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Abstract

In this paper we study Landau-Lifshitz equation which describe a nonlinear magnetic elastic in
easy-axis ferromagnets. By means of numerical simulation a numerical solitonic solution to above
mentioned equation with Standard Finite Difference (SFD) and NonStandard Finite Difference
(NSFD) rules and obtained as a result of solution of Couchy problem using exact analytical solution
to Landau-Lifshitz equation as initial data. Then we obtain the error of each method.
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1 Introduction

Investigation of nonlinear properties of magnetoelastic crystals in condensed matter is very important.
Most of this work has been done for linear models. It seems, that nonlinear magnetoelastic waves
in nonlinear approximation of phonon mode demonstrate a wide range difference their propagation
and interactions in comparision to a linear one. This paper arise to study nonlinear magnetoelastic
waves in nonlinear approximation by phonon mode. The paper is organized as follows. In the section
2 starting from quantum-mechanical Hamiltonian taking into account modulation of exchange
integrals as a result of oscillation of each site of spin chain, using generalized coherent states of
SU(2) group as a basis of trial functions following paper [1]. We receive Landau-Lifshitz equation
which describes magnetoelastic waves in nonlinear approximation of phonon modes analytically we
were able to our best find the solution to the above mentioned system only in linear approximation
of phonon mode, which requires application of numerical methods. In the following we discuss
a numerical approaches, which is not so simple due to singularities arising in the poles of Bloch
sphere, as for all types of sigma-models. To avoid this we use a stereographical projection to a
complex plane, that corresponds to the projection of SO(3) space to a coset SU(2)/U(1) space,
due to their isomorphism. In the section 3 introdution NSFD Rules and implementation of NSFD
for Lanadu-Lifshitz equation. In the section 4 we solve the problem using the analytical solution
with a linear approximation in phonon mode as a initial condition, which could be considered as
a perturbed solitonic solution. As a result evolution of the initial perturbation we receive a stable
solitonic solution moving with some speed. Let us remind, that the Landau-Lifshitz equation could
be written, in the isotropic case, in the following form

1
1hSy = 3 [S, Sz (1.1)
. (5 5 .
Where we introduce S = gt _g* )= S.o,
. (1 0 «_ (0 1 v [0 i . . .
o* = < 0 -1 ),J =1 ¢ )9'= ( i 0 ) are Pauli operators. This equation (1,1)

give us a macroscopic description of the magnetization dynamic in ferromagnets and represents the
equation of motion of the magnetization vector in non-dissipative media. On the other hand, it is
well know, that in microscopic level the most popular models for description of magnetic properties
of a crystal are spin models of the Heisenberg-Frenkel magnet

H= —Zjikgis?k (1.2)
i,k

where J;, are exchange integrals , S'j are the spin operators of the atom in the jth site.

2 Mathematical Modeling of Problem

Let us consider the model of the Heisenberg ferromagnet with single-axis anisotropy in the presence
of oscillations of sites of the crystal lattice [1].

H=H,+H,
where
. N o g0
Hs = — Z {7(S}'+Sf+f +8 s )+ st}zsy'llz}

Jj=1

N
= —J%> {Sisin + D875}

j=1
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is the spin part of the Hamiltonian,

is the phonon part of the Hamiltonian.Here A = (JZJ;OJO) is the costant of exchange anisotropy,m
and p are the mass and momentum of the atom,correspondingly |y;+1 — y;| is the displacement of
the jth atom from the equilibrium position,k is the elastic constant,j is the summation index,here
st = s®+isY. Let us pass over to the classical description. In order to make this we average, by use
of the SU(2) generalized coherent states (GCS) [2,3]. Let us remind the reader that SU(2)GCS in

complex parameterization has the form
o\ —k 5 +
2) = Tlz) = [T (L4 12%) " expfz;S; 3k, —Fk), (2.1)
J J
here k is the number of representation, is the parameter of quasiclassical description. Spin operators
averaged by use of the SU(2)GC'S get the following form

= 2z ~ 1— |z
p— — z j—
S]. _Sj _<S.> J J

IS R A R 22

J

Note that the parameterization via more habitual angle variables is possible. In the case the values
of the averaged spin operators have the form

S = s (sinfcosp, sinfsing, cosh) (2.3)

2 = tan (g) capliv}, (2.4)

where the values of the angle parameters are restricted as 0 < 6 < 7 and 0 < ¢ < 27 . By use (2.3)
we obtained Landau-Lifshitz equation as the following equations [1]

. ho
a%@m — [agnpi + QA] stnfcosb + msm&pt =0,

a(Q) (5in29<px)x sinfl; =0 (2.5)

- J0s?
By use of the vector (2.1) we carry out the averaging procedure of the spin Hamiltonian H, . We
have
H = (z|H|z) = Hs + Hp. (2.6)
2
Zj+1 = 2Zj + QoZjz + L;ijz + ...
Yi+1 = Yj + aoyjz + .- (2.7)

Then rewriting Hamiltonian(2.4) in spherical variables we obtain

N 0
J —_ — z z z
H=-sY" {7 (SF S + 87 8f) + J°S; st} +H,. (2.8)
Jj=1

Introducing Poison brackets in the following form
A 6B dASB A NB
A, B} = —€ijh e — 5 — + —== ¢ d
{4, B} /{ Sk 55i555 5P oy | oy 6P} v
We derive the equations of dynamics of the magnetization vector coupled with the lattice oscillations
0H

hSj = {H sj} = —cinzer St
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then
hS, = 32J0“§ (259,87 — 25%,8Y) 7 — szJO‘Lf (257,57 — 252,577
+ 52J0%(2) (257,5% — 25%,5%) & — s2J°2A (5877 - 575"7) (2.9)
we have S = (57,5Y,5%),e* = (0,0,1) then from (2,9) obtain
hS, + 2%8 [§ x B 425700057 [§ x ] =0 (2.10)
or rewriting this equationsin matrixs form we obtain

2
S+ 20015, 50 + sQJO% [S,67]{S,07} = 0 (2.11)

(2,5),(2,9),(2,10), (2,11) are different form of Landau-Lifshitz equation.

2.1 Introduction the stereographical projection

To conduct numerical simulation of magnetoelastic interaction processes it is not convenient the
parametrization by spherical variables of by Euler angles, due to the singularities in the poles. In
order to prevent that for numerical simulation we use stereographical projection.

a) The relationship between the complex parameters z and S*, SY, S* by stereographical projection
for top plane is given with the following relations

2asd. jpg
Sx:ﬂ y:E—zi zzl—zE
1+ 2z’ 1+2z" 1+ 22
with use chain rule we have .
~ —2z —2z
Se = 1 2% 2
(1+22) (1+22)
c i 1—22
T +222 " (14222
Y —1-7%? 1422 _
T U222 0T (1t 222
g -2z (1-2%) (z 2+—2z(1—z2) = )2+—4z—4zzE N 1-7z2 1—2* _
o (14227 7 (1422)° 7° (142277 1+22*"" (142272
2z (14 2%) . —22(1+27) . 4z — 4z 1422 -1-7
ngZ(l(Jrg)Z(szJr1(3)1(%)2+1211%2z+1+2213m+ 11 22 2
2Z) (1+22) (1+22) (1+ 22) 1+ 22)
& 472 (2)? + 422 (z)? 425—422_ 2z Lo 2z -
T +22)° Y +22)Y 1422 1+22)7 (14222
i —9227% — 223 + 2272 4+ 27 . 272 + 22 — 2222 — 22
SY,S% — 7.8 = — i(22) + —7 (2)* +
(14 2%2) (14 2%)
3 | =2 - ~.3 2 -
2z2°+2z°—2z—1. —Zzz° —2z°4+z2z+ 1., ,_
— 3 (%) + — i (Zaa)
(1+22) (1+22)
. v oow  —A47%2 — 472 47Z23 + 427 27 + 2272 —2z — 2722
ST SV SV g% — Z°z z i(zz)Q—i— zz° + 4z i(zz)g_*_ Z+ 22z iz z Zz s
—\4 —\4 —\3 —\3
(14 22) (14 22) (14 22) (14 22)
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—22%7 9223 222222

—27%2 - 27° — 27°2 - 27
§E,8% -5t = TR ET SR TR AT )2y s (7a)® +
1+ 22) 1+ 22)
zz3+22+z§+1z 2234-2;24-z§+1z
(1+ 22)° o (14 22)° o
from (2,9) we have 1Sy = s2J%3 (SY,S° — SZ,8Y) — s J°2A5%SY then
17 1— 22 —227* —27% 4 227% + 27 .
( i2zt+ int) _SQJOGg( 2z k3 7422 + Zz(zx)2+
(14 22) (14 22) (14 22)
2z2* +22% — 2727 — 22 Bz -1,
zz" + 2z 72:; Zz(Zw)Q—i—ZZ +z 72’; z(zm)—i—
(14 22) (1+2%)
=32 = _— =
) A 212
2Z
and also hSY = —s*>J%3 (S%,5% — 82,5%) + s>J°2AS*S® then
-1-7 1422 —27%2 — 27° — 27%2 — 27
((1 n f)szt (1:i)222t) = fSQJoa(Q)( =2 (1Z+ ,)4;; = & (Zz)2+
2Z 2Z 2Z
2247 — 222222222, 5, 224742241 z222 4+ 224224+ 1_
(14 22)* (z=) (1+ 22)° o (14 22)° Zac)
2 ;0 z +E 1-— K73
J2A
+s 142z % 142z
then
-1-7z° 1+2% _ —27%2 — 27° — 27°2 — 27,
( f2zt+ 2;2Zt :SQJOCLS( A z 7422 Z’L(ch)2+
(14 22) (14 22) (14 22)
—22'7—223 - 222222 o, 22 4Z422+1. Z23 4+ 22422+ 1 _
— i(Zz)” + —3 1200 + — 1Zaz)
1+ 22) (1+22) 1+ 2%)
_ .
— $2J%A 12_?:21' X1 Z (2.13)
and also hS7 = s2J%a3 (52,8Y — S¥,S5) then
o> _ 453, 422 3= 2
B 2;1 - 22; z— sQJOa?)( 4z°z 744,2 Z(ZI)Q n 4z z—l—jli .(,z)g n
1+ 22) 1+ 22) (1+22) (1+22)
27 + 222% . —22—22%7 _
(14 27)° taa ¥ (1+22)° Zss) (2.14)
we deduce relation (2.12) from relation (2.13) and we obtain
5.2 2 | s ~.4 3
5 2 4 2z A s2J0a8(42Z + 421’ (ZZ)Q + 4zZz2" + 4z i(Ez)z n
—\2 —\2 —\4 —\4
1+ 22) 1+ 22) (1+22) 1+ 22)
2z 27z 2z
we multiply relation (2.14) in —z and add with relation (2.15) then we will have
2 4z -2 227 — 2
h (7722) = SQJOG%(%Z. (Zw)Q + 77123395) — S2J02AL7§’L.
(14 22) (14 22) (1+2%) (1+22)

22(2z — 1))

—92a4%%
thzy = s2J° ( aozZ2 + agzm + A —
1+ 2z

142277

48



Takyar and Takyar; JAMCS, 37(8): 44-56, 2022; Article no.JAMCS.76391

then the another form of Landau-Lifshitz equation by use stereographical projection for top plane
is

2 2
ihzy + s2J° (—agzm + 200z 224 AM) =0

L+ 227 1+ |z[?
then this equation after scale transformation can be written as
. 2, (s2T0\%  22(1—|2)
— Zzz : A =0 2.16
PR < woh 1+ ]2 (2.16)

b) The relationship between the complex parameters z and S®, SY, S* by stereographical projection
for bottom plane is given with the following relations

lasd. jpg

z4+z yii—zi . zz—1
14227 142277 142z

SY =
with use chain rule we have
. 2z ot 2z -
T +22* 1+22)° 7
227* +27°% — 2272 — 27| —272* —22° + 2222 + 22 _
—\4 l(Z$)2+ —\4 l(zﬂf)2+
(14 2%2) (14 27)
270 -4 2241, Z3 42—z -1,
—3 i(222) + —————3 1 (Zaa)
(1+ 22) 1+ 2%)

2424+ 22342222422 _

_22'2+22° +22%2 + 22 z)
1+ 22)* ‘

S:zSZ_S;zST - 4
(14 22)

2

(zw)Q +

-7 —zE—lZ n —Zzg—z2—zf—1z
(1+ 22)° o (1+ 22)° o

then the another form of Landau-Lifshitz equation by stereographical projection for bottom plane

is
2037 4 A2;;(|z\2 - 1)) —0

+

—273

. 250 ( 2
ihze +8°J (aozm —

1+ |22 1+ |22
then this equation after scale transformation can be written as
‘ 22 o ($2I\?  22(2) - 1)
- 2 A =0 2.17
2t Zoe = et <w0h FaFE (2.17)

3 Nonstandard Finite Difference Method

3.1 Introduction to NSFD or NFSD Rules

The genesis of nonstandard finite difference (NSFD) modelling procedures began with the 1989
publication of Mickens [4]. Extensions and a summary of the known results up to 1994 are given
in Mickens [5]. This class of schemes and their formulation center on two issues. First, how should
discrete representations for derivatives be determined, and second, what are the proper forms to be
used for nonlinear terms. A brief and first introduction to the discrete derivative issue is discussed
in the paper by Mickens et al. [6]. We suppose decay equation [7]

du

i —Au, u(0) = uo
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Note that the usual forward Euler representation for the first-derivative is

du  Ugt1 — Uk
dt h

However ,the discrete first-derivative for decay equation is given by the expression
du Uk+1 — Uk

dt ¢

where the denominator function ¢ is

1— e—Ah

¢=—
and the denominator function satisfies the condition
d(\, h) = h + O(\R?)

This way of constructing discrete derivatives can be easily extended to partial derivatives. The linear
harmonic oscillator is modeled by following second-order ODE. The linear harmonic oscillator is
modeled by the following second-order ODE [7]

J2u

ﬁ + CU =0

wherew is a real constant.the discrete second-derivative for this equation is given by the expression

@ N Uk+1 — 2ug + ug—1
di2 2 sin (hw)

where h = At, t;, = hk.the "exact” NSFD scheme is

Ukl — 2Uk + Ug—1
1 h
—z sin ( “)

This way of constructing discrete derivatives can be easily extended to partial derivatives In general,
the NSFD rules do not lead to a unique discrete model for either ODEs or PDEs. However, this a
priori nonuniqueness can often be partially resolved by appeal to various constraints applied to the
discrete equations modelling the differential equations. For example, if the ODE or PDE has special
solutions, such as fixed points or traveling waves, the requirement that the discrete equations also
have these solutions along with the corresponding (linear) stability properties will often force the
discrete models to only assume a small set of possible structures [8].

+ w2uk =0.

3.2 Implementation of NSFD for Landau-Lifshitz Equation

we use forward and backward and central difference method(explicit method or SFD) for equation
(2.16) then

AL T Zigol | Zidly = 2%+ Zic1g 2z (Fitld — Fizliy2,
21 h2 1 + ‘Zi,]‘|2 2h
2 70 2
57072\ 22i5(1 — |zi4]7)
(—)"A 5 =0 (3.1)
woh 1+ |Zi,j|
and the NSFD scheme for this equation is
jFidtl — Fig1 Zit1,j — 225 + 2i-1,j Ly Filg T Zicg )2t
27 \/(Sz‘,o A2t 7\ ) 1+ |zi5]? 2h
4 Ttz 12 gl
S2J0)2A42(_1+‘zi,j|2) sin® )
woh 1425 512
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(82J0 )QAZZZ‘,]'(I - |Zi7j|2)

L+ 24
we use forward and backward and central difference method(explicit method) for equation (2.17)
then

=0 (3.2)

woﬁ

Zig4l — Zig—1 | Zitlg —2Zij +Zic1y  2Zig Ziglg — Zi—1,j42
! 27 + h2 [ENEEL 2h S+
2 70 2
s°J% (2, 22i5(|2,5]° — 1)
JANpt S AN e =0 3.3
( woh ) 1+ |Zi7j|2 ( )
and the NSFD scheme for this equation is
GFhatl — Zige1 | Zit1,j — 22i,5 + Zi1,5 2% (Bt —Zizbiy2
2T 5240 g A 2(=14]2; j12) 1+ |zi,5]? 2h
MGG VA e
4 in?( *J )
(S2JU>2A2<*1+|21‘,J‘\2> 2
wolt 142,512
2 70 2
577 2 5 2215 (=1 + |2i,5]7)
A— : =0 3.4
( woh ) 1+ |Z7;7j|2 ( )

4 Numerical Result

To derive a numerical solution of the Landau-Lifshitz equation we use the analytical solitonic
solution [1] of the Landau-Lifshitz equation as initial condition. We know for magnetic solitons
moving with velocity v exact solution is [1]

0 w2
tan® = =
Q-]
2 Qcosh?u¢ — | 5 1l
2
fzzfyT:QalAfwf(g) (4.1)

Now for obtain approximation solution at h = 0.1,7 = 0.002, A = 0.1,» = 0.1,0.3,0.6,0.8 at T'= 10
for SFD and NSFD scheme that we got and we used (4, 1) as initial valu As a result we will receive
a magnetoelastic solitonic solution,which could be considered as magnetic polaron. In Fig. 1, Fig.
2 we show the error of SFD and NFSD scheme at v = 0.1 and in Fig. 3, Fig. 4 we show the error
of SFD and NFSD scheme at v = 0.3.

w1074

18

18 b

14 -

08 -

0.6 L

04

02

0
] 1 2 3 4 5 & 7 a 1} 10

Fig. 1. Errore of SFD method for v = 0.1
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Fig. 2. Errore of NSFD method for v =0.1
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Fig. 3. Errore of SFD method for v = 0.3

Table 1. Maximum absolute errors for v = 0.3

T | SFD method | NSFD method
1 5.0000(—5) 5.0000(—5)
2 1.0000(—4) 1.0000(—4)
3 1.2000(—4) 1.1000(—4)
4 1.4000(—4) 1.3000(—4)
5 1.6000(—4) 1.4000(—4)
6 1.9000(—4) 1.6000(—4)
7 | 2.2000(—4) 1.8000(—4)
8 2.5000(—4) 2.0000(—4)
9 2.9000(—4) 2.1000(—4)
10 | 3.3000(—4) 2.3000(—4)

In Tables 1, 2 we calculated the Maximum absolute errors for v = 0.1,0.3.
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Fig. 4. Errore of NSFD method for v = 0.3

Table 2. Maximum absolute errors for v = 0.1

T | SFD method | NSFD method
1 5.30000(—5) 3.0000(—5)
2 5.0000(—5) 5.0000(—5)
3 6.0000(—5) 7.0000(—5)
4 8.0000(—5) 8.0000(—5)
5 1.0000(—4) 1.0000(—4)
6 1.2000(—4) 1.1000(—4)
7 | 1.3000(—4) 1.1000(—4)
8 1.4000(—4) 1.2000(—4)
9 1.6000(—4) 1.3000(—4)
10 | 1.8000(—4) 1.4000(—4)
We also did this for v = 0.6, 0.8
g 210
4
16
*
14 L]
-
G i
L]
4
[ ]
o8
L
06 L4
04r -
ozf
0
o 1 2 3 4 & & T 8 9 10

Fig. 5. Errore of SFD method for v = 0.6
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Fig. 6. Errore of NSFD method for v = 0.6
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Fig. 7. Errore of SFD method for v = 0.8

Table 3. Maximum absolute errors for v = 0.6

T | SFD method | NSFD method
1 2.0000(—5) 3.000(—5)
2 4.0000(—5) 6.0000(—5)
3 6.0000(—5) 9.0000(—5)
4 7.0000(—5) 1.2000(—4)
5 9.0000(—5) 1.5000(—4)
6 1.1000(—4) 1.8000(—4)
7 1.3000(—4) 2.1000(—4)
8 1.4000(—4) 2.4000(—4)
9 1.5000(—4) 2.7000(—4)
10 1.7000(—4) 3.0000(—4)
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Fig. 8. Errore of NSFD method for v = 0.8

Table 4. Maximum absolute errors for v = 0.8

T | SFD method | NSFD method
1 1.0000(—5) 2.0000(—5)
2 2.0000(—5) 4.0000(—5)
3 3.0000(—5) 6.0000(—5)
4 4.0000(—5) 8.0000(—5)
5 5.0000(—5) 1.0000(—4)
6 7.0000(—5) 1.1000(—4)
7 8.0000(—5) 1.3000(—4)
8 8.0000(—5) 1.5000(—4)
9 9.0000(—5) 1.7000(—4)
10 1.0000(—4) 1.8000(—4)

5 Conclusion and Future Works

According to numerical examples, it can be concluded that if the velocity is near the 1 the error
of SFD method is less than that of the NSFD method, and v < 1 the error of NSFD method is
less than that of the SFD method, but in general ;both of these methods have a close error but to
increase the accuracy of calculation, we can select kind of method according to the value of velocity.
In this paper we wanted to use two methods to find the approximate solution and compare them.
In the future we intend to use this method to solve dynamic systems that is a combination of
Landau-Lifshitz equation and wave equation.
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