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Abstract

Let Uq(f(K,J)) be an extended quantum enveloping algebra associated to sl2. In this paper,
we display an equitable presentation for Uq(f(K,J)), in which all generators appear on a more
equal footing. We also show that the equitable generators Y and Z are not invertible. Moreover,
we give a presentation for the positive even subalgebra of Uq(f(K,J)) by generators and relations.
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1 Introduction

Quantum enveloping algebras are important examples of Hopf algebra which are neither commutative
nor cocommutative. The simplest and most important example of quantum enveloping algebra is
Uq(sl2). Up to now, various generalizations of Uq(sl2) have been studied by many mathematicians,
see [1, 2, 3, 4, 5]. Ji and Wang [2] introduced a class of Hopf algebras Uq(f(K)) and studied its
representations. Later, Wang, Ji and Yang [3] defined another class of Hopf algebras Uq(f(K,H)).
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The authors described the representation theory and the center of Uq(f(K,H)) in [3]. The algebras
Uq(f(K)) and Uq(f(K,H)) are two special kinds of ambiskew polynomial rings. Recently, Wu [4]
obtained an extended quantum enveloping algebra Ur,t by localizing the weak quantum enveloping
algebra of sl2 with some Ore sets. As a generalization of Ur,t, Hong [5] defined an extended quantum
algebra Uq(f(K,J)) by generalizing the Drinfeld double of enveloping algebras of Lie algebras to a
double of two Hopf algebras. The Hopf algebra structures theory of Uq(f(K,J)) has been studied
in [5]. Note that Uq(f(K,J)) is isomorphic to k(G)⊗Uq(sl2) as algebras, but not as Hopf algebras.

In another aspect, Tatsuro Ito et al [6] introduced an equitable presentation for the quantum group
Uq(sl2). Terwilliger [7] introduced an equitable presentation for the quantum enveloping algebra
Uq(g) associated with a symmetrizable Kac-Moody algebra. In the usual Chevalley presentation for
Uq(g), the various generators play different roles, while in the equitable presentation, the generators
are on a more equal footing. The authors show that Uq(sl2) has an equitable presentation with
generators x±1, y, z and relations xx−1 = x−1x = 1,

qxy − q−1yx

q − q−1
= 1,

qyz − q−1zy

q − q−1
= 1,

qzx− q−1xz

q − q−1
= 1.

Using this equitable presentation of Uq(sl2), Alison Gordon Lynch [8] gave a presentation of the
positive even subalgebra by generators and relations. The author also classified up to isomorphism
the finite-dimensional irreducible modules under the assumption that q is not a root of unity.

Inspired by the above observation, we would like to generalize some results of Uq(sl2) to the extended
algebra Uq(f(K,J)) in this paper. We focus on the equitable presentation for Uq(f(K,J)) and Ur,t,
in which the generators are on a roughly equal footing. Then we show that the equitable generators
Y and Z are not invertible in Ur,t. Following the idea of [8], we consider the positive even subalgebra

A = {XiY jZk|i, j, k ∈ N, i+ j + k even}

of Uq(f(K,J)). This subalgebra was first discussed in [9]. we will give a presentation for the positive
even subalgebra A by generators and relations.

The contents of this paper are as follows. In Section 2, some results about Uq(f(K,J)) and Ur,t

are reviewed. In Section 3, the equitable presentation for Uq(f(K,J)) is introduced, where the
generators are on a roughly equal footing. Note that the equitable presentation is not unique. As
an example, another equitable presentation for Ur,t is also presented. In Section 4, we show that
the equitable generator Y (resp. Z) is not invertible in Ur,t by displaying an infinite dimensional
Ur,t-module that contains a nonzero null vector for Y (resp. Z). Finally, we give a presentation of
the positive even subalgebra of Uq(f(K,J)).

Throughout, k is a field with characteristic zero and q is an invertible element in k satisfying q2 6= 1;
N is the set of natural numbers; Z is the set of all integers. We will work over the field k(q).

2 The Extended Quantum Algebra Uq(f(K, J))

For the reader’s convenience, we list some notations and basic facts of Ur,t and Uq(f(K,J)) by
referring to [4, 5], we describe it here as follows.

Definition 2.1 ([4]) Let r, t be two fixed non-negative integers. Ur,t = Ur,t(sl(2)) is the k(q)-
algebra generated by six variables J±1, K±1, E and F , where J±1 are in the center of Ur,t, with
the relations:

KK−1 = K−1K = JJ−1 = J−1J = 1, (2.1)
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KEK−1 = q2E, KFK−1 = q−2F, (2.2)

EF − FE =
K −K−1Jr

q − q−1
. (2.3)

In particular, if r = 0, then the algebra Ur,t is isomorphic to a tensor product of the algebra of
infinite cyclic group and Uq(sl2) as Hopf algebras.

Definition 2.2 ([5]) Let G be an Abel group, and g1, g2, h1, h2 be four fixed elements of G. As
a vector space, Uq(f(K,J)) is isomorphic to the the tensor product k(G) ⊗ Uq(sl2). Any element
of k(G) and J±1 are in the center of Uq(f(K,J)). The extended quantum algebra Uq(f(K,J)) is
generated by g1, g2, h1, h2 and E, F , K±1, J±1 with the relations:

KK−1 = K−1K = JJ−1 = J−1J = 1, (2.4)

KEK−1 = q2E, KFK−1 = q−2F, (2.5)

EF − FE =
Kh1h2 −K−1g1g2

q − q−1
. (2.6)

The quantum algebra Uq(f(K,J)) can be equipped with a Hopf algebra structure given by:

∆(J±1) = J±1 ⊗ J±1, ∆(K±1) = K±1 ⊗K±1, (2.7)

∆(E) = g1 ⊗ E + E ⊗Kh1, ∆(F ) = K−1g2 ⊗ F + F ⊗ h2, (2.8)

∆(a) = a⊗ a, a ∈ G, (2.9)

ε(E) = ε(F ) = 0, ε(J±1) = ε(K±1) = ε(a) = 1, a ∈ G, (2.10)

S(J) = J−1, S(J−1) = J, S(K) = K−1, S(K−1) = K, (2.11)

S(E) = −EK−1g−1
1 h−1

1 , S(F ) = −KFg−1
2 h−1

2 . (2.12)

S(a) = a−1, a ∈ G. (2.13)

Obviously, Ur,t is a special case of Uq(f(K,J)). Note that Uq(f(K,J)) is isomorphic to k(G) ⊗
Uq(sl2) as algebras, but not as Hopf algebras. Since the coproduct of Uq(f(K,J)) is not the usual
coproduct of k(G)⊗ Uq(sl2). Neither is the antipode.

Similar to Theorem 2.4 of [4], we have the following conclusion.

Proposition 2.3 The algebra Uq(f(K,J)) is a Noetherian domain. Moreover, the set

{KiEjF kJ lgm1 g
n
2 h

u
1h

v
2 |j, k ∈ N, i, l,m, n, u, v ∈ Z}

is a basis for Uq(f(K,J)).
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3 The Equitable Presentation for Uq(f(K, J)) and Ur,t

From Definition 2.2, we can see the generators of Uq(f(K,J)) play a very different role. In the
following, we will introduce a presentation for Uq(f(K,J)), whose generators are on a more equal
footing.

Theorem 3.1 The algebra Uq(f(K,J)) is isomorphic to an associative algebra Bq. The algebra
Bq is generated by X±1, Y , Z, ḡi, h̄i (i = 1, 2) and C±1, where C±1, X±1 and ḡi, h̄i (i = 1, 2) are
in the center of Bq, satisfying the following relations:

XX−1 = X−1X = CC−1 = C−1C = 1, (3.1)

qXY − q−1Y X

q − q−1
= 1, (3.2)

qY Z − q−1ZY

q − q−1
= h̄1h̄2, (3.3)

qZX − q−1XZ

q − q−1
= ḡ1ḡ2. (3.4)

An isomorphism ψ : Uq(f(K,J))→ Bq is defined as follows:

C±1 → J±1,

X±1 → K±1,

Y → K−1 + F (q − q−1),

Z → g1g2K
−1 −K−1E(q2 − 1),

gi → ḡi, hi → h̄i, i = 1, 2.

The inverse of ψ is ρ : Bq → Uq(f(K,J)) given by:

J±1 → C±1,

K±1 → X±1,

E → (ḡ1ḡ2 −XZ)(q2 − 1)−1,

F → (Y −X−1)(q − q−1)−1,

ḡi → gi, h̄i → hi, i = 1, 2.

Proof From (3.2)-(3.4), it is easy to get

XY = q−2Y X + (1− q−2), (3.5)

XZ = q2ZX + (1− q2)ḡ1ḡ2, (3.6)

ZY = q2Y Z + (1− q2)h̄1h̄2. (3.7)

Using these relations, we can prove that ψ preserves the relations (3.1)-(3.4). We only check ψ
preserves (3.4).
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Since

ψ(EF − FE) = (ḡ1ḡ2−XZ)(Y−X−1)−(Y−X−1)(ḡ1ḡ2−XZ)

q(q−q−1)2

= XZX−1−Z+Y XZ−XZY
q(q−q−1)2

= h̄1h̄2X−ḡ1ḡ2X
−1

q−q−1

= ψ(h1h2K−g1g2K
−1

q−q−1 ).

Then ψ preserves (3.4). So ψ is a homomorphism from Uq(f(K,J)) to Bq. Furthermore, we can
check ρψ = ψρ = id for each generator of Uq(f(K,J)). Thus, ρ is the inverse of ψ.

Definition 3.2 The presentation given in Theorem 3.1 is called the equitable presentation for
Uq(f(K,J)). We call the generators C±1, X±1, Y , Z, ḡi, h̄i (i = 1, 2) the equitable generators.
Since Bq is isomorphic to Uq(f(K,J)) as algebras, we can regard Uq(f(K,J)) as an algebra
generated by C±1, X±1, Y , Z and ḡi, h̄i (i = 1, 2) with the relations (3.1)-(3.4). Due to Proposition
2.3 and Theorem 3.1, the algebra Uq(f(K,J)) has another kind of PBW basis as follows.

Proposition 3.3 The set

{XiY jZkClḡm1 ḡ
n
2 h̄

u
1 h̄

v
2 |j, k ∈ N, i, l,m, n, u, v ∈ Z}

is a basis of Uq(f(K,J)).

To make the algebra isomorphisms in Theorem 3.1 into isomorphisms of Hopf algebras, we need to
define the Hopf algebra structure for Uq(f(K,J)) in terms of the equitable generators as follows.

Theorem 3.4 With refer to Proposition 2.3 and Theorem 3.1, the comultiplication ∆ satisfies

∆(C±1) = C±1 ⊗ C±1, ∆(X±1) = X±1 ⊗X±1,

∆(ḡi) = ḡi ⊗ ḡi, ∆(h̄i) = h̄i ⊗ h̄i, i = 1, 2,

∆(Y ) = X−1 ⊗X−1 + ḡ2X
−1 ⊗ (Y −X−1) + (Y −X−1)⊗ h̄2,

∆(Z) = ḡ1ḡ2X
−1 ⊗ ḡ1ḡ2X

−1 − ḡ1X
−1 ⊗ (ḡ1ḡ2X

−1 − Z)− (ḡ1ḡ2X
−1 − Z)⊗ h̄1.

The counit ε satisfies

ε(C±1) = ε(X±1) = ε(Y ) = ε(Z) = 1, ε(ḡi) = ε(h̄i) = 1, i = 1, 2.

The antipode S satisfies
S(C±1) = C∓1, S(X±) = X∓1,

S(ḡi) = ḡ−1
i , S(h̄i) = h̄−1

i , i = 1, 2,

S(Y ) = X − (XY − 1)ḡ−1
2 h̄−1

2 , S(Z) = ḡ−1
1 ḡ−1

2 X + q2(ḡ1ḡ2 −XZ)ḡ−1
1 h̄−1

1 .

Proof Using Proposition 2.3 and Theorem 3.1, it is just a computation.

corollary 3.5 If one takes h̄1 = h̄2 = ḡ1 = 1 and ḡ2 = Cr, then the presentation given in Theorem
3.1 is an equitable presentation for Ur,t.

Proof Since the algebra Ur,t is a special case of Uq(f(K,J)) provided that h1 = h2 = g1 = 1 and
g2 = Jr.

We remark that the equitable presentation of Ur,t is not unique. Next, we will present another
equitable presentation of Ur,t.
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Theorem 3.6 The algebra Ur,t is isomorphic to the associative algebra Aq as Hopf algebras. The
algebra Aq generated by six generators C±1, X±1, Y, Z, where C±1 are in the center of Aq, with
the following relations:

XX−1 = X−1X = CC−1 = C−1C = 1, (3.8)

qZX − q−1XZ

q − q−1
= 1, (3.9)

qXY − q−1Y X

q − q−1
= 1, (3.10)

qY Z − q−1ZY

q − q−1
= C−r. (3.11)

The algebra Aq has a Hopf algebra structure with co-multiplication, counit and antipode defined by

∆(C±1) = C±1 ⊗ C±1, ∆(X±1) = X±1 ⊗X±1, (3.12)

∆(Y ) = X−1 ⊗X−1 + C−rtX−1 ⊗ (Y −X−1) + (Y −X−1)⊗ Crt, (3.13)

∆(Z) = X−1 ⊗X−1 − CrtX−1 ⊗ (X−1 − Z)− (X−1 − Z)⊗ C−r(t+1), (3.14)

ε(C) = ε(C−1) = ε(X) = ε(X−1) = ε(Y ) = ε(Z) = 1, (3.15)

S(C) = C−1, S(C−1)) = C, S(X) = X−1, S(X−1) = X, (3.16)

S(Y ) = X −XY − 1, S(Z) = X + q2Cr(1−XZ). (3.17)

Proof Let us define ψ : Ur,t → Aq satisfying

ψ(J±1) = C∓1, ψ(K) = C−rX, ψ(K−1) = CrX−1,

ψ(E) = (1−XZ)(q2 − 1)−1, ψ(F ) = (Y −X−1)(q − q−1)−1.

The inverse of ψ is ρ : Aq → Ur,t given by:

ρ(C±1) = J∓1, ρ(X) = J−rK, ρ(X−1) = JrK−1,

ρ(Y ) = K−1Jr + F (q − q−1), ρ(Z) = K−1Jr −K−1JrE(q2 − 1).

Similar to Theorem 3.1, we can check ρ and ψ are isomorphisms of Hopf algebras.

Remark 3.7 The equitable presentation for Ur,t given in Theorem 3.6 is not unique. In fact,
there exists an algebra automorphism ωs of Ur,t that satisfies ωs(J±1) = J±1, ωs(K) = K−1Jr,
ωs(K−1) = KJ−r, ωs(E) = FJs, ωs(F ) = EJ−s for an integer s.
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4 Y and Z are Not Invertible in Ur,t

In this section, we show that the equitable generator Y (resp. Z) is not invertible in Ur,t by
displaying an infinite dimensional Ur,t-module that contains a nonzero null vector for Y (resp. Z).
Similar to Lemma 3.1-3.4 of [6], we have the following results.

Lemma 4.1 There exists an Ur,t-module ΓY = {uij}i∈Z, j∈N with the following properties:

Cmuij = q2muij , m ∈ Z, (4.1)

Xuij = ui+1,j , X−1uij = ui−1,j , (4.2)

Y uij = q−r(q2i − q2i−2j)ui,j−1 − (q2i − 1)ui−1,j , (4.3)

Zuij = q−rq−2iui,j+1 + (1− q−2i)ui−1,j , (4.4)

for all i ∈ Z, j ∈ N. In the above equations, ui,−1 = 0 for i ∈ Z.

Proof Obviously, the given actions satisfy the relation (3.8). We have to check that these actions
satisfy the relations (3.9)-(3.11) in the following.

For (3.9), since

qZXuij = qZui+1,j = q−rq−2i−1ui+1,j+1 + (q − q−2i−1)uij ,
q−1XZuij = q−1q−rq−2iui+1,j+1 + q−1(1− q−2i)ui,j

= q−rq−2i−1ui+1,j+1 + (q−1 − q−2i−1)uij .

Then
(qZX − q−1XZ)uij = (q − q−1)uij .

For (3.10), since

qXY uij = q−rq(q2i − q2i−2j)ui+1,j−1 − q(q2i − 1)uij

= q−r(q2i+1 − q2i−2j+1)ui+1,j−1 − (q2i+1 − q)uij ,
q−1Y Xuij = q−1Y ui+1,j

= q−r(q2i+1 − q2i+1−2j)ui+1,j−1 − (q2i+1 − q−1)uij .

Then we obtain
(qXY − q−1Y X)uij = (q − q−1)uij .

For (3.11), we have

qY Zuij = q−rq−2i+1Y ui,j+1 + (q − q1−2i)Y ui−1,j

= q−rq−2i+1[q−r(q2i − q2i−2j−2)uij − (q2i − 1)ui−1,j+1]
+(q − q1−2i)[q−r(q2i−2 − q2i−2j−2)ui−1,j−1 − (q2i−2 − 1)ui−2,j ]

= q−2r(q − q−2j−1)uij − q−r(q − q1−2i)ui−1,j+1

+q−r(1− q−2i)(q2i−1 − q2i−2j−1)ui−1,j−1 − (q2i−1 − q − q−1 − q1−2i − q)ui−2,j .

Similarly, we get

q−1ZY uij = q−2r(q−1 − q−2j−1)uij − q−r(q − q1−2i)ui−1,j+1

+q−r(1− q−2i)(q2i−1 − q2i−2j−1)ui−1,j−1 − (q2i−1 − q − q−1 − q1−2i − q)ui−2,j .

Then
(qY Z − q−1Y Z)uij = q−2r(q − q−1)uij = Cr(q − q−1)uij .
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Thus, the given actions satisfy the relations (3.8)-(3.11).

Proposition 4.2 The following (i)-(iii) hold.
(i) Y u00 = 0, where the vector u00 ∈ ΓY ,
(ii) Y is not invertible on ΓY ,
(iii) Y is not invertible in Ur,t.

Proof It is easy to see by Lemma 4.1.

Similarly to Lemma 4.1 and Proposition 4.2, we also have the following results.

Lemma 4.3 There exists an Ur,t-module ΓZ = {vij}i∈Z, j∈N with the following properties:

Cmvij = q2mvij , m ∈ Z, (4.5)

Xvij = vi+1,j , X−1vij = vi−1,j , (4.6)

Y vij = q−rq2ivi,j+1 − (q2i − 1)vi−1,j , (4.7)

Zvij = q−r(q−2i − q2j−2i)ui,j−1 − (q−2i − 1)vi−1,j , (4.8)

for all i ∈ Z, j ∈ N. In the above equations, vi,−1 = 0 for i ∈ Z.

Proposition 4.4 The following (i)-(iii) hold.
(i) Zv00 = 0, where the vector v00 ∈ ΓZ ,
(ii) Z is not invertible on ΓZ ,
(iii) Z is not invertible in Ur,t.

5 The Positive Even Subalgebra of Uq(f(K, J))

In this section, we consider a positive even subalgebra of Uq(f(K,J)). Let the subalgebra

A = {XiY jZk|i, j, k ∈ N, i+ j + k even} (5.1)

be the positive even subalgebra of Uq(f(K,J)). We give a presentation for A by generators and
relations in the following.

The relations (3.1)-(3.4) can be reformulated as follows:

q(1−XY ) = q−1(1− Y X), (5.2)

q(ḡ1ḡ2 − ZX) = q−1(ḡ1ḡ2 −XZ), (5.3)

q(h̄1h̄2 − Y Z) = q−1(h̄1h̄2 − ZY ). (5.4)

Definition 5.1 Let X̃, Ỹ , Z̃ be defined as the following elements of Uq(f(K,J)),

X̃ = q(h̄1h̄2 − Y Z) = q−1(h̄1h̄2 − ZY ), (5.5)

Ỹ = q(ḡ1ḡ2 − ZX) = q−1(ḡ1ḡ2 −XZ), (5.6)

8



Ye and Mei; JAMCS, 37(8): 1-10, 2022; Article no.JAMCS.91495

Z̃ = q(1−XY ) = q−1(1− Y X). (5.7)

Proposition 5.2 The following relations hold in Uq(f(K,J)):

XỸ = q2Ỹ X, XZ̃ = q−2Z̃X, (5.8)

Y Z̃ = q2Z̃Y, Y X̃ = q−2X̃Y, (5.9)

ZX̃ = q2X̃Z, ZỸ = q−2Ỹ Z. (5.10)

Proof Immediate from the relations (5.5)-(5.7).

We now display some relations satisfied by X̃, Ỹ , Z̃ in Uq(f(K,J)).

Lemma 5.3 The following relations hold in Uq(f(K,J)):

XY = 1− q−1Z̃, Y X = 1− qZ̃, (5.11)

ZX = ḡ1ḡ2 − q−1Ỹ , XZ = ḡ1ḡ2 − qỸ , (5.12)

Y Z = h̄1h̄2 − q−1X̃, ZY = h̄1h̄2 − qX̃. (5.13)

Proof These equations are reformulations of (5.5)-(5.7).

Lemma 5.4 The following relations hold in Uq(f(K,J)):

X2 = ḡ1ḡ2 −
Ỹ Z̃ − q−1Z̃Ỹ

(q − q−1)
, (5.14)

Y 2 = h̄1h̄2 −
Z̃X̃ − q−1X̃Z̃

(q − q−1)
, (5.15)

Z2 = ḡ1ḡ2h̄1h̄2 −
X̃Ỹ − q−1Ỹ X̃

(q − q−1)
. (5.16)

Proof We only verify (5.14). From Definition 5.1, we obtain

qX̃Ỹ − q−1Ỹ X̃ = q(h̄1h̄2 − ZY )(ḡ1ḡ2 − ZX)− q−1(ḡ1ḡ2 − ZX)(h̄1h̄2 − ZY )
= (q − q−1)(ḡ1ḡ2h̄1h̄2 − h̄1h̄2ZX − ḡ1ḡ2ZY ) + qZY ZX − q−1ZXZY.

Using (3.5)-(3.7), we find

qZY ZX − q−1ZXZY = q−1ZZ(Y X) + (q − q−1)h̄1h̄2ZX − q−1ZXZY
= qZ(ZX)Y − (q − q−1)Z2 + (q − q−1)h̄1h̄2ZX − q−1ZXZY
= (q − q−1)h̄1h̄2ZX − (q − q−1)Z2 + (q − q−1)ḡ1ḡ2ZY.

Thus, we have
qX̃Ỹ − q−1Ỹ X̃ = (q − q−1)(ḡ1ḡ2h̄1h̄2 − Z2).

So the relation (5.14) holds. The remaining relations are similarly obtained.
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Theorem 5.5 The subalgebra A is generated by X̃, Ỹ , Z̃ and ḡ1ḡ2, h̄1h̄2 with the relations (5.11)-
(5.16).

Proof Let W denote the subalgebra of Uq(f(K,J)) generated by X̃, Ỹ , Z̃ and ḡ1ḡ2, h̄1h̄2 with
the relations (5.11)-(5.16). It is obviously that W ⊆ A. We now show that A ⊆ W . Let Y iZjXk

be an element of A. Since i+ j + k is even, then any element of A is spanned by

X2, Y 2, Z2, XY, XZ, Y Z. (5.17)

By Lemma 5.3 and Lemma 5.4, each term in (5.17) is contained in W . Therefore each element of
A is contained in W . Consequently, W = A.

6 Conclusions

In this paper, we first display an equitable presentation for an extended quantum enveloping algebra.
From the given example, we can see the equitable presentation is not unique. Then we show that the
equitable generators Y and Z are not invertible. Finally, we give a presentation of the positive even
subalgebra. Further research might explore the equitable presentation for some multi-parameter
quantum groups.
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