
Dy

+ 720 - 2160 (N —m)os(N —m)-mos(m)

3

=l

N—
— 720504 ) " (N —m)os(N — m)as(m) — 50405(N) (2.14)
m=1
N-1 N-1
+504-1728 Y " 05(N — m) - m*o1(m) — 504 - 2160 » _ o5(N —m) - mos(m)
1 m=1

3
=l

N —
+504-504 Y  05(N —m)os (m)} I

=1

=1+ Y _ {-1728N%01(N) + 2160No3(N) — 50405(N) + 720N os(N)

N=1
N-1
— 720 1728N - I, 1 5(n) + 720 - 1728 > m’c1(m)os(N — m)
m=1

4720 - 2160N - I1n,3,3(N) — 720 - 2160 - I, 5.5(n) — 720 - 504N - I3 5(N)
4720 - 504 - Iy 5,3(N) — 50405(N) + 504 - 1728 - I, 1 5(N)
—504 - 2160 - In3,5(N) + 5047 - Is 5(N) } ¢".
Consequently, we equate (2.13) and (2.14) and use Proposition 1.1 (c), (d), Theorem 1.1 (a),
(b) and Proposition 2.2 (b).
(b) We can expand

i mPa3(m)o(n —m)

n—1

> (n—m)’os(n —m)oi(m)

m=

=n. Iis(n) — 3n? . Ima,3(n)+3n- 172,%1’3(”) — If’n’l,g(n).

So we refer to Proposition 1.1 (b), Proposition 2.2 (b), and Theorem 2.6 (a).
(c) By (1.4) and (1.7), we obtain
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L'(q)N(q) = N(q) - L"(q)

= <1 — 504 Z 05(n)q"> (1 — 6912 Z m®o1(m)g™ + 10368 Z mZo3(m)g™
n=1

m=1 m=1

—4032 Z mos(m)q™ + 480 Z 07(m)qm>
m=1

m=1

=1+ Y {-6912N°01(N) + 10368N’03(N) — 4032N5(N) + 48007(N)

N=1

N—-1
—50405(N) + 504 - 6912 ) _ 05 ( ) - mPo1(m)
met (2.15)

N-1

N-1
— 50410368 » _ 05(N — m) - m’os(m) + 504 - 4032 > _ 05(N — m) - mos(m)
m=1

m=1

N-1
—504 - 480 Z (N —m) 07(m)} q~

=1+ Z {—6912N°01(N) + 10368 N°03(N) — 4032N05(N) + 48007 (N)
N=1
N—-1
— 50405(N) + 504 - 6912 > m’01(m)os(N — m) — 504 - 10368 - I, 5.5(N)

m=1

+504 - 4032 - I.5.5(N) — 504 - 480 - I5 7(N)} ¢".

Also by (1.6) and (1.14), we have
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L*(q)N(q) = L(q)N(q) - L*(q)

_<1—10082na5 n)q +480207 >

n=1 n=1

X <1 —1728 > " m’o1(m)q™ + 2160 Y mos(m)q™ — 504 » 05(m)qm>
m=1

m=1 m=1

=1+ Y {-1728N%01(N) + 2160No3(N) — 50405(N) — 1008No5(N)
N=1
N-1

+1008 1728 Y~ (N = m) o5(N —m) - m*o1(m)

=

— 1008 - 2160 (N —m)os(N —m) - moz(m)
1

2 3

3

i
=l

+1008-504 Y (N —m)os(N —m)os(m) + 48007 (N) (2.16)
m=1
N—-1 N—-1
—480-1728 Y~ o7(N —m) - m°o1(m) + 480 - 2160 » _ or(N —m) - mos(m)
1 m=1

-1

—480 - 504 Z (N —m) 05(m)} q

=1+ Z {~1728N?%01(N) + 2160No3(N) — 50405(N) — 1008 Nos(N)

N=1
N—-1
+1008 - 1728N - I, 1 5(N) — 1008 - 1728 >~ m’c1(m)os(N — m)

m=1
— 1008 - 2160N - In,3,5(N) + 1008 - 2160 - I, 5 5(N) + 1008 - 504N - I5 5(N)
— 1008 - 504 - In,5,5(N) + 48007 (N) — 480 - 1728 - I, 1 7(N)
+480 - 2160 - Iy 3.7(N) — 480 - 504 - Is 7(N)} ¢

So we equate (2.15) with (2.16) and refer to Proposition 1.1 (d), Theorem 1.1 (a), (d), (e),
Theorem 2.1 (a) and (b).

(d) We can consider

mPo3(m)os(n —m)

=n® I33(n) —3n° - Insa(n) +3n- 11 s3(n) Zm o3(m)oz(n —m),

which shows that
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1
Z m’os(m)os(n —m) = 5 {n3 I33(n) —3n° - Inaa(n) +3n- I,2n7373(n)} .

So we use Proposition 1.1 (c) and Theorem 1.1 (b).

(e) Itis similar to proof of Theorem 2.6 (b), that is, we can expand

=n’- 11,5(?1) =3n% Inas(n) +3n- I3, 1 5(n) — Iy 1 5(n).

So we refer to Proposition 1.1 (c), Theorem 1.1 (a), and Theorem 2.6 (c).

O
Theorem 2.7. For g € C with |q| < 1, we have
(a)
4 65520 n 6336 " o n
L (¢g)M(q) =1+ o1 nz:lau(n)q 52 nog(n)q +5760nz:1n o7(n)g
3 n AT Ny n 4608 >
— 10368;::171 os(n)q" + T;n o3(n)q"” — g
(b)
= 262080 10368
L4 N —1-924 n n _ YUOVo 2 n
(9)N(q) nz::lffls(n)q 601 2:21 z n:1n o9(n)q
= 3 - 7 116352 n
+4608n;n or(n 734562 TP nr(n)q".
Proof. (a) Insert Theorem 2.6 (a) into (2.13).
(b) Insert Theorem 2.6 (c) into (2.15).
O

Theorem 2.8. Letn € N. Then we have

(a)

1

ST {50n403(n) —7n* (12n — 5) 01(n) — T(n)},
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n—1
Isi(n) =Y m'os(m)oi(n—m)
m=1

1

= 3% {7n405(n) —6n* (3n — 2) 03(n) — nt(n)}.

Proof. (a) Now by (1.2) and (1.8), we have

L°(q) = L(q) - L°(q)

= <1 — 242 al(n)q"> <1 — 20736 Z m*o1(m)g™ + 34560 Z mPo3(m)g™
n=1

m=1 m=1

—17280 Z mZos(m)g™ + 3600 Z mor(m)q™ — 264 Z Ug(m)qm>
m=1

m=1 m=1

=1+ Y {-20736N"01(N) + 34560N°03(N) — 17280N>05(N) + 3600No7(N)

N=1

— 26409(N) — 2401 (N) + 2420736 »_ 1(N —m) - m"o1(m)

N-1
m=1

Nl 3 Nl 9 (2.17)
— 24 - 34560 Z o1(N —m)-m”o3(m) + 24 - 17280 Z o1(N —m)-m~os(m)

m=1 m=1

N-1 N-1
—24 - 3600 Z 01(N —m) - moz(m) + 24 - 264 Z o1(N — m)a'g(m)} q

m=1 m=1

=1+ > {-20736N"01(N) + 34560N>o3(N) — 17280N>05(N) + 3600N o= (N)
N=1
N—-1
— 26409(N) — 2401 (N) + 24 - 20736 » _ m"o1(m)o1 (N —m)

m=1
— 2434560 - I}, 31 (N) 424 - 17280 - I, 5 1 (N) — 24 - 3600 - I 7,1(N)
424264 - I 9(N)} ¢

And by (1.5) and (1.7), we obtain
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L°(q) = L*(q) - L"(a)

(1 — 288 Z noi(n)g" + 240 Z o3(n ) <1 — 6912 i m’e1(m)g™

m=1

+10368 Z m2o3(m)g™ — 4032 Z mos(m)g™ + 480 » 07(m)qm)

m=1 m=1 m=1

=1+ Y {-6912N°s1(N) + 10368N’05(N) — 4032No5(N) + 48007(N)

N=1

N-1
—288No1(N) 42886912 > (N —m)o1(N —m) - m’o1(m)
m=1

N—
7288-103682 (N —m)oi(N —m) - m>as(m)

>—‘H

N —

+ 288 - 4032 (N —m)o1(N —m)-mos(m)

3

>—‘H

— 288 4802 (N = m) o1 (N — m)or(m) + 24003(N) (2.18)

2 \

N-1
o3(N —m)-m’o1(m) + 240 - 10368 Y _ o5(N —m) - m°o3(m)

m=1

— 240 - 6912

(]

3

2

N-1
—240 - 4032 03(N —m) - mos(m) + 240 - 480 Z o3(N — m)(n(m)} g~

m=1

3
I

=1+ Y _ {-6912N°01(N) + 10368N’05(N) — 4032No5(N) + 48007 (N)
N=1
N—-1
— 288No1(N) + 288 - 6912N - I, 1 1(N) — 288 - 6912 >~ m’ o1 (m)or (N — m)

m=1
— 288 - 10368N - I}, 5.1 (N) + 288 - 10368 - I, 5 1 (N) + 288 - 4032N - I, 5,1 (N)
— 2884032 - I}, 5.1 (N) — 288 - 480N - I 7(N) + 288 - 480 - Iy, 7,1(N)
+ 24003(N) — 240 - 6912 - I, 1 3(N) 4 240 - 10368 - I, 5.5(N)
—240 - 4032 - Ipn5.5(N) + 240 - 480 - I3 7(N)} ¢

So we equate (2.17) and (2.18) and use Proposition 1.1 (c), (d), Theorem 1.1 (b), (c), Proposition
2.2 (b),(2.12), Theorem 2.6 (a) and (b).

(b) First by (1.3) and (1.8), we have
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- <1 +240) Ug(n)qn> <1 —20736 Y _ m'o1(m)q™ + 34560 > m’os(m)q™

n=1 m=1 m=1

—17280 Z m>os(m)g™ + 3600 Z maoz(m)q™ — 264 Z o9 (m)qm>
m=1

m=1 m=1

=14+ > {-20736N"01(N) + 34560N°03(N) — 17280N>05(N) + 3600N7(N)

N=1

N-1

— 26409(N) + 24003(N) — 240 - 20736 Y _ 03(N —m) - m" o1 (m)
m=1
N-1

+240 - 34560 Y o3(N —m) - m’o3(m)

(2.19)

2 3

—240-17280 >  03(N —m) - m>os(m)

=1

3

N-1 N-1
+240 - 3600 > _ o3(N —m) - mor(m) — 240264 Y o3(N — m)ag(m)} R

=1 m=1

=1+ Y _ {-20736N"01(N) + 34560N°03(N) — 17280N>05(N) + 3600No7(N)
N=1
N-1
— 26409(N) + 24005(N) — 240 - 20736 Y _ m*o1(m)os(N — m)

m=1
+ 240 - 34560 - I3, 5.3(N) — 240 - 17280 - I, 5 5(N) + 240 - 3600 - In,7,3(N)
—240- 264 - I3 9(N)} ¢~

Second by (1.7) and (1.11) we obtain
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L(q)M(q) = L(q)M(q) - L*(q)

= (1 + 720 i nos(n)q" — 504i 05(n)q"> (1 — 6912 i m3o1(m)g™

n=1 n=1 m=1

+10368 Z mo3(m)g™ — 4032 Z mos(m)q™ + 480 Z o7 (m)qm>
m=1

m=1 m=1

=14 > {-6912N°01(N) + 10368N’03(N) — 4032No5(N) + 48007(N)
N=1
N—-1
+ 720No3(N) — 7206912 > (N — m) o3(N — m) - m’o1(m)
m=1
N-1
+720-10368 » (N —m) as(N —m) - m°os(m)
m=1
N—-1
—720-4032 Y~ (N = m)os(N —m) - mos(m)

1

3

2
=l

+ 720 - 480

(]

(N —m) o3(N — m)or(m) — 50405(N) (2.20)

3
il

-1
+504-6912 >  o5(N —m) - m’o1(m)

1

3
ET

-1
—504-10368 > o5(N —m) - m>o3(m)

1

3

=l

N N-1
+504- 4032 > o5(N —m) - mos(m) — 504480 Y o5(N — m)tm(m)} q~

=1 m=1

=1+ Y _ {-6912N%s1(N) + 10368N05(N) — 4032No5(N) + 48007(N)
N=1

N-—-1

+ T20No3(N) — 720 - 6912N - I, 5(N) + 720 - 6912 Y~ m*o1(m)os(N — m)
m=1

+ 720 - 10368N - 17, 3.5(N) — 720 - 10368 - I3, 5.3(N) — 720 - 4032N - Iy, 5.3(N)

47204032 - 17, 5.3(N) + 720 - 480N - I3 7(N) — 720 - 480 - I;n,7,3(N)

— 50405(N) 4504 - 6912 - I}, 1 5(N) — 504 - 10368 - I, 5.5(N)

+504 - 4032 - Ip5,5(N) — 504 - 480 - Is 7(N)} g™
Thus we equate (2.19) and (2.20) and use Proposition 1.1 (d), Theorem 1.1 (b), (e), (f),
Theorem 2.1 (b), (c), Theorem 2.6 (a), (c), and (d).

(c) We can consider
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=n" T s(n) —4n’ - Ipn1.3(n) + 6n° '[m13( )*4n'173n,1,3(n)+I§L,1,3(n)7

which needs Proposition 1.1 (b), Proposition 2.2 (b), Theorem 2.6 (a), and Theorem 2.8 (b).

O
Theorem 2.9. Forgq € C with|q| < 1, we have
(a)
65520 9504 >
L6 -1 no__ n 144 2 n
(@) =1+ 1 ;Uu(n)q ) 1710 o(n)q" + OO;H or(n)g
3 o 622080 o= 4 n 24883 >
— 518407;1n os(n)g" + #;n o3(n)q g
4608 ()"
24185 2=\
(b)
5 = n, 327600 >
L (q)M(q) = 172420’13(71) 691 ZTLO’11 *345627120'9(”)(]
+ 11520 Z n307(n)q" — 17280 Z n4a5(n)qn
n=1 n=1
08 <= 5 n 4608 n
_— T;n o3(n)q" — VPR 2 nt(n)q".
Proof. (a) Insert Theorem 2.8 (a) into (2.17).
(b) Insert Theorem 2.8 (b) into (2.19).
O

Theorem 2.10. Letn € N. Then we have

m11 Zmol —m)

336 {15n°03(n) — 14n° (2n — 1) 01(n) — nT(n)} .

Proof. We can show that
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n—1 n—1
> mioi(m)oi(n—m) =Y (n—m)® o1(n —m)oi(m)
m=1 m=1
=n°-I1(n) —5n* Ln11(n) + 100" - Ifnﬁl’l(n) —10n° - Ifnﬁl’l(n) +5n - Ifn,lyl(n)
n—1
— Z mP’o1(m)o1(n —m),
m=1

which leads that

1
Z mP’o1(m)or(n —m) = 3 {n5 “hi(n) =50t Lnaa(n) +100° - 124 1 (n)

_10n2 . I;’l,l(n) + 5n - I:Ln,Ll(n)} .

So we refer to Proposition 1.1 (a), Proposition 2.2 (a), (2.12), and Theorem 2.8 (a).

Proof of Lemma 1.2. We multiply Theorem 2.9 (a) by (1.2) :
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L'(q) = L(q) - L°(q)

= n 655 > o 9504 = m
= (1 - 24201(71)(] > < Z -5 mog(m)q
n=1 m=1

m=1
o0

= 62208
+14400 Y~ m*o7(m)q™ — 51840 > m’os(m)q™ > m

m=1 m=1 m=1
248832 - 4608
S e 0% 3 (i
m=1 m=1
=1+ ) {@011(1\7) _ 9504 o(N) + 14400N207(N) — 51840N>55(N)
= 691 5
622080 | 4 248832 | 5 4608
N*o3(N) — N°ci(N) — N) — 240, (N
- o3(N) 3 o1(N) 241857( ) — 2401(N)
N—
65520 9504
—24- o1 mZZIm(N_m)Un( m) +24 - 5 m:1a1(N—m)-m09(m)
N-1 N-1
— 24 - 14400 Z o1(N —m) - m’o7(m) + 24 - 51840 Z o1(N —m) -mPos(m)
m=1 m=1
N-1
—24- 6227080 o1 (N —m)-m-os(m)
m=1
248832 \— 4608
+24- = m=101(N_m) -mPoy(m) + 24 - 21185 Z 1(N—m)7—(m)} 7~

=1+ ) {%011(1\7) - %MN o(N) + 14400N207(N) — 51840N305(N)
N=1

622080 4 248832 ¢ 4608
Nios(N) — N°61(N) — N) — 2401 (N
7 73(N) 71(N) = 54755 7T(N) — 2401(N)
2 4
—24~%-11,11( ) +24- 9550 Tmo,1(N) — 2414400 - I7, 71 (N)
+24-51840 - I}, 5 1(N) — 24 - 6227080 a1 (N)+24- 2485832 I 11(N)
N—-1
4608 N

Therefore we use Theorem 1.1 (g), Theorem 2.3 (a), (c), Theorem 2.6 (e), Theorem 2.8 (c), and
Theorem 2.10.
O

3 Proof of Theorem 1.3

In this section we construct the new convolution sums by multiplying o1 (n) for an positive integer n
into the given convolution sums in Proposition 1.1 and so we can obtain Theorem 1.3.

Proof of Theorem 1.3. Since proofs are similar, so we only prove Theorem 1.3 (j). Now by Proposition
1.1 (d), we can expand
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n—1m-—1

Z aor(a)o koi1(k)o1(m — k)o1(n —m)
(a,b,c)eN? m=1 k=1
a+b+c=n
n—1
- Z {m {33mag(m) — 25m (4m — 3) o7(m) — 8T(m)}] a1(n —m)
m=1
1 n—1 n—1
= 2
= 1800 {337;m09(m)01(n —m) —25- 4mzzjlm or(m)o1(n — m)
n—1
+25.32m07( Yoi(n —m —82 m)or(n —m )}
m=1

1800 {33 Imo1(n n) —25-4-Ip 71(n) +25-3- In71(n)

-8 Z 7(m)oi(n — m)} .

So we use Proposition 1.1 (d), Theorem 1.1 (g), Theorem 2.3 (a) and (c).

4 Conclusions

In this paper, we study some various convolution sum formulae mainly focusing on the form

mef Zm oe(m)os(n —m)

for k € N (1 < k < 5) and an odd positive integer e and f. Moreover, we obtain some identities
deduced easily from the convolution sums I, . ((n).
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Appendix
The first twenty values of 7(n) are given in the Table 1.

n | 7(n) n 7(n) n 7(n) n 7(n)

1 1 6 —6048 11 534612 16 987136
2 —24 7 —16744 12 | —370944 || 17 | —6905934
3 252 8 84480 13 | =577738 || 18 2727432
4 | —1472 9 | —113643 || 14 401856 19 | 10661420
5 4830 10 | —115920 || 15 | 1217160 | 20 | —7109760

TABLE 1. 7(n) forn (1 < n < 20)
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