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Abstract

In hypothesis testing, the purpose of two-sample problem is to determine the statistical significance of the
difference between two independent populations. This paper proposes a nonparametric test statistic based on
U-statistic, useful for two-sample scale problem when dealing with randomly right censored data. Proposed
test concentrates on comparing the medians of sub-samples from two populations. A simulation study is given
for critical values and power of the proposed test statistic at various sample sizes and considering different
lifetime distributions. Asymptotic relative efficiencies show that the proposed test is more efficient in
comparison to some existing tests available in literature. A real-life data application is also given.

Keywords: Two-sample scale; relative efficiency; U-statistic; random right censoring.

1 Introduction

In survival analysis, the researchers mainly focus on the time-lapsed to the outcome of a certain event. The
subjects of study might be censored at distinct time periods. Statistical techniques for evaluation of treatments
based on survival data, often involve convolutions due to incompleteness of the available data as a result of
dropout or loss to follow-up. For example, in clinical trials, researchers usually came across the situations that
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require testing for homogeneity of survival distributions across study of some trial. This problem attracted
substantial attention, and a number of procedures have already been developed, such as Wilcoxon [1] proposed
a two-sample test for comparing two treatments that may fall in paired or unpaired categories and Mann-
Whitney [2] proposed a similar test to Wilcoxon test considering the stochastic behavior of random variables.
To accommodate censored survival data, these tests were further extended by Gehan [3], Efron [4], Ayushee et
al. [5] and many others.

In case of uncensored data, for comparative studies between two treatments most commonly used nonparametric
procedures are Kochar [6], Deshpande and Kochar [7], Stephenson and Ghosh [8], Kumar [9], Kumar et al. [10],
Shetty and.Pandit [11], Shetty and Umarani [12], Mahajan et al. [13], Kdssler and Kumar [14], Kumar and
Goyal [15], Goyal and Kumar ([16], [17]). Brookmeyer and Crowley [18] introduced a method for comparing
medians of several survival distributions for right censored data. Some other authors, such as Prentice [19],
Gastwirth and Wang [20], Guilbaud [21], Park [22], Fernandez [23], Tang and Jeong [24] considered extensions
of the Wilcoxon and median tests in the presence of censored data. For some additional references one may refer
to the books Mood [25], Hettmansperger [26] and David and Nagaraja [27].

Testing for similitude of survival distributions is not equivalent to testing for equality of survival medians,
because homogeneity of survival distributions of two groups implies that they do not differ in their median
survival times. But the converse is not true i.e., if median survival times are same in both the groups, then one
cannot conclude that their survival distributions will also be same. Such situation generally arises when the
survival curves cross each other.

In this paper, we propose a non-parametric test for two-sample scale problem for randomly censored data, by
considering median of sub-samples of size three from both the samples. By two-sample scale problem, we mean
to test whether there is any difference in the scale parameters of two populations or not. We considered the
statistic based on median of sub-samples, as median is a suitable estimate and grabs more information, in the
presence of extreme observations in the data-set. The purpose behind this is to extract more information from
the sample as compared to some existing tests (like Wilcoxon test in case of uncensored data and Gehan’s test in
case of censored data) and then to develop its theory and study its performance.

Suppose that two samples X and Y with n;, n, independent observations are drawn from two independent
populations having cumulative distribution functions F, (x) and F,(x) respectively. It is assumed that these two
populations differ from each other only in terms of their scale parameters. Statistically, our problem is to test the
null hypothesis:

Ho: F1 (D) = F,(0),
against the alternative
Hy: F1 (D) = F,(01), 0=1)

Let X;, be the observed survival time for i*" individual (i = 1,2,..,n;), when observations are subject to
randomly right censorship and the period of follow-up for the i individual is restricted by the censoring time
T;. The observed survival time is X; = min(X?, T;), where X? is the true but often unobserved survival time. We
can observe randomly censored sample (X4,3,), ..., (Xy,, Snl), where §; is an indicator function which indicates

whether X; is censored or not; thus, if X; < X! the observation is said to be censored and we set §; = 0. On the
other hand, if X; = X? it is an observed death and we set §; = 1. Similarly, let Y;, be the observed survival time

for j*™ individual (j = 1,2, ...,n,) from sample Y and the observations are randomly censored, with period of
follow-up restricted by the censoring time V; . Then we can observe randomly censored sample

(Y1, 8 ) (Y“2’8n2)' where Y; = min(Y]-O,V]-) and Y]-° is the true survival time associated with indicator function

g; which indicates whether Y; is censored or not; for values g; = 0 and g; = 1 respectively. The objective of the
proposal of this test is to have more efficiency with respect to the existing two-sample scale problems.

The proposed test statistic is defined in Section 2. Section 3 gives the evaluated expression for mean and
variance of the test statistic. Section 4 includes the tables for Critical points of the proposed test statistic at
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various sample sizes and percentage censorings. Section 5 deals with asymptotic relative efficiency
comparisons. Further, an illustration based on a real-life data is given in Section 6. In Section 7, Statistical
power of the proposed test is given at various sample sizes and percentage censorings. Conclusions and some
future problems under consideration are given in Section 8.

2 The Proposed Test Statistic

The proposed test statistics is based on the symmetrical kernel Uy;, which is defined as:

1, ifMg(Xi,, X, Xi,) > Ma(Y;,, Y, Y;,) with & = =1V (i,j)
or Md(Xll, 12,X13) > Md( iy Y, ) for max(Xll, 12,Xi3) associated 6 =0
and for others, g = 6 =1

Ui =19-1, lfMd(Xll, Xi,» Xi,) < Mq(Y;,, Y, Y;,) with & = & =1V (i,j) €y
or My(X;,, Xi,, Xi,) < Mq4(Y,,.Y;,,Y;,) for max(Y;,,Y;,,Y;,) associated e = 0

and for others, g = 6 =1

11 12'

0, elsewhere

where, Md(Xll,Xlz, ) and Md( iy iy ]3) are representing the medians of the sub-samples (X ,XiB) and

( i iy ,3) of size three each, taken from random samples X and Y respectively.

11 12

Here, we have compared the medians of sub-samples from each sample to grab more information from the
samples. When uncensored sub-samples are chosen to be compared and the median of the sub-sample
(Xi,,Xi,,X;,) from random sample X, find out to be greater than the median of the subsample (Y; Y;,) from
random sample Y, we assign 1 to the kernel Uj;, contrariwise, —1 is assigned to the kernel Uj;.

1’ 12’

In case, when one observation is censored in any one of the chosen sub-samples and this censored observation

comes out to be greater among all three observations, if this happens in the sub-sample chosen from X sample,

the observed sub-sample would be (X;,, X;,, X;,) with

5= { 0, only for max(Xll, Xi,, Xi,
1, for other observations

and (Y;,,Y;,, Y;,) with (g = 1V j). Now, we assign 1 to the kernel Uj; if the median of the subsample from X
sample with one censored observation, is find out to be greater than the median of the sub-sample from Y
sample with all uncensored observations. Similarly, if the censored observation comes in the sub-sample from Y
sample, then the observed sub-sample would be (Y;,,Y;,, Y;,) with

= {O, only for max(Y, i Y, J3)
1, for other observations

and (X, X;,, X, ) with (§; = 1 v i) and we assign —1 to the kernel Uy; if the median of the subsample from Y
sample with one censored observation, is find out to be greater than the median of the sub-sample from X
sample with all uncensored observations. We assign zero to the kernel Uj;, for remaining cases.

On the basis of proposed kernel Uj;, the test statistic is defined as:

W= Z Uy )
ij

where the sum is extended over all n,, n, combinations.

60



Ayushee et al.; AJPAS, 18(3): 58-73, 2022; Article no.AJPAS.89143

3 The Mean and Variance of Test Statistic

Let us suppose that both the samples have same variation i.e., the null hypothesis Hy, is true. We consider the
conditional mean and variance of V, denoted by E(W|P, H,) and var(W|P, H,) respectively, under H, and P be
the observational pattern, observed on rank ordering the data. The expectation has been taken over the possible

n; + n . . .
number of samples ( ! n 2) that are equally likely and follow the observational pattern P. By observational
1

pattern P we mean the pattern of observations in the combined sample, that comes up when we rank order the
observations in order of their magnitude. Due to symmetry, we see:

E(WIP, H,) = E ZUii P,H, | = 0. 3)

i
The variance of W under H,, and restricted to the observational pattern P, is defined as:
var(W|P,H,) = E(W — E(W)|P, Hy)2.

Using eg. (2) and (3), we have:
2 2

Var(WlP, HO) =E Z Ul] —E z Ul] P, HO =E Z Ul] P, HO (4)
L

i ij
On squaring the term inside the brackets, we obtain the following expression
var(WIP, Ho) = E (B2, 272, Uy ) (202, 572, Uy )| P Ho )

n; nz ni np

:E ZZZZUI]U{J’ P,HO

i=1 j=1i=1j=1

(I
S vy ||

T
N
<
K=
—

i=1 j=1 =1 j#j i j=1 i j#j
1<j<n, 1s<isng 1<i<ng 1<j<n,
1<j'sn, 1si'sny 1si'sng 1<j'<n,
n; nz n; Nz n; ngz
= Var(WlP, HO) =E UIZJ + Z Ui]'Ui’j + Z UijUij'
i=1 j=1 i#i'=1j=1 i=1 j#j'=1
ny ny
+ Z Z Ui]'Ui'j’ P, HO . (5)

i#i'=1j%j'=1
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Expression of variance of the statistic can be obtained by evaluating each term of eq. (5), as:

2<n1+1’12—6) <n1+ n2_9) (n1+ n2_9>
n1_3 1’11—6 1’12—6

(Mo o) a0
The expression in eg. (6) came out by looking at each possible combination of pairing censored observations
with uncensored observations, where

var(W|P,H,) = K. (6)

1

(i) The quantity {2 (nljl- n23_ 6)/(n1: nz)} is the proportion of times a specific pair of observations
1 1

(i,j) toturnup in X and Y samples;
. . n1+n2—9> (n1+n2—9)/n1+n2 . . . -
(i) The quantity {(( n, - 6 + n, — 6 ( n, ) , 1s the proportion of times a specific
pair (i,i'and i # i) to turn up in any one of the samples with observation j from the other sample.

Here,

S

= ox (7)) (1)

i=1

(DO () () (e

(0 ) s () (e
()} @
where, m;’s be the total no. of uncensored observations at it™ rank with unalike values and 1;’s be the total no. of

randomly right censored observations with values greater than the observational value at i*" rank but should be
smaller than the observational value at (i + 1)™ rank, when we rank order the data. Also,

M] = ]i=1 mj, MO = 0, and L] = ]i=1 li ’ LO = 0

Terms within the brackets in eq. 7 interprets as under:

(iii) The first term represents the total no. of ways of pairing any failed observation at i™ rank, with any five
observations at lesser rank.

(iv) The second term represents no. of ways of pairing any failed observation at it" rank, any five
observations of rank greater than i*" rank.

(v) The third term represents the total no. of ways of pairing any failed observation at i*" rank with any four
observations at lesser rank and one observation at rank greater than ith rank; whereas sixth term
representing the vice-versa case of third term i.e., pairing a failed observation at i*" rank with one
observation at lesser rank and any four observations at rank greater than it rank.

(vi) Similarly, fourth and fifth terms also reverse cases of each other. The fourth term represents the total no.
of ways of pairing any failed observation at ith rank with any three observations at lesser rank and any
two observations at rank greater than i*" rank, whereas fifth term represents the total no. of ways of
pairing a failed observation at i rank with any two observations at lesser rank and any three
observations at rank greater than i™ rank.

(vii) Second last term represents the no. of ways of pairing a censored observation immediately after i™ rank
with any five observations that have failed earlier, and last term represents the no. of ways of pairing any
two censored observations immediately after it" rank with any four observations that have failed earlier,
and
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M'—l) +11160 (T‘) (™ o _8Mi - LH)

K, =9 x ZS: 8064 (“1‘1)

i=1

N

o0~

o () () (e
oo () (o) i )
+a932 (")) (M) (M T e M b
— 5184 (nlll) (le) (nl + n, _4Mi - Li—1)
+3960 (") (M) (M F e M T he)
ansa () (M) + M )
Jonea (3) (M) (#7247
+7704 (lf) (l\gi) +4704 (121) (l\;l) +1872 (li) (l\gl)] )

Terms within the brackets in eq. 8 interprets as under:

(viii) The first term represents the total ways of pairing any failed observation at i™ rank with any eight
observations of lesser rank; and second term represents total ways of pairing any failed observation at ith
rank with any eight observations of rank greater than i*" rank.

(ix) The third and ninth term represents the reverse scenario of each other i.e., if third term gives the total no.
of ways of pairing any failed observation at i*" rank with any seven observations at lesser rank and one
observation at rank greater than i™" rank, then ninth term gives the no. of ways of pairing a failed
observation at i*" rank with one observation at lesser rank and any seven observations at rank greater than
it rank.

(X) In the same way, fourth and eighth terms are contrary to each other, and fifth term is contrary to seventh
term. The fourth term gives the no. of ways of pairing any failed observation at i*" rank with any six
observations at lesser rank and any two observations at rank greater than it? rank and eighth term gives
the no. of ways of pairing a failed observation at ith rank with any two observations at lesser rank and any
six observations at rank greater than i™" rank.

(xi) The fifth term represents the total no. of ways of pairing any failed observation at i*" rank with any five
observations at lesser rank and any three observations at rank greater than it rank and seventh term gives
the no. of ways of pairing a failed observation at i*" rank with any three observations at lesser rank and
any five observations at rank greater than i™ rank.

4 Critical Points

In testing of hypothesis, critical values are points on the test distribution that are used to conclude whether to
reject or do not reject the null hypothesis H,. If the numerical value of the test statistic is found to be greater
than the critical value, then null hypothesis is rejected at some predefined level of significance a. Considering
this concept, for our proposed test statistic W critical points are found using simulation. Here, we consider three
different lifetime distributions (Exponential, Lindley and Weibull) for generating time to failure observations
and Exponential distribution for generating time to censored observations. Two samples, each of size n are
generated from these distributions and then the standardized test statistic value is calculated using the formula:

_ W —E(WI|P,H,)

JJvar(W|P, Hy)
where, E(W|P,H,) and var(W|P,H,) are given in eq. (3) and (6). Further, we find
Z, such that it satisfies P(Z > Z,) = 0.025. The critical points are found as the average of ten thousand

simulated values of Z,. Critical points are given in the Tables 1 — 3 for various sample sizes (n; = n, = n) and
censoring percentage (pcens) for each considered distribution. To show trend of critical values at various

Z C)
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censoring percentages, graphical representation is given in Figs. 1-5 for the considered lifetime distributions at
various sample sizes.

Table 1. Critical points of the proposed test, when both time to failure and time to censoring distributions
are Exponential

\% 0.1 0.125 0.15 0.175 0.2 0.225 0.25

n
10 3.43368 3.31217 2.50262 1.95716 1.74136 1.52072 1.27348
15 2.96611 2.42388 2.01962 1.64266 1.37709 1.20409 1.05835
20 2.86519 2.24159 1.89780 1.63547 1.38460 1.17276 1.08101
25 2.87919 2.22975 1.90395 1.62831 1.40741 1.24239 1.12524
30 2.98026 2.31803 1.93517 1.67972 1.47543 1.35427 1.15257

Table 2. Critical points of the proposed test, when the time to failure distribution is Lindley and time to
censoring distribution is Exponential

pcens 0.1 0.125 0.15 0.175 0.2 0.225 0.25
n
10 3.69569 3.11290 2.50841 2.03812 1.70947 1.43429 1.21169
15 3.00529 2.45004 1.98007 1.61619 1.41912 1.22157 1.02593
20 2.83092 2.16999 1.79993 1.52519 1.31193 1.13971 1.00252
25 2.83110 2.29323 1.84565 1.57539 1.39781 1.22420 1.04688
30 2.79975 2.31781 1.94185 1.67732 1.45333 1.25434 1.13419

Table 3. Critical points of the proposed test, when the time to failure distribution is Weibull and time to
censoring distribution is Exponential

\% 0.1 0.125 0.15 0.175 0.2 0.225 0.25
n
10 3.60395 3.63164 2.70654 2.03883 1.91145 1.50136 1.27092
15 3.18578 2.44709 2.09012 1.66678 1.42322 1.20934 1.06403
20 2.93699 2.41518 1.98969 1.61361 1.37435 1.20519 1.04461
25 2.93609 2.31926 1.88534 1.63482 1.45403 1.28143 1.08959
30 2.78932 2.35783 2.02662 1.74267 1.54213 1.35647 1.21875
:_\_ e Critical Points at sample size n=10 -\\ Critical Points at sample size n=15
N + Exponenia IR <+ e
3 \'\ \\\\ 25 ‘\
£ N g N
= B = R
2 A\ Zzo X
02 \\:'T:~‘ ° \::*\\
\\;:x\ 15 \\‘\w\.\\
“‘::“\Q? ‘\,._\%

pcens

Fig. 1. Critical points at sample size n=10

0.15

0.20

pcens

0.25

Fig. 2. Critical points at sample size n=15

64



Ayushee et al.; AJPAS, 18(3): 58-73, 2022; Article no.AJPAS.89143

3.0 3.0
LY Critical Points at sample size n=20 .'\ Critical Points at sample size n=25
b Ay
B ~
e N & Exponential Y, * Exponential
R (Y
BN -+ Lindley Y -2 Lindley
2.5 Y -&. Weibull 2.5 » -=. Weibull
N - BY
o Ry
SN ¢ 8
-
i ~ 0 oy
= BESR E RN
<] ~ o *»
o0 ~ 250 *,
8 S S .
= T ~ g ™
3] .. 3] RS
~oN ~
e SIS
oS N
1.5 RN N
- RS 1.5 SaIs
P o
Ao ato
e T~
RN o
R e~
R 0 S
TeIse TeNg
1.0 T ta
1.0
0.10 0.15 0.20 0.25 0.10 0.15 0.20 0.25

pcens

Fig. 3. Critical points at sample size n=20

3.0

2.5

2.0

Critical Points

- Critical Points at sample size n=30
\ e Exponential
~ —a- Lindley
\a\ -=. wWeibull
>
-
b
{\
.
RN
N
DR
RN
AN
~oN
Q‘\\
el
LI
*~:*~\
S
Tal T
e .‘ ~ -
s
0.10 0.15 0.20 0.25
pcens

Fig. 5. Critical points at sample size n=30

pcens
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Remark 4.1: From Figs. 1-5, it can be seen that for all the three lifetime distributions considered here, critical
values tend to strictly decrease with the increase in censoring percentage at every sample size n = 10(5)30.
However, a slight variation from the declining trend is seen only at sample size n = 10 in case of Weibull

distribution at pcens = 0.125.

5 Asymptotic Relative Efficiency

In this section, we find the asymptotic relative efficiency (ARE) of the proposed test statistic W relative to
Gehan’s [3] test statistic G and Ayushee et al. [5] test statistic V by assuming Exponential lifetime distribution.
Let us suppose that the cumulative distribution function of time to failure for random variable X is given by

Fl(x) = 1 - e—x’

(x>0)

(10)

and the cumulative distribution function of time to failure for random variable Y is given by

F()=1-e%

We have considered Lehmann-type alternatives (for a > 1),

G,(x) = (F(0)" = e

and

)

(11)

(12)
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G, = (FR()" = e, (13)

where G,(x) and G,(y) are denoting the cumulative distribution functions of time to censoring for random
variables X and Y respectively.

Further, in this set-up of Lehmann-type alternatives the ratio of hazard rates, for the time to censoring
distribution and time to failure distribution, remains constant (a) over time. Mathematically, for random
variable X,

75, ()
hazard ratio), = -2 =
( )X rfl (x)

Similarly, for random variable Y,

T,
(hazard ratio), = -2 o) =
T, »)

where, 7, (.), 17, () are consecutively denoting the hazard rates for time to censoring and time to failure for
random variable X and 7, (.), 75, (.) are denoting the hazard rates for time to censoring and time to failure for
random variable Y.

Our interest is to test the hypothesis

Thus, our null hypothesis would be, Hy: 8 = 1. This type of test would be relevant in the situations, when we are
interested in checking whether there is any constant proportion (0) of failure times of the patients receiving two
different treatments.

We want to find the ARE of the proposed test relative to Gehan’s test, under the setup that is described above
and when all the individuals enter study at time zero and experiment is stopped at time T. The ARE of proposed
W test relative to G test is given by,

2

-2
AREy; = lim 99 9=1/ (nvar(n GlHo)z_
n-oo (nvaT(n-2W|Ho)) (M )
6=1

(14)
a0

Using the proposed kernel, the mean and variance of statistic W, when the sub-sample observations are in
increasing order of their magnitude i.e., (X;, < X;, <X;,), (¥;, <Y, <Y;,), is:

EW) = nZ{PT(Md(Xi1’Xi2’Xi3) > Md(y}1’YJ'2’Y}'3);6i1 = 6i2 = 6i3 =& T, T & = 1)

+PT(M€d(Xi1,Xi2,Xi3) > Med(Y}'l,Y}'z,Y}3),6i1 = 6,:2 = 51'1 = sz = £j3 = 1,6,:3 = 0)
_PT(Med(Xi1’Xi2’Xi3) < MEd(Y}ﬂY}z’Y}é)' 6i1 = 6i2 = 6i3 =&, 5§, = 1, &3 = 0)
_Pr(Md(Xi1’Xi2’Xi3) < Md(y}ﬂy}z’y}é)’ 61'1 = 6i2 = 6i3 =&, T8, T, = 1)} (15)
and
ng Ny ny nz z
var(n™2W|H,) = n™*E ZZ Uj—E ZZ U || Ho
i=1 j=1 i=1 j=1
ng ny 2
=7’l_4E ZZUU HO ’ (16)
i=1j=1
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Since,  E(Xj2, X2, Uy;) = and  E(X7L_ X2 UUy;) = E( 2121 UijUy; ) Further,
E(Zgi'ﬂzw _1U U, /) =0, as Uy and Uy are independent of each other and has expectation zero.

Similarly, we can find the mean and variance of Gehan’s test statistic G.

On evaluating each term of eq. (14), the ARE expression worked out for the proposed statistic W in comparison
to Gehan’s statistic G is:

91 —e ") x (A1) x (4p)?
AREws = T e o x (D)7 X (D) "

where,

6(1—e (1 —e™ ) 3(—1+e9T)?

2+ 3a + a? 1+ 2a
1 N al'(a)
2+a I'G+a))

A1 = (_1 + e_T)Z -

(18)

+6(1—e (1 —e9T) <

2089 8
Ay === — 47T = 2e7T(1+4T) + 5™ (—4 + 157) + e~ (1 - 4T)

4
—Ee—"( 24 + 5T) — 2e7T + 4ae™ T — 27247 — 2¢~2(2+a)T

4

tarar (2a(1 —a) — 17T (4q — 3T — 5aT — 50T — 3a3T)
4+ e 2+T(6q — 2T 4 3a% — 2aT + 2))

4

(2 + a)2

———(a? +2(2 — @) — 2e->"97(4 — 8aT — 6a°T — a°T))
4
(3(a2 — 4 +3) — 2e(-3-9T(~12q + 15T — 13aT — 3a?T + a3T — 4))

(3 + a)?
4

tatar 3a% +8(1 — a) + e+ 97 (32a — 32T + 24aT — 4a>T — 3a3T + 40))
4
-~ T ((1 = @)? + eC5-9T(12a + 5T + 9aT — 30T — a°T — 24))

16(1 + a)(2a +5) 8
2+ a)’?B+a)? 1+ 2a)?

8(a’+5a+7) 8
1+ e(3720T(12q — 3T + 4a? — 2aT 1
(2+a)(3+a)+(3+2a)2( +e (12a — 3T + 4a a +8)), (19)

(1 +eC1720T(4q — T + 4q% — 2aT))

and

a(1 = (1+T - aleC=9T)  g(a—1)(1 - eC1-97)
1+a (1+4a)? ’

1
D, = Ee'"(—l +e?T) + (20)
D,=(1—-eT)P 4+ (1—e)3 43e(27DT(—1 4 eT)2(=1 + )

+2401 Y (=1 + e-aT)? (1 4 66 N 12 102 N 114 60
€ € 8 1+a 2+4a 3+a 4+a 5+a 6+a
12 60 120 12 72r(2+a) 14402 + 2a)>

+ + + + — +
74+a 34+2a 5+2a 74+2a TI'(8+a) r'(8 + 2a)

(21

In the same way, the ARE of proposed test W in comparison to Statistic VV of Ayushee et al. [5] is:

9 x (A3) X (Ay)?
(-1+eT)2x(D3)2xD,’

AREyy = (22)
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where,

A :(_1+e—T)2+6<E_ 5 + : + )(_1+e—aT)2
3 12 2(1+a) 3+a 1+2a

it oern e (] 144
+31-eH(1-e )(E‘(Ha)(z+a)(3+a)(4+a)(5+a)
8(a® +9a—16)I'(1+ a))

re+a)

(23)

289 8
A, = oo T 4e7TT — 2e72T(1 + 4T) + 66_3T(—4 +15T) + e~ 4T (1 — 4T)
4 4a
_ Ee_ST(—le- +5T) — 2¢~6T 4 o—aTT _ pp—2aT _ 9,-2(2+a)T _ i a
N 4(7+4+3a) 12a 4a 16(1+ a)(5 + 2a)

-~ +
3+a 44+4a 5+a @Q+a)B+a)?
(a(a —2) + eC1"DT (4 — 3T — 54T — 50T — 3a3T)

N 4
1+ a)?
— e 2407 (6q — 2T + 302 — 2aT + 2))

4
+ m((a —2)% 4 2e2-DT(8aT + 6a*T + a®T — 4))

4
- m(3(a2 — 4a +3) — 2e3-DT(12a + 15T + 13aT — 32T + a3T — 4))

—— (4(3a®> -8a+8
+(4+a)2((a “r®
+ 46497 (32q — 32T + 24aT — 4a>T — 33T + 40))

4
“Grap ((a? —2a +2) + eC597(12a — 5T + 9aT — 30T — a°T + 24)

(-1-2a)T 2 _
+7(1+2a)2(1+e (4a +T +4a 2aT))

- m@ +e(37207 (12 — 3T + 4a? — 2aT + 8)), (24)

and

D—23 3e~2t 4‘3T(5+3T) 6_4T+ 2 * + 2
37 ¢ 79° 2 "1+a 2+a 3+a

18
(2(1 — a) — eC1"OT(2T + 4aT + 2a2T))

C(1+a)?
+ ﬁ((l —a)+2eC¥DT(1 +a—at — 2T))

- m(zm —a) — e(3-9T(=2a + 6T + 8aT + 2a?T — 3)), (25)

D,=(1-eT)P+(1—e9)3 +3e2DT(—1 +eT)2(=1+e?)
1 12 132 24 204 228 120
+12(1 —e ") (-1 + e )2 i

1+a_2+a+3+a_4-+a+5+a_6+a

L 24, 120 240 o 24 72(a® + 13a + 2)I'(2 + a)
7+a 3+2a 5+2a 7+2a r+a
2880 I'(2 + 2a)
—a o (26)
r+2a)

Using eq’s (17) and (26), the AREs of the proposed test W with respect to statistic G and V for various values of
aand T are given in Table 4.
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Table 4. ARE of the W test w.r.t. G and V tests

a Tests T
1 2 3 4 5 — 00
1 G 43.65 53.80 47.84 43.15 40.91 39.43
%4 10.39 22.22 24.81 24.48 24.02 23.62
2 G 11.88 16.06 18.93 21.44 23.09 24.86
%4 6.20 14.58 16.19 19.68 21.79 23.84
3 G 5.89 12.75 18.13 21.39 23.21 25.01
%4 3.95 10.99 18.31 23.08 25.69 28.11
4 G 4.41 13.16 19.18 22.56 24.43 26.28
%4 3.25 12.27 20.74 26.05 28.93 31.57
5 G 4.15 13.94 20.16 23.62 25.54 27.42
|4 3.21 13.53 22.98 28.95 31.18 33.97

The ARE for our test W with respect to G and V tests, decreases with increase of a (except fora = 1), and
increases with increase of T. The value of ARE with respect to both the tests is always greater than 1, i.e., our
test is performing better than both the tests for all the values of a and T considered here.

6 Real-life Example

A real-life example taken from Kirk et al. [28], which is based on the results of Royal Free Hospital proposed
controlled trial of patients suffering from chronic active hepatitis, who have given prednisolone therapy in
hepatitis B surface antigen negative chronic active hepatitis. These data give the survival times (in months) for a
control group and a group treated with prednisolone, of 22 patients suffering from chronic active hepatitis.

We wish to compare the survival times of the patients of control group and the grouped treated with
prednisolone therapy using our proposed test V. For this let us define our null hypothesis

Hy = Survival times of patients in both the groups are same.
against the alternative hypothesis
H; = Survival times of patients in both the groups are different.

We applied Kolmogorov-Smirnov test to check the distribution of the data-set. At 5% level of significance, the
data is seen to follow Exponential distribution. Moreover, it is observed that the censoring percentage in both
the groups is not same. In control group, the censoring percentage of the data is = 0.27 and for the treatment
group itis = 0.5. In case of Exponential distribution for n = 22, censoring percentages for control group = 0.27
and for treatment group = 0.5, the critical value of the proposed test statistic is found out to be = 0.83188, using
the procedure described in Section 4.

On applying the propose test W given in Section 3, the value of the standardized test statistic (Z) for this data
set is = 2.40679. Since the calculated value of test statistic is greater than the critical value, we reject the null
hypothesis H, at 5% level of significance, and it is concluded that the survival condition of the patients in
control group and the patients that are treated with prednisolone therapy are different. It means that there is a
significant effect of prednisolone therapy on the patients suffering from chronic active hepatitis.

7 Power of the Proposed Test

Statistical power of a test is defined as the probability that the test rejects the null hypothesis when it is true.
Using the critical values given in Section 4, Statistical power of the proposed test has been found through
Monte-Carlo simulation study. Data is simulated from three lifetime distributions viz., Exponential, Lindley and
Weibull for 10,000 times, at equal sample sizes n = 10, 15,20, 25 and 30 from both the samples and scale
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parameter of the second sample as 6 = 2(1)4. The statistical power of the proposed test W is given in the Tables
5 — 7 at same sample sizes and censoring percentages that we have considered for calculating the critical points.

Table 5. Statistical power of the proposed test W, when both time to failure and time to censoring
distributions are Exponential

n pcens
0.1 0.125 0.15 0.175 0.2 0.225 0.25
10 2 0.226 0.201 0.172 0.158 0.146 0.139 0.134
3 0.301 0.239 0.226 0.213 0.199 0.194 0.185
4 0.352 0.271 0.258 0.248 0.240 0.223 0.221
15 2 0.251 0.206 0.196 0.191 0.189 0.182 0.169
3 0.330 0.322 0.317 0.306 0.304 0.294 0.290
4 0.403 0.397 0.389 0.380 0.369 0.361 0.358
20 2 0.286 0.273 0.267 0.251 0.248 0.243 0.225
3 0.458 0.442 0.440 0.438 0.437 0.412 0.403
4 0.570 0.563 0.551 0.543 0.531 0.525 0.511
25 2 0.351 0.328 0.323 0.314 0.292 0.276 0.261
3 0.601 0.597 0.591 0.587 0.573 0.548 0.532
4 0.738 0.730 0.716 0.701 0.668 0.665 0.658
30 2 0.443 0.441 0.429 0.420 0.415 0.377 0.359
3 0.743 0.732 0.731 0.724 0.705 0.685 0.657
4 0.876 0.858 0.856 0.851 0.828 0.809 0.797

Table 6. Statistical power of the proposed test W, when the time to failure distribution is Lindley and time
to censoring distribution is Exponential

n pcens
0.1 0.125 0.15 0.175 0.2 0.225 0.25
10 2 0.281 0.253 0.226 0.199 0.187 0.172 0.167
3 0.334 0.308 0.279 0.254 0.248 0.239 0.231
4 0.352 0.335 0.313 0.285 0.272 0.263 0.254
15 2 0.313 0.242 0.229 0.217 0.205 0.193 0.182
3 0.394 0.365 0.323 0.311 0.298 0.276 0.268
4 0.489 0.437 0.404 0.387 0.364 0.351 0.338
20 2 0.350 0.329 0.318 0.301 0.285 0.269 0.254
3 0.482 0.469 0.451 0.438 0.429 0.413 0.396
4 0.623 0.591 0.574 0.558 0.539 0.522 0.513
25 2 0.397 0.376 0.363 0.347 0.338 0.311 0.281
3 0.625 0.612 0.598 0.576 0.562 0.547 0.529
4 0.764 0.752 0.738 0.724 0.713 0.702 0.690
30 2 0.582 0.561 0.523 0.498 0.476 0.452 0.429
3 0.824 0.810 0.792 0.775 0.743 0.712 0.689
4 0.923 0.906 0.885 0.869 0.831 0.809 0.783

Table 7. Statistical power of the proposed test W, when the time to failure distribution is Weibull and
time to censoring distribution is Exponential

n pcens
0.1 0.125 0.15 0.175 0.2 0.225 0.25
10 2 0.331 0.273 0.254 0.248 0.237 0.235 0.228
3 0.408 0.340 0.334 0.332 0.325 0.313 0.293
4 0.453 0.385 0.383 0.364 0.352 0.348 0.341
15 2 0.386 0.351 0.327 0.308 0.279 0.248 0.234
3 0.542 0.505 0.489 0.422 0.385 0.351 0.323
4 0.647 0.592 0.542 0.508 0.479 0.465 0.432
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n (7] pcens
0.1 0.125 0.15 0.175 0.2 0.225 0.25
20 2 0.493 0.383 0.371 0.352 0.329 0.291 0.260
3 0.683 0.596 0.541 0.497 0.463 0.437 0.389
4 0.713 0.683 0.637 0.595 0.562 0.539 0.510
25 2 0.503 0.479 0.435 0.409 0.368 0.327 0.297
3 0.741 0.699 0.658 0.615 0.587 0.539 0.424
4 0.847 0.804 0.775 0.741 0.699 0.675 0.642
30 2 0.519 0.484 0.467 0.445 0.419 0.391 0.378
3 0.810 0.768 0.755 0.721 0.705 0.691 0.650
4 0.901 0.883 0.864 0.837 0.811 0.776 0.752

From the Tables 5 — 7, we observe the following about Statistical power of the tests:

i Statistical power of the proposed test increases with increase in sample size (n) and scale parameter (6)
but, decreases with increase in censoring percentage (pcens).

ii. In case of all the considered distributions, from Tables 5 — 7, we can see that the proposed test attains
its maximum power when the sample size is > 20, for all scale parameters considered here.

8 Conclusions and Some Future Work Prospects

In this paper, a non-parametric test is proposed for testing the equality of scale parameter using the sub-sample
medians in presence of random censoring. The proposed test W is extension of some existing tests. Mean and
variance has been worked out for the test statisti W . Critical points are derived by considering different lifetime
distributions. The proposed test is compared with some existing tests like Gehan [3] and Ayushee et al. [5], in
terms of asymptotic relative efficiency (ARE) and is observed that it performs better than the competing tests.
This test is applied to a real-life data set given by Kirk et al. [28]. Statistical power is also assessed using Monte
Carlo Simulation study. We are working on some further problems connected with the proposed test such as:
generalization of the test to compare more than two samples, and extension of the test by considering some other
censoring scheme like double censoring etc.
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